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NON-UNEAR  TRANSFORMATIONS  OF  DIVERGENT  AND  SLOWLY 
CONVERGENT  SEQUENCES* 

By  Danikl  Shanks 
Abstract 

This  paper  discusses  a  family  of  non-linear  sequence-to-sequence  transforma¬ 
tions  designated  as  e* ,  et”*,  h  ,  and  ej  .  A  brief  history  of  the  transforms  is  related 
and  a  simple  motivation  for  the  transforms  is  given.  Examples  are  given  of  the 
application  of  these  transformations  to  divergent  and  slowly  convergent  se¬ 
quences.  In  particular  the  examples  include  numerical  series,  the  power  series  of 
rational  and  meromorphic  functions,  and  a  wide  variety  of  sequences  drawn  from 
continued  fractions,  integral  equations,  geometry,  fluid  mechanics,  and  number 
theory.  Theorems  are  proven  which  show  the  effectiveness  of  the  transforma¬ 
tions  both  in  accelerating  the  convergence  of  (some)  slowly  convergent  sequences 
and  in  inducing  convergence  in  (some)  divergent  sequences.  The  essential  unity 
of  these  two  motives  is  stressed.  Theorems  are  proven  which  show  that  these 
transforms  often  duplicate  the  results  of  well-known,  but  specialized  techniques. 
These  special  algorithms  include  Newton’s  iterative  process.  Gauss’s  numerical 
integration,  an  identity  of  Euler,  the  Pad4  Table,  and  Thiele’s  reciprocal  differ¬ 
ences.  Difficulties  which  sometimes  arise  in  the  use  of  these  transforms  such  as 
irregularity,  non-uniform  convergence  to  the  wrong  answer,  and  the  ambiguity 
of  multivalued  functions  are  investigated.  The  concepts  of  antilimit  and  of  the 
spectra  of  sequences  are  introduced  and  discussed.  The  contrast  between  discrete 
and  continuous  spectra  and  the  consequent  contrasting  response  of  the  corre¬ 
sponding  sequences  to  the  ei  transformation  is  indicated.  The  characteristic 
behaviour  of  a  semiconvergent  (asymptotic)  sequence  is  elucidated  by  an  analysis 
of  its  spectrum  into  convergent  components  of  large  amplitude  and  divergent 


components  of  small  amplitude. 
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Introduction.  Some  non-linear  transforms.  In  this  paper  we  will  be  concerned 
with  a  family  of  non-linear  sequence-to-sequence  transformations,  with  their 
origin  and  relation  to  known  algorithms,  with  their  theory  and  with  their  ap¬ 
plication  to  divergent  and  slowly  convergent  sequences.  The  transforms  are 
defined  as  follows.  Let  M,}(n  *  0,  1,  2,  •  •  •  )  he  a  sequence  of  numbers  or  e 
functions  and  let: 

A4„  «  A,+i  —  An  .  (1) 

Let  be  a  positive  integer  and  let  a  new  sequence  I  Rjk,n}(n  —  k,k  -f-  l,fc  -f-  2,*  •  •  ), 
“the  fc'th  order  transform  of  {A,}”,  be  defined  by 


*  An—l 

An 

A4*_jk 

•  A4,,_i 

AAn 

•  AAn 

AA„_i 

■ 

1 

1 

1 

AAn-k 

•  AA,_i 

AA„ 

, 

•  AAn 

AA,+i 

.  • 

AA*+*_i 

NON-LINEAB  TRANSFORMATIONS 


3 


for  each  n  fw  which  the  denominator  does  not  vanish.  It  will  sometimes  be 
convenient  to  consider  {A.}  as  its  own  O’th  order  transform.  We  will  then  write: 

(n-0,  1,2,  ••.)  (2a) 


For  each  n  for  which  the  denominator  vanishes  and  the  numerator  does  not 
we  will  assign: 

(2b) 

For  each  n  for  which  both  numerator  and  denominator  vanish  we  will  assign : 

Bk,n  Bk-i,n  (2c) 


and  if  necessary  we  will  re(>eat  this  lowering  in  order  until  we  obtain  a  well- 
defined  quantity  by  (2),  (2a),  or  (2b). 

We  hasten  to  add  that  the  1st  order  transform  (1;  »  1)  looks  very  much  simpler: 


An-l  An 

AA„-i  AA, 

_  An+lAnr-l  An 

1  1 

A,+1  4-  An_i  —  2An 

AA.-1  AAn 

The  transforms  may  be  written  in  operator  form,  thus: 


Bk.n  “  ek(An) 


(4) 


where  e*  is  the  non-linear  operator  defined  by  the  right  side  of  (2).  Again,  ex¬ 
panding  the  determinants  in  (2)  by  their  first  rows  we  could  write 


CkiAn) 


“f*  •  •  •  Af^—i  ^  Cn  An 


Cn-k  + 


+  C«_l  +  Cn 


(5) 


where  the  c’s  are  the  appropriate  cofactors.  Then  Bk.n  is  seen  to  be  a  weighted 
combination  of  the  A'b,  but  not  a  linear  one  since  the  weights,  c«  ,  are  themselves 
functions  theA’s.  Both  the  power  and  the  difficulties  of  these  transforms  stem 
from  this  non-linearity. 

If  ek  were  linear  we  would  have 

CkiCAn)  -  C'e*(A,)  and  c*(A,  +  An)  -  e*(A,)  +  c»(A',) 

where  C  is  a  constant  with  respect  to  n  and  {  }  is  a  second  sequence.  Now  the 

first  rule  is  seen  from  (5)  to  be  correct: 


ekiCAn)  -  Cek(An)  (5a) 

but  the  second  is  not  generally  true  and  we  must  content  ourselves  with  the 
weaker,  but  still  useful,  rule: 

Ok(An  +  C)  "  «*(A0  +  c*((7)  ek(An)  +  C.  (5b) 

Another  useful  rule  valid  for  any  r  «  0,  1,  •  •  •  fc,  is: 


ek(An) 


Cn-kAn-k+r  ‘  *1“  <V-1  Aa-i-^r  CnAn^-r 

Cn-k  +  •  •  *  +  C,_i  4*  Cn 


(0  ^r^k)  (5c) 
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That  this  is  true  is  seen  by  replacing  the  first  row  of  the  numerator  of  (2)  by  the 
sum  of  the  Ist  +  2nd  +  3rd  +  •  •  •  +  (r  +  l)’8t  rows  (rf  the  numerator  and 
again  expanding  by  the  (new)  first  row.  This  generalizes  (5). 

We  are  also  concerned,  at  least  for  k  ^  1,  with  the  iteration  of  these  trans¬ 
forms.  That  is: 

Bk.n  «  euiAn)  (n^  k) 

Ct,n  ~  -  el(An)  (n  ^  2k)  (6) 

Z)*.,  -  (n  ^  3k) 

etc. 


For  k  =*  1,  the  first  index  will  usually  be  suppressed  and  these  successive  se¬ 
quences  will  be  tabulated  as  follows: 

A. 

Ai  Bi 


At  Bt  Ct 

At  Bt  Ct  Dt 


(7) 


The  operator  it ,  the  “A:th  order  iterated  transjormation" ,  is  defined  by: 

ik(At ;  Ai ;  A| ;  Ai ;  •  •  •  )  Ao ;  Bk.k  ;  Ck.u  ;  Dk.u  ;  •  •  *  (8) 

If  «  1,  it  is  seen  that  ii{A»}  is  the  diagonal,  {A« ,  Bi  ,Ct ,  • "  (7). 

We  are  also  concerned  with  a  second  two  dimensional  array  which  should  not 
be  confused  with  (7),  namely: 

Bt.t  Bt,i  Bt,t  Bt.t 

B\,\  B\,t  Bi,t  •  •  • 

^  Bt.t  Bt,i  •  •  •  (9) 

B,.t  ••• 


Although  the  first  two  rows  of  (9)  are  merely  the  first  two  columns  of  (7)  in  a 
different  notation,  the  remaining  portions  of  the  two  arra}rs  are  in  general  in¬ 
dependent.  The  operator  d  ,  the  ‘‘diagonal  transformation'*,  is  defined  by: 

«^(A.)  -  Bn.n  .  (10) 

It  is  seen  that  e^lAn]  is  the  diagonal  of  (9). 

The  family  of  sequence  transforms  thus  defined  includes  ek  ,  Sk  ,  ik ,  and  ej . 
Clearly  other  derivates  are  possible,  iterated,  combinations  of  and 
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of  Ck  and  ,  etc.  but  these  variants  will  not  be  discussed  here.  We  will  deal 
mostly  with  ei  ,  ek  t  and  the  two  arrays  (7)  and  (9),  These  latter  include  the 
important  ii  and  ej . 

A  brief  history.  The  ei  transform  (but  often  only  in  fragmentary  form)  has 
been  found  independently  by  many  authors.  It  has  been  applied  mostly  to 
slowly  convergent  sequences  arising  either  from  iterative  processes  as  the 
partial  sums  of  infinite  series.  These  authors  include  Delaunay  [3],  Samuelson 
[18],  Shanks  and  Walton  [23],  Hartree  [10],  and  Isakson  [11].  The  ei  transform 
was  applied  to  certain  convergent  iterative  sequences  by  A.  C.  Aitken  [1].  More 
general  discussions  of  the  Ct ,  eT  ,  and  ii  transforms  have  been  given  by  Shanks 
[20]  and  by  Lubkin  [14].  The  late  Otto  Sz^z  also  studied  eT  but  he  did  not  publish 
his  findings.  A  somewhat  fuller  history  of  these  transforms  is  given  in 
the  appendix. 

The  et  and  u  transforms  and  their  applications  have  been  discussed  by  Shanks 
[20].  If  [Am]  is  the  sequence  of  partial  sums  ci  a  power  series  then  the  array  (9) 
and  its  diagonal  (10)  are  intimately  related  to  the  Pad4  Table  and  related  al¬ 
gorithms.  This  relationship  is  shown  in  our  Theorem  VI  below. 

This  paper  includes  an  improved  version  of  the  author’s  memorandum,  [20]; 
and  a  number  of  new  topics  such  as  non-uniform  convergence,  spectra  of  se¬ 
quences,  meromorphic  functions,  and  Gauss  Numerical  Integration,  which 
have  not  been  previously  published. 


An  example  (from  Leibnitz).  It  is  now  desirable  to  illustrate  these  transforms, 
and  in  particular  Si ,  e"  ,  and  the  array  (7)  by  an  example.  Let  Ae  —  4,  Ai  — 
4(1  —  i),  and  in  general  let  (A„}  be  the  sequence  of  partial  sums  of  the  very 
slowly  convergent  I^eibnitz  series: 

ir-4-4-|-i-4+--'  (11) 

Concerning  this  series  Knopp  remarks  [12,  p  214,  p  252]  “beautiful”  but  “for 
munerical  purposes — practically  valueless”.  Some  simple  arithmetic,  namely 
(3)  and  its  iterates,  gives  the  following  array  (7): 


n 

An 

Bn 

Cn 

Dn 

Bn 

0 

4.0000000 

1 

0  AAiUlilAT 
^•000000# 

3.1666667 

2 

a.40000D/ 

3.1333333 

3.1421063 

3 

2.8962381 

3.1452381 

3.1414502 

3.1416993 

4 

3.3396825 

3.1396825 

3.1416433 

3.1415009 

3.1415028 

5 

2.9760462 

3.1427129 

3.1415713 

3.1415033 

3.1415927 

6 

3.2837385 

3.1408814 

3.1416029 

3.1415025 

7 

3.0170718 

3.1420718 

3.1415873 

8 

3.2523659 

3.1412548 

0 

3.0418396 

The  tenth  partial  sum.  At ,  is  correct  to  only  one  figure;  A40.aoe.ooo  would  be 
correct  to  eight  figures.  This  illustrates  Knopp’s  remark.  But  Et  is  already  correct 
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to  eight  figures  since  r  3.1415926536.  And  since  is  a  function  only  of  the 
nine  arguments,  At  to  Ai ,  it  is  clear  that  the  first  ten  terms  of  the  Leibnitz 
series  inherently  possess  this  accuracy. 

In  Theorem  I  we  shall  give  the  theory  corresponding  to  (12).  But  first  it  seems 
desirable  not  only  to  indicate  why  we  might  expect  to  “work”  so  well  on  this 
series  but  more  generally  to  motivate  all  of  these  transforms,  (2),  (3),  (6),  etc. 
To  this  motivation  we  now  turn. 

Heuristic  motivation  of  the  transforms.  Consider  a  variety  of  typical  numerical 
sequences  {A«),  convergent  and  divergent,  monotonic  and  oscillatory,  and 
plot  An  versus  n.  Draw  a  smooth  curve  through  these  discrete  points.  Typical 
graphs  are  as  in  Fig.  1. 

One  thing  that  all  these  graphs  have  in  common  is  that  they  all  look  like  the 
graphs  of  physical  transients.  By  “physical  transient”  we  mean  any  physical 
quantity,  p,  which  is  a  function  of  time  of  the  form: 

pit)  -  B  («<  0)  (13) 

where  the  at  are  arbitrary*  complex  numbers.  Equivalently  we  write: 

'  .  Pit)  ~  B+  Zt-i  .  (9*  ^  1,  0)  (14) 

In  case  of  an  m-fold  degeneracy,  that  is,  if 

Qi  “  9/+1  “  9y+t  “  •  •  •  “  qi+wt-i  (15) 

we  must  modify  the  constants  Oy+i  to  aj+m-i  in  (14)  according  to  the  rule: 

•  Oy+r  ->  Oy+/.  (f  =  1,  2,  •  •  •  m  -  1)  (16) 

*  The  author  realises  that  the  term  transient  is  often  taken  to  mean  something  which  is 
“dying  out”,  i.e.  all  a’s  have  negative  real  parts.  However,  the  word  is  also  used  in  the 
more  general  sense.  Since  we  intend  to  apply  the  same  transformations  to  both  convergent 
and  divergent  sequences,  it  becomes  desirable  to  emphasise  the  continuity  between  stable 
transients,  (i.e.  all  a’s  have  negative  real  parts),  and  unstable  transients,  (i.e.  one  or  more 
a  has  a  non-negative  real  part)  by  giving  the  term  transient  the  more  general  meaning. 


a  a 
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But  for  simplicity  we  ignore  such  degeneracy  at  present.  Dependent  upon  its 
‘‘order”,  k,  its  “amplitudee”,  a< ,  and  “ratios”,  qi ,  the  quantity  p  will  oscillate 
or  not,  be  stable  or  not,  and  in  general  manifest  all  behaviours  indicated  graphi¬ 
cally  above. 

This  close  graphical  resemblence  suggests  the  possibility  of  regarding  (some) 
sequences  {A,,}  as  if  they  were  “mathematical  traneients” ,  that  is,  as  if  they  were 
functions  of  n  of  the  form: 

B  +  ZJ-i  o.^r .  (qi  9^  1,  0)  (17) 

Analysis  of  such  a  mathematical  transient  would  reveal  its  order  and  its 
“spectrum”  of  a’s  and  q’a.  At  present  however  we  are  primarily  concerned  with 
computing  B,  the  “base”  of  the  transient.  For  if  { is  a  mathematical  transient, 
i.e.  if  it  satisfies  (17),  and  if  each  ratio  satisfies  |  |  <  1  then  clearly  B  ^  lim.^ 

An  .  Again  if  {Am}  is  a  transient  and  one  or  more  |  |  ^  1,  Am  does  not  converge, 

but  we  will  say  that  Am  “diverges  from  B”.  We  will  then  call  B  the  “antilimit” 
of  {Am}  and  we  intend  to  compute  B  as  a  summation  method  for  {Am}. 

Now  many  sequences  which  arise  naturally  in  analysis  are  indeed  mathe¬ 
matical  transients  of  some  finite  order  k.  Others  are  of  infinite  order  (A;  =  oo 
in  (17))  and  still  others  have  a  continuous  spectrum: 

o(g)g"  dq.  (17a) 

But  in  all  of  these  cases  it  will  often  happen,  at  least  for  n  greater  than  some 
fixed  N,  that  a  smaller  number  of  components,  say  k,  dominate  the  spectrum. 
In  these  cases  we  could  say  tl^at  {Am}  is  “nearly  of  A;’th  order”. 

Barring  singular  cases,  every  sequence  {Am}  is  a  A;’th  order  transient  locally. 
For  consider  the  2A;  +  1  successive  A’s  centered  around  Am  :  A,  with  n  —  k  ^ 
r  ^  n  +  k  and  n  ^k.  We  can,  in  general,  determine  2A;  +  1  quantities,  Bk.n  ; 
a..M  ;  qi.n  with  t  “  1, 2, 3,  •  •  •  A;  such  that 

A,  a*  Bk.n  +  2*-l  0<.«(9<,ii)'^.  (qi.n  ^  1,  0) 

(18) 

(n  —  k^r^n  +  k)  (n  ^  k) 

We  call  Bk.n  the  “local  (A;’th  order)  base”  of  {Am}<  Holding  k  fixed,  Bk.n  and  the 
other  2A;  quantities  are  functions  of  n,  but  if  {Am}  is  nearly  of  A:’th  order,  Bk.n 
should  vary  relatively  little  (with  respect  to  the  variations  of  A*).  We  thus  in¬ 
vestigate  the  sequence  of  local  bases,  {B^.m}  (n  —  A:,  A:  -f-  1,  •  •  •  )  since  its  mode  of 
generation  suggests  that  if  A.  converges  to  A,  Bk.n  may  converge  to  A  more 
rapidly;  while  if  Am  diverges,  Bk.n  may  either  converge,  or,  more  indirectly,  serve 
to  compute  a  suitable  antilimit. 

We  shall  see  that  if  (18)  is  possible  Bk.n  »  ^^(Am).  The  symbol  Ck  thus  has 
reference  to  the  k  exponentials  in  (18).  It  is  known  {5}  that  if 

p.  -  («  -  0, 1,  •  • .  2A:  -  1)  (19) 

then  the  k  ratios  q,  are  the  roots  of  the  equation: 
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1 

9 

•  /■* 

9* 

Po 

Pi  • 

p»-i 

Pk 

Pi 

Pi 

■ 

Pk+i 

p*-l 

• 

■ 

Pik-l 

(20) 


Into  the  difference  successive  equations  in  (18)  we  substitute  p«  for 

and  a,  for  o,-,,[(^<,,)*^''’‘  —  (g<.«)"“*]  and  thus  frMn  (20)  we  see  that  the  9<.,’s 

of  (18)  are  the  roots  of: 

1  g  .  9* 

•  •  Ail, 

AAa_i  AA 

In  the  notation  of  (5)  this  becomes: 


(21) 


c»9*  4-  +  •  •  •  4-  c»-k  “  0. 

Now  inserting  (18)  into  the  right  side  of  (5)  and  using  (22)  we  find 

•B*.»(c»-*  4"  •  •  •  4-  Cn~.i  4”C»)4-04"04"  •••  4‘0 


ekiAn) 


Cn-k  4” 


4*  c»-i  4-  c. 


(22) 


Bk.n  (23) 


provided  the  denominator  does  not  vanish.  If  it  does,  then  *  1  is  a  root  of 
(21)  and  therefore  we  have  a  singular  case  where  (18)  is  not  possible. 

Further  if  (21)  has  an  m-fdd  root,  (15),  and  if  (18)  is  modified  as  in  the  rule 
(16),  it  may  be  shown  that(23)  is  still  true.  Thus  the  sequence  of  local  bases  is 
the  ib’th  order  transform  and  this  motivates  the  sequence-to-sequence  transform. 
An  Bk.n,  given  by  (2).  One  may  similarly  motivate  the  singular  rules  (2b) 
and  (2c). 

Now  Leibnitz’s  series  (11)  is  a  “nearly  geometric”  series  in  the  sense  that 
lim,.MoAA.+i/AA„  exists  (it  equals  —1).  This  implies,  as  is  at  once  apparent, 
that  the  graph  of  An  versus  n  may  be  approximated  over  a  moderate  range  of 
n’s  by  a  first  order  transient:  A„  *  B  4-  a?"  with  9  r=^  —  1  and  B  =  x.  Thus 
Bn  ^i{A^,  the  local  base,  should  approximate  x.  But  again  B«  versus  n  re¬ 
sembles  a  first  order  tranifient  and  therefore  we  iterate  Cn  **  ei(Bn),  etc. 

In  short,  given  a  sequence,  we  assume  it  to  be  a  mathematical  transient  of 
order  k  or  nearly  of  order  k  and  attempt  to  filter  out  the  expMinential  terms 
y^.*-ia.-Qr  and  thus  reduce  the  sequence  to  its  base  (limit  or  antilimit)  B.  If  neces¬ 
sary  we  repeat  the  transformation.  With  these  remarks  we  conclude  the  heuristic 
motivation  and  the  introduction. 

Chapter  I.  ei”*  and  some  nearly  geometric  sequences.  Now  returning  to 
Leibnitz’s  series,  x  «  (—  l)"‘/(2m  4- 1),  we  wish  to  prove  that  each  column 

of  (12)  converges  to  x  more  rapidly  than  the  preceding  column — in  the  sense  that 


lim 


Aet(An) 

A«^‘(AJ 


0 


%  % 
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for  A;  <B  1,  2,  3,  ■  ■  *  .  At  the  same  time  we  will  generalize  somewhat  to  the  series 
where /(m)  and  g(m)  are  pol3momials  in  m  of  degree  Mi 

and  Mt  respectively. 

Theorem  I.  Let/(m)  =*  and^(m)  =  with/j#,  0,  gm  ^  0 

and  g(m)  ^  0  (m  *>  0,  1,  2,  •  ••  ).  and  let 

An  *  2Zl-o(-l)’7(m)/flf(m). 


Then 

(a)  if  Af  j  >  Ml,  An  converges  and  each  derived  sequence  Bn  *  «i(A,),  C«  = 
eiifin),  etc.  converges  more  rapidly  than  its  predecessor  to  the  same  limit. 

(b)  but  if  Aft  ^  Afi ,  diverges  and  each  derived  sequence  diverges  more 

slowly  than  its  predecessor  until  ei{A,^  where  Af  *  [h{Mi  —  Aft)] — ^the  integer 
part  of  i(Af  1  —  Aft).  Then  converges  and  each  further  iterate  converges 

faster  to  the  same  limit. 

Proof.  First  we  note  that  (3), 


Bn 


An+lAn—l  An 


Ain-i  -f-  Ait_i  —  2An  ’ 


may  be  written 


and  also  that 


This  implies 


Bn  ^  An  A- 


Bn+h  “  + 


AA. 


1  -  (AA,/AA^i) 


AA, 


AB,  -  AA. 


1  -  (AA*+i/AA,)  * 

AA,t^.iAA»-t  —  (AA«)* 
(AA»  —  AA*4.i)(AA»_i  —  AA«) 


which  in  our  case  becomes 


(24) 


(25) 


ABn  -  AA, 

_ f(n  +  l)g(n)g(n  +  2)  -  g\n  +  l)/(n)/(n  +  2) _  (26) 

'\f(n)g(n  +  1)  -  f(n  -H  l)g(n)][f(n  +  l)g(n  +  2)  -  f(n  +  2)j^(n  +  1)1 


Expansion  of  (26)  in  powers  of  1/n  yields 

+  (27) 

'  Now  since /(m)  and  g(m)  do  not  vanish  identically 

AA,  ^  f(n  +  1)  g(n) 

AA_i  ”  g(n  +  1)  /(n) 


is  negative  for  all  sufficiently  large  n.  Therefore  if  Aft  >  Mi ,  the  series  A«  -f- 
^“«oAA,  is  an  alternating  one  (for  sufficiently  large  n)  with  |  AA,  |  -♦  0 


10 


DANIEL  SHANKS 


monotonically.  Thus  An  converges,  and  by  (24)  Bn  converges  to  the  same  limit. 
But  by  (27)  AB„/AA.  — ►  0  and  therefore  converges  more  rapidly. 

The  transformation  may  be  repeated  since  {B,,}  is  again  a  sequence  of  the 
same  type  (for  sufficiently  large  n)  with 


ABn 


+  1) 

^  ^‘>(n  +  1) 


where  the  degrees  of  and  say  Mi*’  and  Mt\  satisfy 
Mi*’  -  Mi*’  =  M,  -  Ml  +  2  >  0 


(28) 


by  (26)  and  (27).  This  completes  (a). 

If  Ml  ^  M, ,  An  clearly  diverges.  If  Mi  -  M,  =  2iV  +  1,  M  -  [i(Mi  -  M,)] 
“  N  and  M  iterations  of  ei  give  successively  slower  divergent  series  by  (27) 
untU  Mi"’  -  Mi"’  -  M,  -  Ml  +  2M  -  -1.  Then  Mi"+*’  -  Mi"+*’  - 
+  1  and  e"‘‘'*(il,)  converges.  If  Mi  —  Mi  2N,  M  iterations  of  ei  give 
Mi"’  -  Mi"’-  0.  Therefore  Mi"'’’*’  -  Mi"+*’  ^  3  by  (27)  and  ei"'’'*(A0  con¬ 
verges.  By  either  alternative  we  now  are  in  case  (a)  and  this  completes  the  proof. 

In  [20,  p.  21]  (1949)  in  which  Theorem  I  was  first  proven,  the  author  indicated 
that  the  theorem  as  stated  covered  the  application  of  e7  to  such  famous  con¬ 
vergent  series  as  In  2  —  1  —  §  +  l—  •••  and  (7  —  1  —  3“*  +  5”*  —  •  •  •  and 
to  such  divergent  series  asj  —  1  —  2  +  3—  •••  and  0  —  1*  —  2*  +  3*  —  •  •  • 

but  did  not  cover  some  simple  series  such  as  (1  —  \/2)f  (!)  “  1  —  2“*  +  3“* - 

and  In  3/2  —  |  —  §(i)*  +  J(i)*  —  •  •  •  .  Subsequently  8.  Lubkin,  one  of  the 
independent  discoverers  of  e7,  gave  in  [14]  (written  1950,  published  1952)  a 
valuable  generalization  of  Theorem  I  which  does  cover  these  alternating  series 
together  with  a  much  larger  class  of  nearly  geometric  series: 


{i4«}  convergent 


.  AAn 


,  oi  ,  ai  , 

oo  H - r  -;  + 

n  n* 


(28) 


Further  he  shows  to  be  a  suitable  summation  method  for  the  (critically) 
divergent  series: 


{i4,}  divergent: 


AAn-l 


-1  +  -  +  ^  + 


(29) 


The  reader  is  referred  to  his  paper  and  in  particular  to  his  Theorems  11  and  17. 
Much  earlier,  (1926),  A.  C.  Aitken  [1]  stated  that  if 


An 


Zf-.u;,zr* 


(30) 


with  2i  >  2i  >  Iff ,  and  the  z’s  all  real;  them  lim  A„  =  Zi  and  each  derived 
sequence  c7|A,)  converges  to  zi  more  rapidly  than  its  predecessor.  Here  again 
the  sequence  {A,}  of  (30)  is  nearly  geometric  (with  lim  AA«+i/AAn  —  Zt/zi). 
The  reader  is  referred  to  Aitken’s  papers  [1],  [2]. 


ei*"  and  Newton’s  square  root  process.  Still  another  t}rpe  of  nearly  geometric 
sequence  brings  us  to  a  new  point.  Let  Ai  —  1/1,  At  =  3/2,  At  —  7/5,  and  in 
general  let  {A„}  be  the  sequence  of  convergents  of  the  continued  fraction 
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V2 


+  1 
2 


(31) 


+  1 
2  + 


o  this 

sequence. 

we  obtain 

n 

Am 

Bn 

Cm 

1 

1/1 

2 

3/2 

17/12 

3 

7/5 

99/70 

19601/13860 

4 

17/12 

577/408 

5 

41/29 

Now  At  1.41379  is  correct  to  3  figures  but  Ct  »  1.414213564  is  correct  to  9. 
To  clarify  this  rapid  convergence  we  shall  prove 
Theorem  IL  If  {i4,}  is  the  sequence  of  convergents  of  (31),  then  Newton’s 
iterative  square  root  process  [28]  and  the  e?  transform  give  identical  derived 
sequences  when  applied  to  {Am).  Specifically: 

KAm  +  2/An)  =  e,(AM)  =  Bn 

i(Bn  +  2/Bn)  -  ei(5,)  =  Cn ,  etc. 

Proof.  We  note  that  if  we  write  A,  «  NJDn  the  recurrence  law  for  continued 
fractions  gives  the  equations 

Nn  -  2Nm_,  +  ,  Dn  =  2Dm_i  +  Dn-t 

-  Di  »  1,  AT,  =  3,  2),  =  2. 

The  solution  of  these  difference  equations  gives  us 


(33) 


A  -  ./o  -  ^>1 

“  Li  -  (2V2-3rJ' 


More  generally  if  we  write 

^  [\^] 

we  find  from  (3),  after  some  algebra,  that  {£.}  is  a  subsequence  of  {A.} 


eiiAn)  « 

And  again  some  algebra  yields: 

KA,  +  2/An) 

Now  writing 


Bn 


Bn 


(34) 


(34a) 


(35) 


(36) 


(34b) 
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and  repeating  the  (‘(xnputations,  we  find  by  induction  further  subsequences  and 
er(i4-)  -  Atm.n  -  i 
This  proves  the  theorem. 

Further  it  illustrates  the  rapid  convergence  which  is  often  obtained  by  the 
ei  transform  since  it  is  known  that  each  application  of  Newton’s  process  doubles 
the  number  of  correct  decimal  places. 

This  theorem  will  have  analogues  in  later  results.  Of  the  many  special 
algorithms  which  have  been  invented  for  the  purpose  of  obtaining  rapid  con¬ 
vergence  we  call  attention  to  Newton’s  method  for  square  roots,  Gauss  numerical 
integration  for  Riemann  sums,  the  Pad4  Table  for  rational  approximations  of 
anal)rtic  functions  and  the  Euler  and  ^auss  transformations  of  theta  function 
infinite  products.  We  shall  find  other  instances,  besides  Theorem  II,  in  which 
our  non-linear  transforms  not  only  match  the  rates  of  convergence  obtained  by 
these  special  algorithms  but  also,  as  in  Theorem  II,  yield  identical  results. 

Cl*”,  geometric  series,  and  regularity.  The  previous  section  emphasized  ei*" 
as  an  accelerator  of  convergence.  We  now  turn  to  Ci"  and  Ci  as  inducers  of  con¬ 
vergence,  that  is,  as  summation  methods  for  divergent  sequences.  Consider  first 
a  trivial  example.  Let  {.d.}  be  the  sequence  of  partial  sums  of  the  geometric 
series: 

c  +  cz  -f-  cz*  +  cz*  -{-•••.  (38) 

Since 

.4,  -  [c/(l  -  z)]  -  [c/(l  -  z)Jz"  (z  1)  (39) 

it  is  clear  that  (i4«)  is  an  exact  first  order  transient,  (A;  »  1  in  (17)),  and  that 

-  eiiAn)  =  c/(l  -  z)  (40) 

for  every  n.  We  note  that 

*  *  (2  “  1)  (41) 

and  that 

Cn**Dn~  En^  .  .  .  «  «  c/(l  -  z)  (42) 

by  rules  (2b)  and  (2c).  Thus  we  may  say  that  ei  (or  e?)  sums  (38)  exactly.  The 
divergence  or  convergence  of  (38)  is  clearly  irrelevant.  As  special  cases  of  (38) 
we  obtain  the  well  known  sums: 

i  =  1  -  1  +  1  -  1  +  ...  -1  =  1  -H  2  +  4 -{- 8  +  ... 

i  -  1  -  2  +  4  -  8  +  ...  «  -  1  -K  1  -I- 1  +  1 

and  it  is  noted  that  ci  (or  e7)  sums  a  divergent  series  (38)  to  the  “right”  value, 
that  is  to  the  analytic  continuation  of  the  sums  of  convergent  series  (38).  So 
far,  so  good,  since  this  is  desirable. 
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What  is  also  desirable  of  a  summation  method  is  that  it  be  “regular”.  If  7*  is 
a  transformation,  7  is  regular  means  that  if  An  converges,  then  T(An)  converges 
and  lim  T(An)  “  liin  An  .  Now  ti  is  (unfortunately)  not  regular  [20,  p  20]. 

Theorem  III.  The  transformation  ci  is  not  regular  but  if  An  and  both 
converge  then  lim  «  lim  An . 

Proof  (by  counterexample).  Let  be  the  sequence  of  partial  sums  of 

+  i  +  i  +  i  +  i  +  *  +  |  +  -  (43) 

Then  alternate  B’b,  Bi ,  Bt ,  8$ ,  etc.  are  all  <x> .  But  the  even  order  B’s  —*■  3  and 
thus  lim  Bn  does  not  exist. 

But  if  i4,,  and  Bn  both  converge,  their  limits  are  equal.  The  reader  is  referred 
to  [14]  for  Lubkin’s  Theorem  I,  the  first  published  proof  of  this  fact. 

Remark.  The  difficulty  in  (43)  is  in  no  way  due  to  the  infinities  obtained  for  we 
could  modify  (43)  to  read 

3  *  1  +  (§  +  «i)  +  (§  —  «i)  +  (i  +  «j)  +  (i  —  «j)  +  •  •  • 

and  thus  alternate  B’s  could  be  made  arbitrarily  large,  although  still  finite.  The 
difficulty  is  of  a  different  origin;  the  series  (43)  is  not  nearly  geometric  and  really 
calls  for  an  ej  transform.  This  point  will  be  resumed  later. 

ei”*,  anal3rtic  continuation,  and  nonuniform  convergence.  The  next  example, 
though  associated  with  the  last  two,  (38)  and  (43),  is  more  interesting  and  its 
theory  is  more  intricate.  Let  (i4n}  be  the  sequence  of  partial  sums  of 

fit)  ~  I  +  iz  +  iz* +  +  Hz* +-■  ,  (44) 

the  right  side  being  the  power  series  of  the  rational  function 
f{z)  -  2/(1  -  z)(2  -  z). 

We  note,  by  breaking  /(z)  into  partial  fractions,  that  (44)  is  the  sum  of  two 
geometric  series.  From  the  partial  sums  of  these  two  series  we  find 

Since  this  is  a  second  order  transient.  A;  »  2  in  (17),  it  is  clear  that  application 
of  et  to  any  five  successive  members  of  (X.)  would  yield 

e^An)  -  Bt.n  -  (1  _  -  t)  " 

Again  the  value  of  z,  and  thus  the  convergence  or  divergence  of  (44)  is  irrelevant. 
We  will  return  to  the  higher  order  transforms  (k  ^  2)  later  but  now  we  are  con¬ 
cerned  with  Zi”*  and  wish  to  investigate  ei^(An)  and  the  step  by  step  filtering 
process  mentioned  on  p  8.  Now  An  converges  to  /(z)  within  the  unit  circle. 
We  will  prove  that  B.  converges  to  /(z)  within  a  circle  of  radius  2,  Cn  converges 
to/(z)  within  a  circle  of  radius  4,  and  in  general  e”iAn)  converges  to/(z)  within 
a  circle  of  radius  2*"  with  the  following  exceptional  values  of  z.  At  the  poles, 
z  »  1  and  2,  all  sequences  — »  <x> .  This  is  as  it  should  be,  but  at  the  isolated  point. 
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2  =  4,  which  is  in  no  way  a  singularity  of  /(z),  C,  ,  and  all  later  sequences,  con¬ 
verge  non-uniformly  to  the  wrong  answer.  That  is  /(4)  —  ^  but  as  n  -+  « , 

er(A,)-^fr.  (2-4)(m^2)  (47) 


Similarly  Z>«  and  all  later  sequences  converge  non-uniformly  to  the  wrong  answer 
for  2  =  8  and  the  points  2  =  2"  for  m  >  3  may  also  be  irregular.  The  reason 
for  the  doubtful  word  “may”  appears  later.  “ 

We  will  need  the  following 

Lebima.  Let  {A«)  be  a  sequence  of  the  type: 


A, 


B  +  x" 


W) 

Giy-) 


(x,  y  9^0) 
(x,  y  7^  1) 


(48) 


with 

Fiy")  -  Zf-c  Fiiy^y,  (F, ,  Ff  9^  0) 

G{y^)  -  ZU  Gi{y*y.  {Go  ,G,7^0) 

Then  ei[An]  =  {B,}  is  either  a  sequence  of  the  same  type  or  ei{A^  =  B  (a 
constant)  for  every  n. 

Proof.  We  compute 


B, 


B  +  («)" 


'W) 


(49) 


with 


G{y*)  =*  Z<-«  ^  +  3y, 

Go  =  F^lyix  -  D*  7^0,  Gi~  FjGlyix  -  1)’  0, 

W)  -  ZU  Wy,  f^2(f+g-  1), 

Bo  =  F(Po{FiGo  —  Ffpi)  x{y  —  1)*,  f  =  xy  ^  0, 
Pf  =  FMFf.iG.  -  FjO,.My-  D*. 


Now  (49)  is  of  the  same  type  as  (48)  except  that  we  may  have  Bo  =  0,  B/  =  0, 
£  =  1.  But  if  every  B<  =  0,  ei(A,)  =  B  for  every  n.  If  not,  let  F^i  be  the  first 
non-vanishing  coefficient.  Shift  the  factor  of  (y")*~^  in  the  numerator  of  (49) 
so  that  it  reads 

{iyhy')  instead  of  («)"B(y") 

with  i  xy*  instead  of  2  =  xy  and  with  a  new  ^  <  /  and  new  Bo  7^  0,^}  ^  0. 
Thus  (49)  (as  revised  if  «  >  1)  is  of  the  type  (48)  unless  i  =  1  (or  if  «=  1, 
unless  £  =  1).  But  if  i  =  1  we  have 

B»  -  B  + 

and  P{3l*)/0y'')  is  either  a  constant,  AB,  or  it  can  be  written  as  AB  + 
(y‘)"/(y*)/(5(y").  Then  (49)  is  of  the  type  (48)  with  a  new  B  —  B  -|-  AB. 


>(»') 
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Theorem  IV.  Let  (ii.)  be  the  sequence  of  partial  sums  oi  the  power  series 


for 


f(z) 


0  <  |zo|  <  |2i|,  (50) 


(z  -  zo)(z  —  Zi)  ’ 
and  suppose  z  z,(r  —  0, 1,  2,  •  •  •  )  with 

Zr  “  Zaizi/zaY. 

Then  if  |  z  |  <  |  z^  |,  ei^(An)  —*f(z).  At  the  poles,  z  *  zo  and  Zi ,  ei"*(A,) 
for  all  m.  For  z  =*  Zi  —  zl/ze  and  m  ^  2, ' 


eTUJ 


(51) 


(52) 


(zo  +  Zi)* 

the  wrong  answer.  In  the  neighborhood  of  zt ,  ei’^{An)  converges  nonuniformly 
for  m  >  2. 

Proof.  From  (50)  it  follows  for  z  zo ,  Zi  that 

A..  M  +  M  (i)**'  [l  -  (2f  ] .  (53) 

l/»  /  ”  1»  11  "  0,  and  B  =-  /(z)  we  find 


From  the  lemma  with  z/zo  »  x,  z^z\ 
f  «=  xy  “  z/zi ,  /  “  0  and  J  —  1 : 

k»+* 

B 


/(«)(2l  -  2o) 


(z-z»)-  (z-z,)(V«i)-«‘ 

Therefore  for  1  z  |  <  \zi\,  Ci(A«)  ^  Bn— /(«).  The  series  has  been  summed  to 
the  analytic  continuation  in  a  larger  circle.  (Remark:  We  note  that  the  most 
divergent  part  of  (53),  the  term  involving  (z/zc)"'*^*,  has  been  removed — but 
what  remains  is  no<  a  first  order  transient.  By  dividing  out  the  fraction  in  (54) 
we  find  that  {R,}  is  an  <x>  order  transient: 

Bn  -  /(^)  -  fiz)  t  r ^  .  (55) 

z  —  z«  i-o\z  —  Zt/  \_Zi  \Zi/  J 

The  nonlinear  operator  ei  has  eliminated  one  exponential  but  has  also  introduced 
infinitely  many  new  ones.) 

Now  from  (54)  and  (48)  with  (z/zi)  —  x  and  (zt/zi)  y,  it  follows  that 


^  /(*)(*- 2i)(*i  -  *i)*2o‘2r‘(*«oAi)"^ 


(56) 


Since  j  y  |  <  1  we  see  that  if  1  s  1  <  \  zt  \  *  1  zj/zo  j  then  |  i  |  -  ]  zzo/z*  |  <  1 
and  Cn  —*fiz).  But  for  z  ■«  zj ,  2  —  1,  and 


C,-/(z)  -/(z) 


ZoZi 


(*•  +  2l)* 


(57) 


This  anomaly  may  be  attributed  to  the  fact  that  the  nonlinear  ei  operator,  by 
ccxnbining  two  terms  of  Bn  ,  the  divergent  term  x"  *  (zi/zo)",  and  the  convergent 
term  y*  «=  (zo/zi)"  has  produced  a  term  in  (1)"  which  is  constant  and  thus  be- 
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comes  absorbed  into  the  old  base,/(z)  of  {£»).  The  jC»}  sequence  for  z  “  «i  can 
again  be  put  into  the  form  (48)  with  the  new  B,  f(z)[l  —  zo2i(zo  +  2i)~*]  and  a 
new  X  “  zo/zi  =  y.  Further  applications  of  ei  will  therefore  make  the  derived 
sequences  converge  faster,  but  always  to  the  same  new  B,  since  all  positive  powers 
of  I  y  I  are  less  than  one.  Now  let  z  Zr ,  then  (z/zo)(zo/zi)’^  ^  1  and  therefore  no 
number  of  iterations  of  the  transformation  (48)  — ►  (49)  can  produce  a  term  in 
(1)*.  Each  iteration  however  multiplies  x"  by  a  new  factor  of  y"  =  (zoAi)"  if 
the  corresponding  0  or  by  y*"  if  Fo  =  Fi  =  •  •  •  »=  F,_*  «  0,  F^_j  0  or 
by  0  if  all  the  F,-’s  vanish.  Thus  in  any  case  if  |  z  |  <  |  z.,  |  the  dominant  term 
in  the  transient  part  of  Ci"(i4,)  is  (z/zo)"(zo/2i)^"  where  Af  ^  m  and  therefore 
e7(An)  and  all  later  sequences  converge  to/(z).  At  the  poles  z  =  zo  or  zi  (53)  must 
be  replaced  by  a  s^uence  of  the  typ)e: 

A,  =  a  +  im  -|-  c?*.  (b  ^  0)  (58) 

It  is  easily  seen  that  Bn  is  then  of  same  type  and  further  that  C»  =*  A« .  Thus 
all  sequences  er(A»)  for  z  =  zo  or  z  =  zi  tend  to  (the  complex  number)  «. 
Finally  it  is  clear  that  the  convei^nce  at  Z2  is  nonuniform  since  we  do  not  ob¬ 
tain  continuity  there  but  instead  the  isolated  little  spike,  — /(z)zozi(zo  -1-  Zi)“* 
which  is  reminiscent  of  the  Gibbs  Phenomena.  This  completes  the  proof.  Remark: 
The  point  z  =  z,  for  r  ^  3  may  also  be  irregular.  The  sequence  e\{An] ,  and  later 
sequences,  converge  there  with  a  possible  term  in  (1)".  However  the  above 
computation  does  not  preclude  the  possibility  that  the  corresponding  Fi  co¬ 
efficient  may  vanish. 

and  some  numerical  divergent  series.  From  zi”*,  “wrong”  answers,  and 
messy  theory,  we  now  turn  to  ,  “right”  answers,  and  (almost)  no  theory  at  all. 
Many  interesting,  useful,  amazing,  or  amusing  examples  have  been  given  of 
as  a  summation  method  of  divergent  sequences.  We  mention  the  following 
numerical  examples: 

In  3  -  0  4-  2  -  i2*  -1-  J2*  -  -f-  . . .  [20,  p  17]  (59) 

f  -  0.596347  -I-  -  0!  -  11  +  2!  -  31  +  4!  -  .  [20,  p  17]  (60) 

Jo  1  I  t 

c- J  +  iR, +  iR4+iB,  +  •••  [20,pl8]  (61) 

G  -  iT(31n3  -  5ln5  +  71n7  -  •••)  [20,  p  29]  (62) 

In  (61)  C  is  Euler’s  constant  and  the  R’s  are  the  Bernoulli  numbers.  In  (62)  G 

is  Catalan’s  constant  and  in  (63)  /(x)  is  Blasius’  boundary  layer  function. 

Another  numerical  divergent  series,  which  is  much  to  the  point  in  any  discus¬ 
sion  of  “right”  and  “wrong”  answers  was  given  in  a  puzzle  by  G.  H.  Hardy  [8]. 
Consider  the  series: 

»-!-§(¥)  +  i-l(V)‘  -  M-i(V)*  +  •  •  • 


(64) 


%  % 
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which  was  obtained  from‘ 

‘  +  i(r^) +M-(r^)  +  •••  (64») 

by  putting  z  «=  2i.  Consider  the  domains  Di:  \z  —  i  |  ^  ^/2  and 
Z)j :  1  z  +  1 1  ^  y/2.  In  the  intersection  of  D\  and  Dj  the  right  side  of  (64a) 
converges  to/i(z)  =*  (1  -f  a*)/(l  —  z*)  whereas  in  the  complement  of  their  union 
it  converges  to/t(z)  =»  (z*  +  l)/(z*  —  1).  In  the  remaining  two  lunes  the  series 
diverges.  The  point  z  —  2t  is  in  the  upper  lune  and  therefore  (64)  diverges.  If 
we  were  to  sum  (64),  say  by  ?i ,  what  should  the  “right”  answer  be — should 
X  -  /»(2i)  ==  -bl  or  should  x  «=  M2i)  *  —  |? 

We  will  answer  this  question  later.  Likewise  in  connection  with  the  phe¬ 
nomenon  of  semi-convergence  we  will  discuss  (59)  later.  But  in  general  the  theory 
here  is  not  developed  and  we  must  confine  ourselves  to  a  few  remarks  concerning 
such  numerical  divergent  sequences. 

1.  In  many  cases,  e.g.  (59),  (60),  (61),  no  column  of  (7)  converges.  Nonethe¬ 
less  the  diagonal  of  (7),  appears  to  converge  quite  rapidly  to  the  right 

answer. 

2.  As  already  apparent  (in  the  proof  of  Theorem  IV)  the  algebra  and  analysis 
of  (7)  can  become  quite  involved.  But  the  arithmetic  of  (7),  which  is  all  that  was 
used  in  examples  (60)  to  (63)  is  very  simple.  It  has  been  coded  for  the  electronic 
Card  Programmed  Calculator  by  T.  S.  Walton  of  the  Naval  Ordnance  Labora¬ 
tory.  Inserting  a  sequence  {A„}  into  the  machine,  one  rapidly  obtains  the  array 
(7).  The  table  in  (12)  was  computed  in  this  way. 

3.  It  will  soon  be  seen  that  the  array  (9)  often  has  the  opposite  character — 
involved  arithmetic  *(becau8e  of  the  high  order  determinants)  but  relatively 
simple  theory. 

Chapter  U.  Introduction  to  ej ,  an  example  (from  Lovitt).  Examples  (43)  and 
(44)  showed  mischief  created  by  ei"  in  cases  where  Cj  was  really  more  appropriate. 
Other  instances  are  easy  to  find.  Modify  (11)  to  read: 

ir-4  +  0-  |  +  0-|-i-l-0-t-h-*-  (65) 

that  is,  insert  x  ■■  1  in  the  power  series: 

4  arctan  x  —  4x  -f-  Ox*  —  |x*  +  Ox*  +  •  •  •  . 

One  finds  now  not  the  pleasant  table  (12)  but  the  discouraging  one: 
A,  ■»  »  Cn  “  •  •  •  .  Again  consider  the  divergent  series: 

1  -  1 +2.2  +  3-2*-|-4-2*+ (66) 

which  comes  from  putting  x  ==  2  in  the  power  series  for  (1  —  x)~*.  With  this 
second  order  pole,  the  situation  is  worse  than  in  Theorem  IV.  Now  no  column 

*  Dr.  A.  8.  Householder  has  pointed  out  to  the  author  that  the  use  of  H.  Rutishauser's 
"Quotienten-Differenzen- Algorithmic”,  ZAMP  6,  233  (1964)  would  simplify  the  arithmetic. 
(Note  added  in  proof.) 
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(7)  converges  and  the  diagonal  converges  only  slowly.  But  et  yields  the  correct 
result  at  a  blow.  For 


1  5  17 

/ 

1  1  1 

Bm  - 

4  12  32 

/ 

4  12  32 

12  32  80 

/ 

12  32  80 

and  in  fact  Bt,n  ~  1  for  every  n  ^  2.  This  is  a  special  case  of  Theorem  IX  which 
is  proven  later.  We  now  investigate  these  higher  order  transforms — ^beginning 
with  an  example. 

Consider  the  simple  integral  equation  [13,  p.  13] 

u(x)  “  Jx  —  J  +  /  (x  +  t)u(t)  dt.  (67) 

Jo 


By  the  method  of  successive  substitutions  we  obtain  the  sequence  >■  0, 
Ml  *  Jx  —  Mj  *  —  ii  Ml  *=  Jx  —  Hf  ®tC'  But  it  is  found  that 

u,  — »  —  «x  —  «  and  so  the  method  “fails”.  Now  it  is  true  that  m,  has  no  limit, 
but  it  does  have  an  antilimit! 

Theorem  V.  The  divergent  sequence  may  be  summed  to  the  solution  of 
(67)  by  e, . 

Proof.  By  the  method  of  successive  substitutions: 

M,+i(x)  «  M,  +  (x  +  t)uM  dt.  (68) 


Writing 


AnX  +  B,  as  a  vector  u. 


we  find  fr(Hn  (68)  that 


\Bi.+i/  \Bi/  \i  \)  \B,/ 

and  therefore  if 


that  , 

Un+i  =  (i»/"  +  +  . . .  +  Af  +  1)mi  . 


(69) 

(70) 


By  expanding  M  into  the  form  M  —  oMi  +  bMt  with  M\  ^  Mi ,  M\  Mt  and 
MiMt  **  0  we  obtain: 


Af" 


Summing  the  geometric  series  of  (70)  thus  yields 

U.+.  -  X  -  a  +  iV3r*'(ix + iVs)  -a- 1  V3)*'"‘(}x  -  iv5),  (72) 


a  divergent  second  order  transient  with  a  base  «  x.  Thus  et(Un)  •=  x  for  all  n. 
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That  u(x)  »  X  is  the  solution  of  (67)  may  be  readily  verified  but  it  is  also  clear 
a  priori  that  it  must  be.  For  from  (68)  by  a  linear  ccnnbination  we  have: 

C^iU^lix)  +  C>-iU,(x)  +  CnUn+lix) 

Cn-t  -b  c»_l  +C, 

dt 

Now  the  right  and  left  linear  combinations  appear  to  be  different  functions  since 
the  u  indices  are  one  greater  on  the  left.  But  by  (5c)  they  really  add  to  the  same 
function  and  thus  this  function  is  the  solution  of  (67).  Remark:  From  (72), 
with  a  proof  similar  to  that  of  Theorem  IV,  one  may  show  that  e*  could  also 
do  the  job — but  not  as  simply  as  cj . 


ui(*)  +  (x  +  <)  - 


+  C,-iU_i(0  +  c,u»(0 

c*_»  +  Ci»_l  +  Cn 


Introduction  to  et »  rational  approximations.  Returning  to  the  partial  sums  of 
power  series 

(73) 


we  note  that  the  Ai’th  order  transform 


may  be  reduced  to 


3 


t 

•’J 

1 
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by  multiplying  the  p’th  column  of  each  p  ■«  1,2,  •  •  •  ik  -J- 1  by  and  dividing 
the  9’th  row  of  each  5  —  2, 3,  •  •  •  A:  +  1  by  In  this  way  a  common  factor 

o(  2*”  has  been  deleted  frtm  both  determinants. 

If  {.4.}  is  the  sequence  of  partial  sums  of  the  logarithm  series; 


In  (1  +  2)  -  0  +  2  -  §2*  +  iz*  -  •  •  •  (76) 


one  finds  frmn  (75)  with  k  ^  n  that  (10),  the  diagonal  transform  of  {A.}  is  the 
sequence  of  rational  approximations: 


*  0, 


Bx.t 


22 

2  +  z* 


62  +  82* 

6  +  62  +  2*’ 


etc. 


If  ill  is  the  same  sequence  with  the  zero  term  (nnitted,  that  is  if  Ao 
-  2  —  §2*,  etc.  we  would  find  instead  for  the  sequence: 


Bi, 


2, 


Bi 


6  +  2 
6  +  42’ 


Bt., 


30  +  212  +  2 
*30  +  362  +  92*’ 


(77) 

“  2, 

(78) 


Listing  (77)  and  (78)  alternately  and  computing  the  power  series  of  these  rational 
functions  we  obtain  the  sequence  (iiC»} : 


Ko  “  Bo,»  “  0 
Ki  “  Bofi  “  2 

X*  —  Bi,i  “  2  —  §2*  +  J2*  —  I2*  +  •  •  • 

X,  -  Bx.i  “  «  -  -  O**  6^*‘ - 


K.  -  ft.  .  .  -  ».■+  fc-  -  ... 

K,  -  Bi,  -  z  _  J**  +  Jz*  _  +  ^*7 - 


etc.,  and  note  the  following: 

1.  X»  is  a  function  only  of  At ,  Ai ,  •  •  •  A. . 

2.  Kn  agrees  with  A*  to  the  term  in  2”. 

3.  The  “predictions”  made  by  X«  of  the  next  few  derivatives  are  increasingly 
good  as  n  increases.  Of  course  these  future  derivatives  are  in  no  way  determined 
by  the  polynmnial  (73)  and  could  be  chosen  arbitrarily.  The  good  results  of 
(79)  must  be  attributed  to  the  fact  that  the  assumption  of  smoothneaz  of  the 
sequence  {A.}  implicit  in  the  assiunption  (17)  is  indeed  valid  for  the  sequence 
of  partial  sums  of  the  logarithm  series  (76). 

It  can  be  shown  that  {X»)  is  the  sequence  of  convergents  of  the  well  known 
c(xitinued  fraction  [26,  p  342] : 

ln(l  +  z).0  +  i^^^ 

2  +^ 

3  +^ 

4  +^ 

5  +  •  •  • 


(80) 


%  % 
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It  will  be  shown  later  that  the  sequence  (77)  is  obtainable  by  Gauss  Numerical 
Integration  and  that  it  converges  to  the  principal  value  (rf  In  (1  +  z)for  every  z 
not  on  the  real  cut,  z  ^  —  1.  It  will  be  shown  now  that  the  sequence  (78)  divided 
by  z  is  the  diagonal  of  the  Pad6  Table  [26]  of  (1/z)  log  (1  +  2). 

ei,  and  the  Pad6  Table.  Given  an  analytic  function: 

/(*)  -  Zr-aa*z*  (81) 

with  a«  ^  0,  the  Pad£  Table  for  /(z)  is  a  two  dimensional  array  of  rational 


functions  Rk.nik  -  0,  1,  2,  •  •  •  )(n 

~  0,  1 

,2,..-) 

Rk.k 

R«,i 

Ro.t 

Ri.o 

Ri.i 

Ri.i  • 

(82) 

Rt.o 

Af.i 

Ri,t 

with  the  two  properties: 

Property  1.  Rh.n  To&y  be  written  as  the  ratio  of  two  pdynomiaLs: 

Rk.n  ~  NuJDu.n  (83) 

with  the  degree  of  Ni,n  ^  n  and  the  degree  of  £>*,«  ^  k.  But  does  not  vanish 
identically. 

Property  2.  The  power  series  of  Rk,%  agrees  with  that  of  /(z)  to  a  higher  power 
of  z  than  any  other  rational  function  with  degrees  dt  numerator  and  dencnninator 
no  greater  than  n  and  k  respectively. 

It  is  known  that:  * 

A.  [26,  p  378]  The  rational  function  At,*  is  uniquely  characterized  by  proper¬ 
ties  1  and  2. 

B.  [26,  p  378]  Property  2  is  equivalent  to  the  condition 

/(z)Z)*..  -  Nk,n  -  (2*‘'"'"‘).  (84) 

Here  (z')  means  a  power  series  g{z)  —  YL't-r  ga*  for  which  each  term  in  z*  vanishes 
if  8  <  r.  Higher  terms  may  also  vanish;  in  particular  we  may  have  g{z)  »  0. 

C.  (Pad4)  [26,  p  394]  If  Nu.n  and  Dk.n  have  no  zero  in  c<Hnmon  and  if  the 
degree  of  Dk,n  is  exactly  p(p  ^  k)  then 

Rk,n  *  Rk-l,»  **  Rk-i,»  ™  •  •  •  *  Rp,n  •  (85) 

D.  (Montessus  de  Balloire)  [26,  p  412]  If  /(z)  is  regular  for  |  z  |  ^  R  except 
for  p  poles  within  this  circle,  then,  as  n  — ♦  « ,  i2,.»  converges  to  /(z)  uniformly 
in  the  domain  obtained  from  |  z  |  ^  A  by  removing  the  interiors  of  small  circles 
with  centers  at  these  poles.  Note:  Higher  order  poles  are  counted  according  to 
their  order. 

We  also  need  the  following  lemma  similar  to  a  part  of  theorem  98.2  of  [26]. 
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E.  Lemma.  If 


then 


'  On 

On  *  •  •  1 


0, 


Rk~l,n  “  Rk-l,n-l  ”  Rk.n  • 


(86) 


After  we  have  proved  E  we  shall  obtain  the  following  theorem: 

Theorem  VI.  Let  f(z)  be  given  by  (81)  and  by  (82).  If  An  is  given  by 
(73),  then 

B,,n  -  Rk.n  (87) 

and  thus  the  array  (9)  is  the  upper  half  of  the  Pad6  Table  (82) — above  and 
including  the  diagonal. 

From  this  result  we  obtain  immediately: 

Theorem  VII.  If  f(z)  is  regular  for  |  z  |  ^  R  except  for  p  poles  within  this 
circle,  and  if  (An)  is  the  sequence  of  partial  sums  of  its  power  series,  then  as 
n—k  00, 

"  ‘  «'■'  utuformly  ' 


in  the  domain  obtained  from  \z  \  ^  A  by  removing  the  interiors  of  small  circles 
with  centers  at  these  poles. 

Proof  or  VII.  D  and(87). 

Theorem  VIII.  Let  f(z)  be  meromorphic  and  let  zo  be  any  regular  point  in  * 
the  finite  plane.  Then  if  (A.}  is  the  sequence  of  partial  sums  of  its  power  series 
there  is  a  p  such  that  .  , 

lim,^  e,(An)  -  /(z*).  (88a) 

Proof  or  VIII.  In  the  domain  \z  \  ^  |  zo  |  there  are  only  a  finite  number  of 
poles.  Let  this  number  be  p  and  apply  Theorem  VII. 

Theorem  IX.  Let  /(z)  be  a  rational  function,  which  when  reduced  to  its  lowest 
terms  has  a  9’th  degree  numerator  and  a  p’th  degree  denominator,  then  if 
k  ^  p,  n  ^  q,  >  .  ^ 


Rk.n  ~  /(z). 


(89) 


Proof  of  IX.  If  A;  ^  p,  n  ^  9,  then  Ru.n  “  /(z)  since  /(z)  clearly  has  prop¬ 
erties  1  and  2  and  by  A,  Rk.n  is  unique.  Then  (89)  follows  at  once  from  (87). 

We  now  return  to  the 

Proof  of  E.  To  compute  the  Pad6  approximant  Rk-i.»-i  we  let 


Rk-l.n-l 


SiZ* 


/(z)  “  ^{!>«a<z^, 


(90) 


and  let 


Silo  tiZ*  “  biZ*. 
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In  order  to  satisfy  (84)  for  the  indices  k  —  1  and  n  —  1  we  need 
«,  =  bi  (t  a*  0,  1,  2,  •  •  •  n  —  1) 


hi  =  0.  (i 

The  last  equations,  written  out,  are 


ti,  n-{-  If  n  -i"  2,  ~  2) 


o»-*+i<t-i  +  <*»-*+*4-*  +  •  •  •  +  dnU  =•  0 

On-k+^-l  +  On-k+ttk-i  +  ’  *  *  +  Oii+A  *  0 


bn+k-i  ®=  On-ltk-l  +  <intk-i  +  *  *  '  +  Oi%+*-S^0  *=  0. 

These  are  k  —  1  equations  in  the  k  unknowns  to,  ii,  tk-i  and  thus  have  a 
non-trivial  solution.  Choosing  any  such  solution  we  now  determine  the  by 
(91).  Therefore 

f(z)Dk-t,n-l  —  -  (a*-"-*)  (93) 

and  we  have  correctly  computed  since  it  is  unique.  However  if  (86)  is 

true  we  may  adjoin  another  equation, 

bn+k-i  *=  0*4-1  +  a*4.i4-s  +  •  •  •  +  a*4*-i4  ”  0,  (94) 

to  (92)  and  solve  the  k  homogeneous  equations  in  k  unknowns  since  the  determi¬ 
nant  of  the  system  vanishes.  Again  we  determine  «,  by  (91)  and  again  we  obtain 
Rk-i,»-i  since  it  is  unique.  However  we  now  see  from  (94)  that  (93)  can  be  im¬ 
proved  to  read: 

f(z)Dk-i.n-i  -  Nk-i.^1  =  («*■"•).  (95) 

This  increase  in  degree  means  that  we  may  set  Nt-i.n  =*  Nk-i.n-i  and 
Dk-i.n  *  Dk-\,n-\  and  therefore 

~  Rk-i.^i.  (96) 

For  this  Nu-i.n  and  this  Dk-i.n  clearly  have  degrees  no  greater  than  n  and  A;  —  1 
respectively  and  thus  property  1.  Further,  by  (95),  f{z)Dk-i.n  —  Nk-i,»  = 
(^t-i+*+i)  jg  ijnpijgg  property  2.  Again,  we  may  set  Nk.n  *  zNk-i.%-i 

and  Dk.n  »  zDk-i,n-i  and  thus 


D  t’ffk-l.nr-l 

Kk.n  ■*  -TV - 

zDk-1,%-1 


Rk-l.n-t 


since  Nk.»  and  Dk.n  have  degrees  no  greater  than  n  and  k  and  since  from  (95) 
f(z)Dk.n  -  Nk.n  =  z(fiz)Dk-x.n-i  -  Nk-i.^x)  =  (z*-""-"’).  (98) 

This  proves  E. 

Proof  of  Theorem  VI.  Let  the  right  side  (rf  (75)  be  written  vk.n/it.n  and  con¬ 
sider  the  following  four  cases  which  may  arise  for  any  fixed  z  =  zo  . 
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1.  For  2  =■  2o  ,  it.ii  does  ndt  vanish. 

2.  For  2  =  ZUfSk.n  does  vanish  but  Vk.n  does  not. 

3.  For  2  =  zcfik.n  and  Vk,n  both  vanish  but  Sk,n  does  not  vanish  identically. 

4.  The  determinant  i*,«  (and  therefore  also  n.n)  vanishes  identically. 

In  cases  1  to  3,  does  not  vanish  identically — if  it  did  in  case  2,  i»*,,  would 
also  vanish.  Therefore  since  Vk,n  is  at  most  of  degree  n  and  Sk.n  is  at  most  of 
degree  k,  has  property  1.  In  the  numerator  i**,*  we  add  2"'*'*  times  the 

second  row,  2"'^*  times  the  third  row,  •  •  •  ,  and  2"'**  times  the  last  row  to  the 
first  row.  Then  v*,,  reads: 


2*  A. 

•  2A„+*_1 

flu-fc+l 

O’n-k+i 

On 

®»+i 

On 

. 

i.e.  each  index  of  A<  is  merely  increased  by  k.  Therefore 


(99) 


AAn^k-An)  Sr\An^-An+l) 

■  0 

Sk.n  “  *%.■  “ 

an^i 

an 

an+1 

On+k 

(100) 


Now  the  right  side  of  (100)  has  only  terms  of  degree  n  +  fc  +  1  or  higher. 
Therefore 


f(z)8k,n  ~~  Vk.»  “  An-^Sk,n  0<2*  “  (2"''^'*’*)  (101) 

and  ek(An)  has  property  2.  Thus  in  the  first  three  cases  ek{An)  ~  Rk.n  •  Now  in 
ciase  1,  Sk.n  ^  0,  and  so  by  (2)  Bk,n  “  c*(-A,)  =  Rk.n  •  In  case  2  we  have  assigned 
00  to  Bk.n  by  rule  (2b).  This  agrees  with  the  assignment  of  oo  to  a  pole  of  Rk.n 
and  therefore  Bk.n  =  Rk.n  .  In  case  3  and  4  we  have  assigned  to  Bk.n  by  rule 
(2c),  the  value 


3  Rk.n  “  Bk-l.n 

with  repeated  reduction  of  order  as  often  as  is  necessary  to  obtain  a  well  defined 
value.  Now  in  case  3,  r*,.  and  Sk.n  must  have  a  common  zero.  If  this  and  any 
other  common  factors  are  factored  out  of  both  polynomials,  the  resulting 
has  a  degree  which  is  less  than  k  and  therefore  from  (85) 

Rk,n  “  Rk—l,n  • 

Repeating  this  as  often  as  is  necessary  we  find 

Bk.n  ■■  Bk-l,n  «  •  •  •  —  Bp.n  "  “  R,,n  «■•••■«  Rk.n  • 

Finally  in  case  4  if  Sk.n  vanishes  identically  then  in  particular  the  lower  left 
k  X  k  minor  of  Sk.n  =  ■=  0  and  therefore  by  Lemma  E 
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Bh.n  “  Bk-l,n  Rk-l,»  “  Rk.n 
with  repetitions  if  necessary. 

Thus  for  every  z,  (87)  is  true  and  this  completes  the  proof  of  Theorems  VI, 
VII,  VIII,  and  IX. 


Remarks  on  the  foregoing.  A  number  of  remarks  are  in  order. 

1.  From  Theorem  VI,  and  rule  (5a),  it  is  now  easily  seen  that  the  sequence 
(78)  is  2  times  the  diagonal  of  the  Pad6  Table  for  (1/z)  log  (1  +  z). 

2.  The  lower  half  of  the  Pad4  Table — that  is  /?*.,  for  k  ^  n — may  similarly 
be  obtained  by  transforming  the  reciproc^  series.  Specifically,  let 

g(z)  -  mr'  - 

then  for  k  ^  n, 

Rk.n  -  [e»(i.)r*.  (102) 

We  will  not  use  (102)  and  hence  shall  not  prove  it. 

3.  In  Theorem  VIII  suppose  that  there  are  jh  poles  in  the  dmnaiii  |  z  |  ^  |  zi  | 
with  Pi  >  p  and  |  zi  |  >  |  zo  |.  We  will  then  have,  in  addition  to  (88a), 

e,^(An)  -  /(zi) 


since  the  pi  transform  converges  in  the  larger  circle.  But  this  should  not  be 
construed  to  read 

lim,^  e#(A,)  - /(2o) 

for  every  p  which  satisfies  p.  ^  ^  pi .  This  generalization  would  indeed  be 

true  if  no  two  poles  in  the  annulus  |  zo  |  <  |  z  |  ^  |  Zi  |  had  the  same  absolute 
value  but  it  is  fallacious  otherwise.  The  series: 


(1  4*  i*)/ (1  —  i**)  “  1  +  i*  +  §2*  +  iz*  +  +  •  *  • 

serves  as  a  counter  example  for  it  and  its  second  order  transform  both  converge 
to  3  for  z  ■=  1.  But  as  already  seen  in  Theorem  II  and  (43),  ei(A,)  does  not 
converge. 

4.  From  a  naive  point  of  view  a  divergent  sequence  is  sometimes  said  to  be 
“meaningless”.  We  have  attempted  to  give  (some)  divergent  sequences  greater 
dignity  and  intuitive  as  well  as  quantitative  meaning  by  the  concept  of  the  anti- 
limit.  In  Theorem  IX,  a  specific  t5q)e  of  sequence,  namely  the  sequence  of  partial 
sums  of  the  power  series  of  a  rational  function,  is  seen  to  have  a  particular  simple 
“meaning”.  The  power  series  is  obtained  by  dividing  out  the  rational  function. 
The  ek  transforms  merely  invert  this  operation  and  obtain  the  rational  function 
from  the  power  series.  In  both  the  direct  and  inverse  processes,  the  convergence 
or  divergence  of  the  series  is  entirely  irrelevant. 

5.  If  X  is  not  an  eigenvalue,  the  Fredholm  equation  [13]: 
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has  a  unique  solution, 

«(x)  =  fix)  +  Rix,  y,  X)fiy)  dy, 

where  the  resolvent  Rix,  y,  \)  ia  a.  meromorphic  function  of  X  whose  power 
series  is  the  Neumann  series  of  iterated  kernels,  ^7~iX*k^*^ix,  y).  Since  the 
resdvent  is  a  merianorphic  function — and  sometimes  a  rational  function — it  is 
clear  that  for  any  fixed  X  (not  an  eigenvalue)  we  can  chose  a  p  such  that 

lim,^  xV^’Cx,  p)]  -  Rix,  y,  X).^ 

Further  it  can  be  seen  that  there  are  infinitely  many  valid  choices  for  p. 

6.  For  the  partial  sums  of  power  series,  the  cu  transforms  may  be  found  in  the 
rows  of  the  Pad6  Table.  But  (2)  is  more  general  than  (75)  and  the  e*  transforms 
are  more  general  than  the  Pad4  Table  since  they  may  be  applied  to  other  types 
of  sequences.  One  such  application  was  given  in  Theorem  V  and  in  [20d]  an 
interesting  example  is  given  of  the  application  of  e«i  to  a  sequence  of  partial 
products.  Further  the  transforms  have  been  iterated  and  cmnbined  with  each 
other.  For  example  in  [20,  p  35]  Cd  and  then  are  successively  and  successfully 
brought  to  bear  upon  the  wildly  divergent  sequence,  (60). 

7.  Through  Theorem  VI  and  the  known  relations  between  the  Pad4  Table 
and  continued  fractions,  a  power  series  such  as  (76)  is  related  to  a  continued 
fraction  such  as  (80)  via  the  transform.  An  alternative  way  of  obtaining  the 
continued  fraction  from  the  power  series  is  by  the  method  oi  interpolation  known 
as  Thiele’s  reciprocal  differences  [15].  The  fraction  thus  obtained  will  have  as  its 
convergents  a  sequence  of  rational  approximations.  These  may  be  expressed  as 
the  ratio  of  two  determinants  and  this  has  been  done  by  NOrlund  [16].  His 
determinants  [16,  (35)  and  (36)]  are  special  cases  of  our  (75)  for  1;  —  n  —  1  and 
k  =*  n. 

8.  Theorems  VII  through  IX  do  not  cover  the  sequence  (77),  nor  its  con¬ 
vergence  to  log  (1  +  z),  for  here  we  have  a  branch  point  and  not  a  pole  as  a 
singularity.  We  will  proceed  to  discuss  (77)  and  the  effect  of  branch  points,  but 
it  is  convenient  to  first  discuss  (briefly)  the  spectra  of  transients. 

Chapter  m.  Introduction  to  die  spectra  of  sequences.  So  far  in  our  discussion 
of  mathematical  transients. 

An  -  B-\-  o,q? ,  iqi  ^  1,  0)  (17) 

we  have  largely  confined  ourselves  to  the  computation  of  the  base  B  or  of  the 
(B-l  sequence.  But  in  equations  (39),  (45),  and  (72)  we  had  occasion  to  exhibit 
transients  explicity  including  the  spectrum  of  amplitudes  a,-  and  ratios  .  These 
simple  spectra  have  a  finite  order  k. 

A  second  type  of  spectrum  is  that  of  the  sequence  of  equation  (34).  Since 
this  sequence  converges  to  y/2  and  since  each  An  (see  (31))  is  a  rational  number, 
it  is  clear  that  {A„}  cannot  be  of  finite  order.  For  if  it  were  of  order  N,  the  limit 
of  A, ,  y/2,  could  be  obtained  exactly  by  e^ .  But  Sn  involves  ordy  rational 
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operations  and  thus  would  be  rational.  That  the  order  of  {il.j  is  infinite 
is  also  obvious  by  dividing  out  the  fraction  in  (34).  The  explicit  transient  then 
reads; 

An  ^  V2+  2V2([2v^  -  3]’)*.  (103) 

Here  B  *  VS.  *  2\^  for  all »,  and  »=  —  .1716,  qt  =  +.0204,  *  —  .005, 

etc.  We  may  sketch  the  specthim  (see  Fig.  2). 

Besides  these  line  spectra,  there  exist  continuous  spectra.  For  example  con¬ 
sider  the  sequence  of  equation  (76).  Here  i4o  »  0  and 

An  •  z  -  iz*  +  iz* +  (-l)"‘^‘z7n  for  n  >  0. 

Therefore 

An  »  r  ^  du  -  log  (1  +  z)  +  f  q\  (104) 

Jo  1  +  ti  J-M  q  —  1 

Here  B  —  log  (1  +  z)  and  the  o’s  and  q’a  range  continuously  from  — 1/(1  +  z) 
to  —  1  and  from  —  z  to  0  respectively.  If  z  =  2,  we  have  B  —  log  3  and  the  con¬ 
tinuous  spectrum  (see  Fig.  3),  containing  convergent  components  C  and  divergent 
c(Hnponents  D, 

An  important  problem  concerning  spectra  is  this.  Given  a  sequence  {A*}, 
what  is  the  spectrum  of  with  k  arbitrary?  In  Theorem  IV  we  have  already 

noted  the  characteristic  behaviour — some  spectrum  lines  are  annihilated — some 
change  amplitude — and  some  new  ones  are  introduced.  We  will  return  to  this 
problem. 


Ci  and  Gauss  Numerical  Integration.  Equation  (104)  may  also  be  derived  by  a 
longer,  but  more  informative  method.  For  each  k  there  are  2A:  +  1  corresponding 
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pol3moinials,  Ai,  •  •  •  A»  of  the  sequence  of  (76).  These  can  be  fitted  (locally) 
by  a  A;’th  order  transient,  (18).  These  transients,  Tk ,  read: 


(n-0) 

(n  -  0,  1,  2) 


T,:A. 

Ti:^ 


2z 


2z 


2  *4*  z  2  -f-  z 


(-  hz)' 


(105) 


6  +  (3  +  V^)* 


etc. 

As  A;  — ^  X  we  should  expect  Tk  to  approach  the  right  side  oi  (104). 

The  three  fisted  spectra  were  computed  by  solving  equations  of  the  type 
(19)  and  (20)  but  the  cmnputation  of  a  high  order  transient  is  clearly  a  tedious 
job.  Fortunately,  the  solutions  are  already  known  in  terms  of  the  roots  of  the 
Legendre  Polynomials.  The  same  equations  are  met  with  in  the  theory  of  Gaus¬ 
sian  Integration  [19]. 

/(u)  du  by  a  change  of  vari¬ 
able  u  ^  (x  —  a)/(b  —  a).  One  now  wishes  to  approximate  the  integral  by  the 
sum: 

Gk  -  (106) 


In  this  theory  one  first  reduces  j  F(x)  dx  to  j 


and  to  determine  the  weights,  Ri ,  and  the  ordinates, /(u,),  such  that  the  approxi¬ 
mation  is  exact  if  f(u)  is  any  polynomial  inu  (A  degree  2A;  —  1  or  lees.  This  leads 
one  to  the  conditions:  .  ' 


l/(m  +  1)  -  EJ-i  M  .  (m  -  0,  1,  •  •  •  2*  -  1)  (107) 


The  solution  of  (107)  yields  the  Gaussian  weights  and  abscissae.  This  brings  us 
to 

Theorem  X.  I^et  G*  be  the  fc’th  Gaussian  approximant  to  log  (1  -f  z)  = 
dg/1  +  g  and  let  be  given  by  (77),  the  diagonal  transform  <rf  the  power 
series  of  log  (1  -|-  z).  Then 

Bk.k  ~Gk.  .  (108) 

Proof.  We  multiply  each  equation  in  (107)  of  index  m  by  (— l)"*z"‘'^‘  and 
add  the  first  n  equations.  This  gives 

z  —  Jz*  +  iz*  —  •  •  •  -4*  (— l)"^*zVw  *  zR{^Z-«  ("^ru,)". 


or  summing  both  sides, 

(n  —  1,  2,  •  •  •  2k)  An 


^  R%z 
a  1  -\-zui 


^  RiZ 
a  1  +  ZUi 


(-^U,)^ 


(109) 


%  % 


NON-IilNEAR  TRANSFORMATIONS 


29 


Since  both  sides  of  (109)  vanish  for  n  »  0,  (109)  is  also  valid  for  n  »  0  and 
therefore  the  right  side  is  the  explicit  fc’th  order  transient,  Tk  ,  of  (105).  Thus 

Bk,h  ”  ]^<-l/?i2/(l  +  *Mi).  (110) 

But  j  dq/{\  +  ?)  “  *  du/(l  +  zu)  and  therefore  by  (106) 

Gh  *  "I"  ^»)  “  •  (111) 

Theorem  XI.  The  sequence  of  (77)  converges  to  the  principal  value  of  log 
(1  +  z)  if  z  is  not  on  the  real  cut  z  ^  —  1. 

Proof.  It  is  known  that  max  |  ti,  —  Ui+i  j  — >  0  and  hence  that  G*  will  converge 

to  the  Riemann  integral  R  ^  z  du/{l  +  zu)  provided  the  integrand  is  con- 

Jo 

tinuous.  Therefore  if  1  -h  zu  never  vanishes  as  the  real  niunber  u  varies  between 
0  and  l,Gt—kR.  Therefore  if  z  is  not  on  the  real  cut  z  ^  —  1,  R*,*  — >  R  by  (1 1 1). 

The  shadows  of  branch  points.  Let  z  be  taken  as  —2  in  Theorem  XI.  Since  it 
is  on  the  real  cut  the  theorem  does  not  say  whether  or  not  the  diagonal  trans¬ 
form  of 

0  -  2  -  i2*  -  i2‘  -  •  •• 

converges  to  log  (—1).  But  it  is  obvious  that  it  does  not.  For  An  is  real  and 
therefore  Bn.n  is  real  and  cannot  converge  to  a  pure  imaginary.  Alternatively,  by 
symmetry  and  the  Principle  of  Sufficient  Reason,  R,,„  cannot  converge  to  vi 
anymore  than  to  —  rt.  Dr.  Max  Munk  pointed  this  out  to  the  author. 

From  the  point  of  view  of  the  Riemann  surface,  the  branch  point  of  log  u;  is 
at  10  0  but  the  cut  is  arbitrary  and  could  be  made  in  any  direction.  Why 

should  Ci  discriminate  against  this  particular  (real)  cut?  The  answer  is  that  it 
does  not.  If  we  expand  the  logarithm  function  around  tr  »  iai  instead  of  around 
10  “  1  (i.e.  10  —  10*  +  z  instead  of  10  —  1  +  z)  we  easily  find  that  the  diagonal 
transform  of  the  new  power  series  now  converges  to  log  (10*  +  z)  everywhere 
except  along  the  infinite  straight  cut  from  the  branch  point  directly  away  from 
10* .  As  100  is  moved,  the  cut  moves. 

We  may  describe  this  situation  graphically  by  saying  that  ed(A,)  converges 
everywhere  except  in  ‘'the  shadow  of  the  branch  point''.  This  name  for  the  ap¬ 
propriate  cut  was  coined  by  a  former  colleague  of  the  author,  P.  W.  Zettler- 
Seidel.  This  result,  convergence  everywhere  except  in  the  shadow  of  the  branch 
point,  appears  to  be  more  general  than  is  proven  here — ^applicable  to  other 
multivalued  functions  and  to  ?i  as  well  as  to  .  Of  ,  nothing  has  been  proven 
in  this  connection.  But  the  reader  is  referred  to  Hardy’s  Puzzle  in  the  appendix 
for  an  example. 

The  transfoimation  of  spectra  and  semi-convergence.  Returning  to  (105) 
and  its  extension  (109)  we  shall  sketch  a  limiting  process  whereby 
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lim  r*  «  log  (1  +  z)  +  f  — — T  9*. 

k-tm  J—g  9  “  1 

It  is  known  [19,  p  134]  that  uj  —  §(1  +  tj)  where  the  ij  are  the  k  roots  of  the 
Legendre  Polynomial: 


For  k  large  we  have  asymptotically: 


-““(fti)' 


““(irfr) 


2(k  +  1) 

fr(Hn  the  inequalities  of  Markoff  and  Stieltjes  [24],  Thus  (109)  becomes,  for 
large  k; 


sin[sj7fe  +  1] 


fc  +  1  (1  +  2/z)  -  c<Mi,y/(k  +  1] 


|l  -  2"  C08[rj/(fc  +  1)1  —  1  j*\ 


(112) 


As  k 


ao  this  becomes  the  Riemann  integral 

j  /■'  amadr  f-  _  »  /  cos  a  -  1 V] 

X  (1  +  2/z)  —  cosaL  \  2  /J 

and  if  z  cos  a  »  z  —  2u  this  reduces  to  (104): 

*  1  -  (-«)" 


(113) 


I 


1  +  u 


du. 


Upon  returning  to  this  continuous  spectrum  we  return  also  to  the  previously 
poeed  problem — what  is  the  spectrum  of  with  k  an  arbitrary  integer  and 

(il«}  an  arbitrary  mathematical  transient?  We  cannot  give  a  complete  treatment 
of  the  general  problem — we  will  discuss  k  —  1  briefly  and  emphasize  the  different 
responses  to  zi  of  a  continuous  spectrum  such  as  (104a)  and  a  discrete  spectrum 
such  as  (103a). 

Considering  the  latter  spectrum  first  we  recall  that  in  (103): 

2V2,  qi  -  (2v^  -  3)*. 


a<  «  :«V^,  9< 

It  follows  from  (103)  and  (37)  that 

V2  +  2:;-i2V^[(2V^  -  3)0*‘  ’‘ 


(t-  1,2,3,  •••)  (114) 


e:(A.) 


Thus  if  t  —  (2Jlf  +  1)2”*  with  Af  an  integer,  (and  therefore  t  divisible  by  2 
exactly  m  times),  the  i’th  spectrum  line  dL  [A.]  remains  unaltered  in  amplitude 
until  ti  has  been  applied  m  +  1  times.  It  then  disappears  abruptly.  Of  this 
interesting  behaviour,  (compare  the  Franck-Hertz  experiment  [17]),  special 
attention  may  be  directed  to  two  features.  1.)  At  each  transformation  the  most 
slowly  convergent  of  the  remaining  components  is  annihilated.  2.)  After  the 
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first  transformation,  {£«}  has  only  even  order  q*8  left  and  therefore,  from  (114), 
only  positive  ^’s.  Although  {A«}  is  an  oscillatory  sequence,  it  follows  that  {B„}, 
and  all  later  sequences,  are  monotonic. 

Somewhat  more  generally,  let 

An  ^  B  +  (9.  ^  If  0)1 

with  ^  (115) 

I  9i  1  >  I  9*  1  >  1  9.- 1  .  (t  >  2)  J 


Then 


Bn~  B  + 


~  9y)*(9<9>)*  ^ 
£<-1  ®<(9<  ~  1)*9?  * 


»  B  + 


It  follows  that 
with 

and 


EE  1 

Of  diQiQi' 

f  9<  -  9A 

U  -  iJ 

'(?)■ 

i  +  t^ 

<-i  aiti 

(qi-i" 
t  \9i  -  1/ 

Bn^  B+  jy.ib,T: 


hi 


9,  -  ri 


/91  -  9« Y 
9i  \9i  -  1/ 


9*  I  >  I  »-.•  I  • 


(116) 


a  >  1) 


}  (117) 


Therefore  if  An  is  given  by  (115),  we  see  from  (117)  and  (116)  that 

1.  the  spectrum  of  {B„}  has  a  non-zero  component  in  but  the  ccnnponent  in 
qi  (which  was  the  most  rapidly  divergent  or  most  slowly  convergent  component 
of  {Am})  has  vanished. 

2.  if  {Am)  has  a  “purely  positive  spectrum" — ^that  is  if  all  g’s  are  real  and 
positive — then  {Bm}  has  a  purely  positive  spectrum. 

3.  if  {Am)  has  a  “purely  negative  spectrum"  then  {Bm)  has  a  purely  negative 
spectrum. 

These  results  suggest  strongly  that  for  the  continuous  and  purely  negative 
spectrum  (104a)  of  the  log  3  sequence,  the  spectrum  of  {Bm}  should  again  be 
purely  negative  and  again  have  a  continuous  band  of  ^’s  ranging  from  —2  to  0. 
For  now  “qt"  the  “next  largest”  q  io  q\  =  —2,  is  infinitesimally  close.  This 
implies 


lim 


ABm+I 

ABm 


-  2 


and  thus  that  Bm  (and  similarly  Cn,  Dn,  etc.)  should  (ultimately)  diverge  at  the 
same  rate  that  (—2)"  does. 
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Now  in  fact  a  computation  similar  to  (104)  does  show  that  while 

-  log  3  +  a«(9)9*  dq,  B,  -  log  3  +  jf  ^  ai(g)g"  dq 

Ka)‘ 


with 


.-!/* 


a^q) 


9-1’ 

A  more  extensive  computation  gives 


01(9) 


(118) 


with 


where 


C,  -  log  3  +  a*(g)g"  dq 


(119) 


Since  01(9)  increases  monotonically  from  ai(— 2)  —  0  to  ai(— 1)  0.0269  to 

oi(— i)  **  0.1733  to  ai(0)  —  ao  it  is  seen  that  the  divergent  components  of 
{A«}  have  been  greatly  reduced  in  amplitude  at  the  expense  of  the  rapidly  con¬ 
vergent  components  (see  Fig.  4). 

Similarly  in  {C.),  since  ai(— 2)  —  0  and  otiq)  decreases  monotonically  until# 
at(— 1)  —  —0.000873*,  the  divergent  components  are  further  reduced.  If  ai 
and  ot  are  expanded  around  q  —  —2  it  may  be  seen  that 


a.(-2  +  e)  -  J5g  + 


and  ai(— 2  +  f)  — 


— c 

fm 


(120) 


(More  generally  for  the  log  (1  +  z)  sequence,  one  finds: 

-  g^(.~+ 1).  -  ■■■■) 

These  very  small  amplitudes  for  the  divergent  components  have  the  result 
that  for  n  not  too  large  the  convergent  components  dominate  the  sequence.  The 

*  For  q  nearly  aero,  01(9)  oaciliatee  due  to  the  trigonometric  terms — see  (119) — but  this 
doee  not  affect  our  concluaions.  Further  it  may  be  shown  that  in  the  general  case,  log  (1  -f-  s) 
instead  of  log  3,  the  trigonometric  terms  vanish  for  real  f  greater  than  6  +  2\/6.  In  par¬ 
ticular — for  numerical  reasons — 01(9)  becomes  particularly  simple  for  s  »  10  and  12.  For 
the  former  we  have: 
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old  name  "semi-convergent”  [12,  p  522,  541]  is  thus  entirely  appropriate  for  such 
a  “temporarily  converging”  sequence  with  hidden  (small  amplitude)  divergen¬ 
cies.  A  table  (7)  of  er(A,)  with  A,  given  by  the  log  3  sequence  of  (59)  shows  this 
semi-convergence  very  well.  The  asterisks  indicate  the  points  of  closest  approach 
to  log  3.  We  may  consider  that  the  divergent  components  become  dcnninant  at 
these  values  of  n. 


n 

An 

Bn 

Cn 

Dn 

En 

Fn 

0 

0 

#  1 

*2.0000000 

1.0000000* 

2 

0.0000000 

1.1428671 

1.0931677 

(121) 

3 

2.6666667 

1  riAAiUKilT 

1.1007092 

1.0084266 

4 

-1.3333333 

*1.1282061 

1.0074369 

1.0986841 

1.0086080 

5 

K  AAAitilAT 
O.UDOOOOf 

1.0666667 

1.0994636 

1.0986761 

1.0986141 

1.0986122 

6 

-6.6000000 

1.1368421 

1.0989008 

1.0086346 

1.0986114 

1.0986123 

7 

12.6867143 

1.0493607 

*1.0902921 

1.0986862 

1.0986128 

8 

-19.3142867 

1.1667143 

1.0978997 

1.0986264 

9 

37.6746082 

1.0031746 

1.0004162 

10 

-64.8263968 

1.2391193 

11  131.3M4214 

For  comparison  1(^  3  »  1.098612289  •  •  .  Therefore  12  terms  of  the  semi-con¬ 
vergent  sequence  (59)  yield  8  figure  accuracy  even  though  An  —  121.3564214  has 
no  accuracy  whatsoever. 

The  graphs  of  transients  and  the  Pad6  surface.  A  final  representation  of  semi¬ 
convergence  and  of  these  successive  sequences  is  obtained  from  our  heuristic 
starting  point — the  graphs  of  sequences.  Now  we  must  admit  that  these  graphs, 
although  they  served  their  purpose,  are  sometimes  in  need  of  improvement.  For 
if  the  transient  possesses  a  negative  q,  qi  ^  —v  then  the  component 

0,(-F)- 
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is  in  general  a  complex  number  for  non-integer  n.  Therefore  we  would  do  well 
to  plot  the  real  and  imaginary  parts  of  versus  n  in  a  three  dimensional  Car¬ 
tesian  space. 

Three  dimensional  graphs  may  thus  be  sketched  for  {A,},  the  log 3  sequence, 
and  for  its  transforms  (see  Fig.  5).  Finally  the  B  coil  should  be  inserted  into  the 
A  coil,  the  C  into  the  B,  etc.  in  such  positions  that  all  the  n  axes  coincide. 

With  this  composite  picture  in  mind  one  interprets  ei  geometrically  as  a  trans¬ 
formation  of  one  spiral  into  the  next  and  may  well  ask  whether  there  exists  a 
continuous  transformation  T,  dependent  upon  a  continuous  parameter  x  which 
takes  the  m’th  spiral  into  an  m  -|-  x’th  interpolating  spiral  for  x  not  necessarily 
an  integer.  If  so  we  would  have  an  interpretation  of  el  with  x  not  necessarily  an 
integer.  Again,  assume  the  existence  of  a  **Pad4  Surface” — that  is  a  continuous 
function  B(x,  y)  which  interpolates  the  discrete  points  of  an  array  (9) — and  we 
would  have  an  interpretation  of  the  e,  transform  with  x  not  necessarily  an  integer. 
But  to  date  these  generalizations  are  merely  speculative. 

Appendix 

Several  miscellaneous  aspects  of  the  Ck  transforms  are  discussed  here.  Each  \ 
aspect  is  of  interest  but  w’ould  have  been  digressive  if  given  earlier. 

The  transforms  and  number  theory.  A.)  An  application  of  Cd  to  Euler’s  Parti¬ 
tion  Function  [9]  was  given  in  [20d].  The  coefficient  of  x"  in 

/(X)  -  [nr-.(i -*‘)r'  (122) 

is  f*. ,  the  number  of  possible  partitions  of  n.  The  partial  product  d.  : 

Ado-i.  A. -in^i(i-x‘)r' 

has  a  power  series  which  agrees  with  /(x)  to  the  term  in  x"  and  thus  jrields  the 
first  n  partition  numbers  correctly.  But  it  is  known  [20d]  that 

-  [1  +  zr-i  (123) 

Since  an  identity  of  Euler  reads: 

Ilr-i  (1  -  x‘)  =  1  -f  Er-i  (-I)*!*'"*”"'*  +  (123a) 

it  follows  that  the  power  series  of  erf(A»)  agrees  with  that  of  /(x)  to  the  term  in 
^«(»n+6)/»  then,  is  another  instance  where  our  transforms  give  the  iden¬ 

tical  result  as  some  well-known  special  device. 
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We  recall  that  CdiAn)  is  a  function  only  of  the  partial  products  At  to  At. . 
If  n  »  8,  the  last  partial  product,  Au ,  yields  the  first  16  partition  numbers 
correctly;  but  ed(At)  yields  the  first  116  correctly.  This  result  outdoes  that  of 
equations  (79).  There  we  “predicted”  the  next  few  coefficients  of  a  power  series 
approximately — here  we  predict  the  next  100  coefficients  exactly. 

B.)  Similarly  consider  an  application  of  eT  to  a  sequence  akin  to  the 
Eratosthenes  Sieve.  Let  the  decimal  number  A,  (n  =  1,  2,  •  •): 

Ai  «=  .11111  mil  mil-  -  ,  A,  -  .12121  21212  12121  ••  , 

A,  =  .12221  31222  13122-  •  ,  A«  «  .12231  31322  14122-  -  , 

A|  .12232  31323  14123-  -  ,  A«  «  .12232  41323  15123-  - 

represent  the  number  of  pebbles  in  contiguous  boxes  after  n  stages  of  the  follow¬ 
ing  operation.  First  a  pebble  is  dropped  into  every  box,  then  a  pebble  is  dropped 
into  every  second  box,  then  into  every  third  box,  etc.  It  is  seen  that  the  ultimate 
population  in  box  n  is  d(n),  the  number  of  divisors  of  n.  The  number  A„  yields 
d(n)  correctly*  up  to  but  not  beyond  the  first  n  integers  and  thus  A«  is  correct 
only  to  d(6)  =  4. 

But  consider  the  transforms  Bn  and  C.: 

n  Bn 

2  .12232  32323  23232- 

3  .12232  42333  24233- 

4  .12232  42433  25233- 

5  .12232  42434  25234- 

and  note  that  Ci  is  already  correct  in  all  15  decimal  places.  Thus  we  read;  d(7) 
=*  d(ll)  =  d(13)  —  2  and  therefore  7, 11,  and  13  are  primes;  d(9)  =■  3  and  there¬ 
fore  9  is  the  square  of  a  prime,  etc.  This  seems  incredible — at  first — but  what 
we  are  really  doing  is  summing  the  very  smooth  Lambert  series  [12,  p  451]. 

t  -  t  d(.n)x-  (124) 

•—1  I  ~  X  Mai 

for  the  argument  x  =  xV- 

The  transforms  and  the  detection  of  errors.  Three  types  of  errors  have  been 
detected  by  these  nonlinear  transforms. 

A.)  Errors  in  Numerical  Sequences.  In  [27]  Wentworth  and  Smith  give  the 
sequence  of  perimeters  of  regular  6-2”-sided  polygons  inscribed  in  the  unit 
circle.  As  is  known,  this  sequence,  [A«},  converges  to  2t.  Upon  transformation 
of  {An}  by  e*  it  was  found  that  [Cn]  was  noticeably  not  smooth.  This  suggests 
an  error  in  [A.)  and  indeed  this  was  the  case  [20,  p  25].  Generally  speaking 

*  For  n  «  48,  d(n)  10  and  for  n  —  72,  d(n)  —  12,  etc.  Therefore  the  numbers  An  cannot 
be  correctly  written  to  the  base  10  if  we  wish  n  to  be  carried  beyond  47.  However  we  could 
use  the  base  100  (x  —  1/100  in  (124))  and  this  would  be  satisfactory  until  d(n)  >  99. 


Cn 

.12232  42434  26161  -  - 
.12232  42434  26244-- 


L 
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e7  is  sensitive  to  small  errors  and,  like  a  difference  table,  is  a  means  of  detect¬ 
ing  them. 

B.)  Errors  in  Power  Series.  In  [7]  Goldstein  gives  the  series 

Ki  +  aiR  -  0,12*  +  o,/2*  -  (uR^  +  otl^  -]  (125) 

K 

with 


oi  -  3/16,  o,  =  19/1,280,  o,  =  71/20,480 

(U  “  30,179/3,440,640,  a,  -  122,519/560,742,400, 

for  the  drag  on  a  sphere  in  a  viscous  fluid  as  a  function  of  R,  the  Re}rnolds  Num¬ 
ber.  But  the  series  is  not  suitable  for  computation  (at  least  without  a  summation 
method)  for  R  >  2.  It  appears  to  have  a  radius  of  convergence  of  approximately 
R  =  4  and  so  Goldstein  also  gives  a  table  of  Kd  versus  R  obtained  by  a  different 
method.  If  {A.)  is  the  sequence  of  partial  sums  of  the  series  in  square  brackets, 
the  rational  approximation: 


12  rp  /pu  _  12  [295,680  +  133,200«  +  lO^SOfi*' 
R  “  ft  L  295,680  -f  77,760«  -f  689fi* 


(126) 


obtained  from  the  first  five  terms  of  (125),  is  found  to  agree  very  well  with  Gold¬ 
stein’s  table  of  Kd  out  to  /2  »  20.  But  (12/i2)[fi,.,(A)]  which  utilizes  the  last 
term  also  does  not  agree  as  well  and  this  suggests  that  this  last  term  is  in  error. 
In  fact  it  should  read  a,  —  122,519/550,502,400  [20,  p  33].  Errors  in  higher 
order  terms  of  such  power  series  can  easily  escape  detection  because  where  the 
series  converges  the  term  is  negligible,  and  where  the  contribution  of  the  term 
is  appreciable  the  series  diverges.  But  a  serious  attempt  to  use  the  divergent 
series  may  reveal  the  error. 

C.)  A  Typographical  Error.  A  typographical  error  detected  with  the  aid  of 
ei  (in  an  apparently  reckless  manner)  concerns  a  functional  equation  given  by 
Titchmarsh  in  [25]: 

(0  r(l  ”  «)  CO®  ^(1  -  «)  “  W  (127) 

where 


Us)  =  1  -  3“*  +  5"*  -  7“*  +  •  •  •  . 

Now  L(2)  is  Catalan’s  constant,  G.  We  wish  to  compute  G  from  (127)  and  letting 
s  =  —1  we  write  tentatively: 

2  ?,l-3  +  5-7+--» 

T  COS  (— ir/2) 

But  the  denominator  vanishes  and  the  divergent  series  in  the  numerator  may  be 
easily  summed  to  zero.  Proceeding  in  this  heuristic  manner  we  write  instead 
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2  1  (d/ds)L{s) 

T  {d/d»)  C08  («r/2)  *— i 

and  therefore 

(?-31n3-51n6  +  71n7  -  •••.  (128) 

(A  convergent  series  is  differentiated  term  by  term  only  with  caution — since 
the  result  may  be  divergent — but  if  the  series  is  already  divergent  there  seems 
to  be  no  occasion  to  hesitate.)  Summing  the  right  side  of  (128)  by  we  obtain 
from  the  first  seven  terms  the  approxinmtion: 

G  -  0.5831  •  •  •  (129) 

But  actually 

O  =  0.9159655942  •  •  • 

Where  is  the  error? 

Since  from  the  true  value  of  0  we  note: 

(2/t)G  =  0.5831218080  •  •  •  , 

equation  (129)  suggests  that  the  exponent  of  x/2  in  (127)  should  read  s  —  1 
instead  of  s.  This  supposition  is  readily  verified  by  putting  s  =*  J  in  (127).  Thus 
the  error  is  not  in  ii ,  nor  in  the  heuristic  manner,  but  is  in  equation  (127). 

However  the  real  point  of  this  example  is  not  that  this  is  a  good  technique  for 
detecting  typographical  errors.  It  is  instead  the  known  fact — that  judicious  use 
of  divergent  series  usually  leads  to  correct  results.  We  quote  Abel  “. . .  Pour  la 
plus  grande  partie,  les  r^sultats  sont  justes,  il  est  vrai,  mais  c’est  une  chose  bien 
Strange.  Je  m’occupe  &  en  chercher  la  raison,  problfeme  trfes  int^ressant”.  [4,  p  320] 

Hardy’s  puzzle.  In  (64)  we  introduced  Hardy’s  puzzle — should  x  =  3/5  or 
should  X  “  —3/5?  Let  {A»}  be  the  sequence  of  partial  sums  of  the  power  series  of 
g{w)  *  (1  —  uj)~*.  By  similar  arguments  as  were  used  previously  for  log  (1  +  z) 
— The  Principle  of  Sufficient  Reason  or  the  reality  of  the  sequence — it  is  clear 
that  Si{An)  cannot  converge  to  either  value  of  g(w)  in  the  shadow  of  the  branch 
point — that  is  on  the  real  cut  tc  >  1.  Therefore  the  right  value  for  g(wt)  with 
wt  not  in  the  shadow  is  determined  by  the  chosen  value  of  flf(0) — that  is,  the  first 
term  of  the  power  series — and  by  the  corresponding  sheet  of  the  Riemann  Sur¬ 
face  cut  by  the  shadow  of  the  branch  point. 

Now  (64a)  is  the  binomial  series  for  [1  —  (2z/l  +  2*)*]”*.  Under  the  mapping 
(2z/l  +  2*)*  =  to  both  z  =*  0  and  2  =  oo  map  into  to  =  0.  The  unit  circle  (Fig.  6) 
in  the  2  plane  maps  into  the  real  cut,  to  ^  1.  Therefore  we  can  find  a  path  from 
2  =  2t  to  2  =  00 ,  but  not  to  z  =  0,  the  map  of  which  does  not  cross  the  real  cut 
in  the  to  plane.  At  «,  (64a)  sums  to/»(2).  Therefore  by  analytic  continuation 
the  right  answer  is  x  *  ft(2i)  =  +f.  It  may  be  noted  that  a  short  table  (7)  for 
the  sequence  (64): 


38 


DANIEL  SHANKS 


1.000000 

0.111111 

1.296296 

0.459534 

2.271757 


0.619047 

0.588723 

0.609232 


0.600957 


makes  it  all  but  certain  that  ii(An)  converges  to  the  right  answer. 


Remarks  on  the  history  of  e*  et  al.  No  attempt  has  been  made  to  give  a  com¬ 
plete  history  of  these  transforms  but  a  few  remarks  may  be  useful. 

In  [1]  A.  C.  Aitken  used  ei  and  e7  as  sequence-to-sequence  transformations 
for  a  very  limited  class  of  sequences — namely  slowly  convergent  iterative  se¬ 
quences  of  the  type  (30).  Both  before  and  after  [1]  a  number  of  authors  inde¬ 
pendently  found  and  u§ed  formula  (3)  or  its  equivalent.  Usually  these  authors 
were  concerned  with  a  slowly  convergent  nearly-geometric  series  or  with  a  slowly 
convergent  iterative  process. 

Thus  Delaunay  [3],  faced  with  complicated  slowly  convergent  series  for  some 
lunar  inequalities,  notes  that  these  series  appear  to  be  roughly  geometric  and  he 
corrects  for  the  uncomputed  terms  by  assuming  that  they  constitute  a  geometric 
series  and  summing.  This  is  equivalent  to  applying  (3)  to  the  last  three  partial 
sums.  In  [23]  Shanks  and  Walton  do  the  same  thing  for  other  series  in  applied 
mathematics,  some  of  which  are  convergent  and  some  divergent. 

Samuelson  [18],  Shanks  and  Walton  [23],  and  others  have  noted  that  in  the 
iterative  solution  of  the  equation 
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the  iterates  often  converge  roughly  geometrically  and  have  thus  deduced  an 
approximation  to  , 

A^iA^i  —  A\ 

A^i  -f-  An-i  —  2Au  * 

from  the  last  three  iterates.  The  following  variation  has  been  suggested  more 
than  once.  Let  ^  be  an  iterative  operator.  Assume  a  value  for  Ao  and  compute 
successively: 

Ai  “  <^(At),  At  “  At  =  Ci(Ai); 

At  «  4>(At),  At  —  ^(^4),  At  «“  ei(At);  etc. 

Even  in  this  restricted  use  of  ei  all  authors  do  not  achieve  the  same  generality. 
Thus  Isakson  [11]  believes  that  (3)  should  be  applied  only  to  monotonic  se¬ 
quences  whereas  Samuebon  allows  even  divergent  sequences.  Samuebon,  still 
in  connection  with  x  »  /(z),  suggests  a  generalization  of  (3)  but  he  does  not 
obtain  our  (2)  since  he  assumes  a  special  case  of  our  (17)  with  qi,qt  =  ql,  etc. 

In  January  1949  Dr.  M.  Slawsky  proposed  a  problem  to  the  author:  Given 
some  radioactive  decay  data,  p{t),  determine  the  constants  k,  a,  and  9,-  so  that 
p(0  (in  the  sense  of  least  squares).  Consideration  of  thb  problem 

suggested  the  analogy  between  transients  and  sequences  to  the  author  and 
this  in  turn  suggested  Ck  (and  its  relatives)  as  general  sequence-to-sequence 
transformations  [20],  [20a,  b,  c,  d].  In  thb  connection  it  b  of  interest  to  contrast 
the  smooth  graphs  of  An  versus  n  sketched  on  p.  6  with  the  jagged  first  six  figures 
of  Bromwich  [4]. 

Two  other  transformations- closely  related  to  ei  but  not  discussed  in  this  paper 
are  (7,  a  semi-linear  version  of  ei : 


GUn) 


An  -  (lim,^,  Ai4,yAA,-i)i4,_i 
1  —  Ohn«-Mo  A.4«/Ai4,_i) 


and  ei'\  a  generalization  which  reduces  to  ei  if  s  is  taken  to  be  qo  : 


with 


sBn  -  An 
8—1 


8  —  lim 


AAn, 

AB,’ 


Bn  -  ei(A  J. 


(130) 


(131) 


The  transformation  G  was  mentioned  in  passing  in  [20,  p  25,  26]  under  the  name 
“geometric  extrapolation”.  The  transformation  e]*’  was  merely  alluded  to  in 
[20,  paragraph  76,  A]  but  had  been  treated  at  some  length  in  an  earlier,  longer 
version  of  [20]  which  was  circulated  privately  but  not  publbhed.  Thb  transfor¬ 
mation,  81*’  and  its  iteration,  was  devised  primarily  as  a  supplement  to  ei  and  eT 
since  the  latter  are  not  efficient  in  the  summation  of  some  monotonic  sequences 
where  AAn/A4„_i  — » 1.  Examples  of  thb  type  of  sequence  where  b  effective 
are  the  sequences  of  partial  sums  of  the  famous: 
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j  -  i  +  +  +  (132) 

and  of  the  more  elaborate: 

ln21n/i:-lnfln|  +  ln|ln|  +  ln|lnt+---.  (133) 

In  (133)  K  is  Khintchine’s  constant  [22]. 

In  connection  with  Theorem  I  and  (28),  (29)  we  have  already  referred  to 
Lubkin’s  paper  [14].  There  he  proves  theorems  on  the  applicability,  to  certain 
classes  of  numerical  series,  of  the  ei  transformation  (which  he  calls  T),  of  the  G 
transformation,  (130),  (which  he  calls  the  Ratio  transformation)  and  of  a  more 
complicated  version  of  (131),  (which  he  calls  IT).  He  also  gives  examples, 
but  a  number  of  these  had  already  been  discussed  at  length  in  [20a]  and  [20]. 

In  [6],  [6a]  Forsythe  refers  to  as  the  ^  process  and  to  e*  as  the  generalize 
process.  Now  the  name  “i*  process”  was  given  by  Aitken  and  thus  has  priority 
over  the  name  “ei  transformation”  given  by  the  author.  Nonetheless,  to  refer 
to  Cs ,  Cl ,  ^4 ,  etc.  all  as  the  generalized  f  process  is  clearly  ambiguous.  Further 
we  need  names  for  e7 ,  ,  and  .  Still  further,  since  we  apply  e*  et  al.  to  sequence.s 

in  general  rather  than  to  iterative  processes  only,  the  usual  word  transformation 
seems  preferable  to  the  word  process.  For  these,  and  still  other  reasons,  the 
author  believes  that  the  “e*  transform”  terminology  has  much  to  recommend  it. 

The  literature  on  non-linear  transforms  is  not  very  large.  In  contrast,  as  is 
known,  the  literature  on  linear  transforms,  Cesilro,  Hdlder,  Toeplitz,  etc.  is 
enormous  [12,  pp  464-477].  Yet  if  we  wish  to  transform  hath  convergent  and 
divergent  sequences  in  a  uniform  manner — to  accelerate  the  convergence  of  the 
former  and  to  sum  the  latter,  the  linear  transforms  have  a  serious  handicap. 
These  transforms  may  be  expressed  as  where  the  c,,n's 

are  preassigned  weights  which  are  independent  of  the  A'a.  Now  if  {A.]  is  con¬ 
vergent  it  is  generally  effective  if  the  later  A ’s  are  weighted  more  heavily  whereas 
if  diverges  it  is  generally  more  effective  if  the  early  A's  are  weighted  more 
heavily.  Clearly  no  set  of  preassigned  weights  can  do  both.  That  Ck  can  and  does 
often  do  both  is  seen  in  (75).  For  z  large  the  early  A'b  are  weighted  heavily  and 
for  z  small,  the  later  A’s  are  weighted  heavily. 
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BOUNDS  OF  THE  LEGENDRE  FUNCTION 

EIsstx  M.  Sixoel 

When  one  attempts  to  use  inequalities  involving  Legendre  functions  in 
analyses  involved  in  scattering  problems,  one  finds  that  most  of  the  existent 
upper  bounds  are  functions  of  both  the  d^ree  and  the  argument  of  the  Le¬ 
gendre  fimction.  This  paper  exhibits  inequalities  which  are  functions  of  only  the 
d^ree  of  the  Legendre  function. 

It  is  well  known  that  when  n  is  an  integer 

(1)  P.(coe  e)  ^  1  (Ref.  1,  p.  62) 

One  can  obtain  this  result  directly  from  the  Leplace  Integral  n  >  0 

(2)  P«(co8  tf)  “  (1/t)  f  (cos  0  -h  \/— 1  sin  cos  ^)"  d4> 

Jo 

(3)  P«(co8  e)  ^  (1/t)  [  “  1,  q.e.d. 

One  may  use  the  bounds  for  the  Legendre  pol3rnomials  to  obtain  the  bounds 
on  their  derivatives. 

This  can  be  done  upon  application  of  the  following  recursion  formula, 

(4)  dP,+i(x)/dx  -  dP^i(x)/dx  =•  (2n  -f  l)P,(x), 

*  which  is  readily  obtained  from  the  recursion  formulas  appearing  on  pages  53 
'  and  54  of  Ref.  1. 

The  form  of  (4)  was  chosen  so  that  the  bound  obtained  depends  only  on  n 
and  not  on  x. 

By  application  of  (1)  with  (4),  one  obtains** 

(5)  dPn(x)/dx  ^  §n(n  +  1) 

When  n  is  not  an  integer  the  problem  becomes  more  complex. 

Let  us  consider  the  definition  of  P„  ,  t  *  0,  1,  2,  3,  •  •  •  , 

(6)  Pnt(x)  «  iPi(-n< ,  n<  -h  1;  1;  HI  —  a;)- 

When  X  is  equal  to  —  1  and  the  n<  are  not  integers 

(7)  P«,(-l)  “  *Pi(-non<-|-  1;1;1) 

and  it  is  well  known  that  (7)  is  without  bound.  In  fact  the  two  singular  points 
of  Pntix)  are  at  —  1  and  « . 

By  use  of  (4)  (which  applies  whether  or  not  n  is  an  integer)  we  observe  that 
the  derivative  of  the  Legendre  function  of  non-integral  degree  also  has  a  singular 
point  at  X  =  —  1. 

*  The  proof  is  by  induction  on  n.  Prof.  R.  V.  Churchill  obtains  the  same  result  by  a 
different  method  [see  p.  190  of  Ref.  6). 
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When  one  attempts  to  find  the  field  for  the  scattering  of  either  sound  or 
electromagnetic  waves  from  one  or  more  cones  one  may  have  to  satisfy  the 
foUowing  type  boundary  conditions: 

(8)  “0, 

(9)  dP.,ix)/dx  1 ....  -  0, 

or  combinations  of  the  two.  In  this  case  the  field  can  sometimes  be  expressed  in 
a  form 

(10)  Mr,  X)  -  Ei  A,f(n, ,  r)P.,(*). 

Usually  the  A{  do  not  dominate  (10)  to  such  an  extent  that  convergence  is 
forced.  In  most  cases  when  (10)  appears  the/(n< ,  r)  are  in  the  form  of  spherical 
Bessel  functions  and  these  functions  force  convergence  if  the  are  bounded. 

The  purpose  of  this  paper  is  to  show  that  bounds  exist  for  the  Pmix)  under  the 
condition  (8)  or  (9). 

This  problem  is  of  physical  interest  for  the  following  reason.  Consider  an  ob¬ 
server  located  very  close  to  the  cone  and  then  consider  making  the  cone  smaller 
and  smaller  with  the  observer  remaining  close  to  the  cone.  Does  the  field  seem 
to  increase  without  limit?  A  priori,  mathematically,  one  might  expect  this  since 
the  n,  are  not  integers;  and  if  one  takes  the  limit  as  x  approaches  —1,  the  Le¬ 
gendre  fimctions  increase  without  limit,  that  is 

(11)  lim,_^iP„(x)  -  00. 

The  above  is  without  ph}rsical  sense  because  the  fields  do  not  increase  without 
limit,  and  it  will  be  shown  that  the  above  conclusion  does  not  make  mathe¬ 
matical  sense  either. 

To  show  this  let  us  move  the  observer  right  to  the  surface  of  the  cone;  then 
we  must  show  that 

(12)  lim„__iP,X*«)  ^  *• 

Since  the  boundary  conditions  (8)  or  (9)  make  the  xo  a  function  of  and  vice 
versa,  then  to  take  the  limit  described  in  (12)  one  must  take  a  limit  in  degree 
and  argument  simultanequsly,  i.e., 

lim.,^iP,(„)(xo). 

In  order  to  show  that  (12)  is  a  correct  inequality  it  is  only  necessary  to  show 
that,  under  boundary  condition  (8)  or  (9), 

lim.,__i(?(x6) 

is  equal  to  an  integer.  Then  the  upper  bound  to  the  absolute  value  of  the  Le¬ 
gendre  function  in  the  limit  (xo  =*  —1)  would  be  unity. 

Consider  the  recursion  formula  (Ref.  2,  formula  6) 


(13)  PZi—x)  =  coe[(n  -f  m)ir]PZ(.x)  —  (2/T)sin[(n  +  m)ir]QX(*). 
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Letting  m  =  1  and  replacing  the  associated  Legendre  function  by  its  definition 
in  terms  of  the  derivative  of  the  ordinary  L^endre  function  and  then  dividing 
through  by  y/1  —  *•  we  obtain  the  following  recursion  formula: 


(14) 


dPn(—x) 

dx 


—cos  (nr) 


dP,(x) 

dx 


+  -  sin  (nr) 

r 


dQniz) 

dx 


Now  letting  x  ->  — Xo  ,n  ^  nt  and  considering  boundary  condition  (9)  we  obtain 


(15) 


tan  (n^x) 


r  dPni(x)/dx 
2  dQ»<(x)/dx  1*^  ■ 


Now  taking  the  limit  as  Xo  — *  —  1  and  n<  —  g(xit)  we  observe 


(16)  lim„^_i  dQ,(.,)(x)/dx  |  -  « 

since  the  derivative  of  the  Legendre  function  of  the  second  kind  has  singularities 
at  X  —  dbl  independent  of  whether  the  n,  are  integers  or  not. 

Since  the  L^endre  fimction  of  the  first  kind  does  not  have  a  singularity  when 
X  =  1  it  is  clear  by  (9),  (15)  and  (16)  that 

17)  lim,,.^itan(nvx)  ■»  0 

Thus  the  n<  must  become  inters  as  — »  —1. 

Since 

lim.._iP.,(*o)  -  P<(-1)  -  (-1)* 

we  have  shown  that  (12)  is  true  and  that  (11)  does  not  make  mathematical 
sense  if  boundary  condition  (9)  is  applied  simultaneously. 

The  same  proof  as  the  above  applies  for  boundary  condition  (8)  except  that 
one  lets  m  «■  0  in  equation  (13).  In  that  case  a  jump  occurs  as  one  goes  from 
cone  to  no  cone,  that  is 

(18)  I  P l•|(xo)  I  ”  • 

Under  boundary  condition  (9)  (which  determines  the  n<)  the  value  of  Pnt(x«) 
for  ni—*0  will  be  a  relative  maximum  or  minimum.  This  is  easily  shown  because 
the  derivative  at  the  point  Xo  is  equal  to  zero  and  the  second  derivative  is  not 
equal  to  zero.  [The  first  derivative  is  equal  to  zero  by  the  boundary  condition. 
The  second  derivative  is  not  equal  to  zero  by  an  indirect  proof,  which  follows: 

If  the  second  derivative  were  equal  to  zero  (xo  9^  ±1)  then  by  the  recursion 
formula  the  fimction  and  all  its  derivatives  would  be  equal  to  zero.  Since  we 
are  dealing  with  an  anal3rtic  function,  then  the  function  is  identically  zero,  but 
this  latter  statement  is  known  to  be  false;  thus  the  second  derivative  of  the 
function  is  not  zero.] 

In  the  region  where  0  ^  x  ^  1,  one  may  use  the  following  equation  (Ref. 
l,p.67)* 

*  The  region  of  validity  of  (19)  is  0  ^  x/2  rather  than  0  ^  0  <  t.  See  discussion 

(Ref.  3,  p.  313). 
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C08  0iT)Pl^(co8  6)  —  (2/t)  sin  0it)Q^((co8  9) 

(19)  ^  r(M  +  n,  +  l)(8in  0/2-**  f '  sin^V 

“  r(n,-M+i)v^r0i+|) 

where  B  ■»  (coe  ±  V— 1  sin  ®  cos  ^),  ReO*  +  i)  >  0,  0  ^  ^  t/2.  Let 

M  »  0  in  the  above  formula: 

(20)  P,i(coe  9)  —  (1/t)  [  (cos  ^  ±  \/— 1  sin  0  cos  ^)"*  0  <  ^  <  t/2. 

Jo 

Therefore 

(21)  P./x)  g  1. 

The  point  x  «  0  can  be  handled  separately. 

Bounds  on  P»<(x),  non-integer  ni ,  Xo  ^  x  ^  1. 

The  first  value  of  for  which  the  Neumann  condition  (9)  holds  is  n«  ■>  0; 
the  second  is  for  >  1.  None  of  the  n<(t  >  0)  is  integral  (Ref.  4  5)  if  the 

cone  does  not  have  either  a  0°,  90°,  or  180°  half  cone  angle  (all  of  which  are 
not  really  cones).  Since  Po(x)  ■«  1,  we  will  only  consider  n<  >  1:  By  applying 
the  formulas 


(25) 


(22) 

zViz)  -  T{z  -f  1) 

(23) 

P 

r(tn,  +  l)r(-}n<  +  }) 

we  obtain 

(24) 

but  since 

cos  iniv/2) 


1 


r(i  +  i«<)r(J  —  §n<) 


By  applying  the  Neumann  condition,  one  finds  »  2i 
(26)  P2.(0) 


(-l)«(2t)!  1 

2«t!t!  ^  2 


(Ref.  1,  p.  63) 


(Ref.  1,  p.  1), 


Thus  the  only  bound  in  the  range  of  physical  interest  for  P«<(x)  which  re¬ 
mains  to  be  found  is  for  Xo  ^  x  <  0. 

A  very  general  bound  (which  does  not  use  the  boundary  condition)  for  this 
region  is  (Ref.  1,  p.  67) 
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(27) 


which  states  that 


P„(C08  0)  »  ^  f 
T  Jo 


COS  [(n<  +  1)0]  ^ 
(CO8  0  —  cos  9)* 

*  d4>  I 

(cos  0  —  cos  ^)*  I 


(28)  P„(coe  0)  ^  I  P-»(co8  0)  I  g  (2/t)  \K\, 

where  K  is  the  complete  elliptic  int^ral  of  modulus\/^(l  —  x). 

When  0  <  X  ^  1  the  derivative  of  the  Legendre  function  of  non-int^^ 
degree  has  a  bound  similar  to  the  derivative  of  the  polynomial. 

Using  equation  (19)  and  letting  /i  »  1, 


P',,(coe  0) 


—»<(»<  +  1)  sin  0 


f 

Jo 


sin*^ 


(cos  0  ±  — 1  sin  0  cos  ^) 


1  —  n< 


(29) 


dP,,(cos  g)  ^  n.(n<  +  1) 
d(cos  0)  T 


r 


sin*  ^  d4^ 


(cos  0  d=  \/— 1  sin  0  cos  ^) 


1  -  n< 


I  dPn({x)/dx  I  ^  in/n,  +  1). 


When  X  ■»  0  (Ref.  1,  p.  64) 


'  (30) 


dPnM 

dx 


dPnM  „ 

dx 


2  sin  (im«/2)r(|ni  +  1) 
\/t  r(in<  +  I) 

r(|n<)  dP„(0) 

r(ini  +  I)  ’  dx 


n<+l 


When  one  has  the  Neumann  boundary  conditions,  not  only  is  |  Pn{{xo)  \  a  rela¬ 
tive  maximum  with  respect  to  x,  but  also  it  can  be  shown  by  application  of 
the  recursion  formulas  that 


P,^i(xj)  “  P,4+i(xb)  -  XaP,,(xi). 

Therefore 

(31)  |P.,(X6)|>P.,+,(X»,). 

Rewriting  equation  (14)  with  x  replaced  by  — x,  we  obtain 

(32) 


dPmix)  2  ^  dQ„(-x)  ,  _ f_  ^  dPnti-x) 


Letting  x  »  Xo  and  applying  the  Neumann  boundary  condition  and  inequality 
(29)  we  obtain 

(33)  -  I  cot  inur)  ^  5  I  cot  (n^x)  |  . 

OX  2  dx  2  2 


KBEVB  If.  ai£0£L 


The  usual  bound  on  the  Legendre  Function  good  for  all  0  for  P^ix)  is 


P,,(C08)  < 


r  sin  0 


(Ref.  1,  p.  71) 


Now  appl}ring  the  non-linear  relationship 


p.,(x)  -  On.(x)  (R«f.  1.  p.  63) 


and  equation  (13),  we  obtain 


(36)  P.,(-x)  -  p,,(x)  -  2  anr^ 

ox  ax  X  1  —  X* 


Now  applying  the  Neumann  Condition  at  x  »■  xo  where  —  1  <  xo  <  0,  we 
obtain 


'  (1-^) 


We  have  already  observed  that  as  xo  — ^  —  1  (subject  to  the  Neumann  Condi¬ 
tion  which  makes  n<  a  function  of  Xo),  that  the  left-hand  side  approaches  (— 1)^ 
The  right-hand  side  becomes  an  indeterminate  form.  The 


dP.,(-*)| 


Xo— ♦ — 1  approaches 


id  +  1) 


This  latter  function  decreases  with  decreasing  |  xo  |  becoming  zero  at  Xo  =>  0. 
The  sin  n<x  is  zero  at  Xo  =>  —  1  because  there  n<  «»  i  and  at  Xo  =  0,  as  there 
Hi  «  2t.  It’s  minimum  at  ni  1.5  occurs  for  xo  cos  115**. 

The  numerical  values  of  Pn,(cos  6o)  are  monotonically  increasing  from  —1 
at  6o  =  180“  to  —0.5  at  do  =*  90“.  In-between  values  are  Pi.i(cos  115“)  *  —0.6 
and  Pi.oi(co8  165“)  =  —0.9.  The  upper  hound  then  is  \Pn,  (xo)  I  ^  1»  when  the 
function  obeys  the  Neumann  Condition.  The  author,  despite  much  effort,  has 
not  been  able  to  find  a  short  proof  of  this  statement.  The  original  analysis  in¬ 
volved  the  substitution  of  the  series  obtained  from  the  Neumann  Condition  into 
the  series  for  the  L^endre  function  and  bounds  obtained  from  this  series.  This 
analysis  seems  too  lengthy  and  uninspiring  to  present  here. 

It  is  also  true  that  |  Pa,(xo)  |  ^  1  implies  that  |  Ph/xo)|  ^  1,  (t  ==  1,  2,  •  ••). 
Again  the  author  fails  to  hnd  other  than  a  lengthy  series  proof  as  no  one  has 
been  able  to  find  a  recursion  formula  for  the  Legendre  functions  when  the  suc¬ 
cessive  rii  differ  by  other  than  an  int^r. 

The  Legendre  function  inequalities  obtained  in  this  paper  are  in  all  cases 
stated  in  forms  which  are  explicitly  independent  of  their  argument. 
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TWO  FORMULAE  INVOLVING  GENERALIZED  LEGENDRE 
FUNCTIONS  OF  INTEGRAL  AND  NONINTEGRAL  INDEX* 

Bt  George  C.  Sponsler 

1.  Introduction.  During  the  course  of  a  recent  analysis*  that  determined  the 
electrostatic  potential  distribution  within  the  conical  envelope  of  a  helically 
wound  post-deflection  accelerator  cathode-ray  tube,  two  new  mathematical 
formulae  were  discovered.  The  first  of  these  expressions  related  the  reciprocal 
of  the  L^endre  function  of  integral  index,  (cos  B),  to  an  infinite  series  of 
terms  involving  reciprocals  of  the  partial  derivatives  of  the  generalized  Legendre 
functions  taken  with  respect  to  the  index,  which  was  generally  nonintegral. 
This  set  of  infinite  series  was  interesting  in  that  the  summation  had  to  be  taken 
over  those  (generally  nonint^al)  n,  for  which  (cos  B)  =  0.  The  second  of 
the  two  expressions  was  especially  derived  in  order  to  permit  the  evaluation 

a  type  of  definite  integral  whose  integrand  was  of  the  form  P7(.u)-P^{u)  du 
wherein  the  two  functions  had  also  to  satisfy  the  restriction  that,  at  the  lower 
bound  of  the  integral  ti« ,  ™  0,  P«(tio)  ^  0.  These  two  relations  are 

derived  separately  in  the  following  two  sections. 

2.  Series  expansion  identities.  The  derivation  of  this  set  of  identities  follows 
very  closely  the  method  employed  in  the  practical  potential  analysis*  which 
employed  a  Green’s  function  approach.  That  analysis  actually  derived  two 
particular  cases  of  the  general  formula  to  be  derived  here.  To  generalize  the 
practical  cases,  let  us  consider  a  portion  of  a  cone  closed  by  its  apex  at  one  end 
and  by  a  portion  of  a  sphere  at  the  other,  distance  R  from  the  apex  which  is 
taken  to  be  the  origin  of  coordinates  (cf.  Fig.  1).  Let  there  be  a  constant  po¬ 
tential  on  the  base  and  let  the  potential  on  the  surface  of  the  cone  be  given  by 

V.(r.)  =  n- 0,1,2,...  (1) 

Where  r,  is  the  radial  distance  measured  from  the  apex  along  the  slant  height 
of  the  cone.  The  subsequent  integration  over  the  spherical  base  pla3rs  no  role 
in  determining  the  general  identity  and  hence  will  not  be  evaluated  explicitly 
in  the  following  derivation. 

The  most  general  solution  of  the  potential  within  the  enclosed  space  must  be 
of  the  form 

(2) 

*  The  research  in  this  document  was  supported  jointly  by  the  Army,  Navy,  and  Air 
Force  under  contract  with  the  Massachusetts  Institute  of  Technology. 

'  G.  C.  Sponsler,  “Electrostatic  Potential  Distribution  for  the  Helically  Wound  Post¬ 
deflection  Accelerator  of  a  Conical  Cathode-Ray  Tube,*’  Lincoln  Laboratory  Technical 
Report  No.  58,  M.I.T.  (20  January  1954). 

*  Ibid. 
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The  second  summation  is  taken  over  those  positive  n,-  for  which  (cos  0»)  »  0. 
By  inspection,  it  is  seen  that  this  equation  satisfies  both  Laplace’s  equation  and 
the  boundary  conditions  of  the  problem  (assuming  the  proper  have  been 
evaluated,  which  is  easily  done  with  the  aid  of  the  second  formulae  to  be  de¬ 
rived,  but  is  not  relevant  to  the  present  derivation)  and  hence  represents  the 
correct  solution  of  the  potential  problem.  We  shall  compare  the  axial  values  of 
this  solution  to  those  obtained  by  a  Green’s  function  analysis. 

Green’s  function  for  points  on  the  axis  of  a  cone  bounded  by  a  portion  of  a 
sphere  is  given  by* 


where  u  =  cos  d  and  the  summation  is  over  those  positive  n,-  for  which 
Green’s  Formula* 


(where  n/  is  the  inward-drawn  unit  normal  to  the  surface,  S)  for  the  problem 
bec(Hnes 

*W.  R  Smythe,  Static  and  Dynamic  Electricity,  (McGraw-Hill  Book  Company,  Inc., 
New  York,  1980),  p.  168. 

*  P.  G.  Webster,  “The  Theory  of  Electricity  and  Magnetism,”  (The  Macmillan  Company, 
New  York,  1897),  p.  290. 
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VW  -  i  I'  r.(r.)(l  +  i  /;  F.(r.)(l  -  «l)  ^ 


dr. 


plus  other  terms,  here  irrelevant,  as  diS  »  2rr,  sin  do  dr, ,  and 


dG  I  dG  I  .  ^  dG 
dni  r.dO  r,  du 

on  the  surface  of  the  cone.  Inserting  the  derivative  of  Green’s  function  and  the 
expression  of  Ekj.  (1)  for  V,  yields,  after  integration,  the  double  sum 


r(a) 


/  dti,  II,  i.n  _ni  +  n  +  1 


-b 


A»a" 


plus  other  terms  not  containing  a".  If  we  compare  this  equation  with  the  general 
expression  oi  Eq.  (2)  for  the  potential  on  the  axis  (i.e.,  for  9  »  0,  r  ~  a),  we  see 
that  the  respective  coefficients  of  a"  must  be  equal.  Hence  remembering  Pn(l)  — 
1,  we  obtain  the  set  of  identities 

2n.  +  1  r  /aPM  11  _  I  (4, 

(n,  —  n)(ni  +  n  +  1)  L  /  dn*  j.J  P«(ui) 


z 

% 


where  the  sum  is  taken  over  those  positive  n<  for  which  (ti*)  *■  0. 

This  expression  is  the  one  sought  for,  and  is  useful  when  solving  potential 
problems  invdving  conical  boundaries.  In  the  practical  problem  mentioned, 
this  expression  was  actually  derived  pursuant  to  the  rest  of  the  analysis  for  the 
cases  n  »  2  and  n  »  0.  The  latter  case  is  especially  interesting  as  it  permits  the 
expansion  of  unityin  a  series  of  terms  involving  the  reciprocals  of  dPn^{u)/dni  |  no . 


3.  The  general  Integral  formula.  Let  P7  (t4«)  »  0  and  PZ  (tio)  ^  0  with  u  — 
cos  0,  and  let  both  functions  be  solutions  of  the  generalized  Legendre  equation 
which  is  obtained  by  separation  of  the  Laplace  equation;*  i.e.,  let  P7(u)  and 
PZ  (u)  be  solutions  of 

('  -  - 2“^  +  [•<-  +  *)  - - « 

'  *  (5) 

(,-„■)  ^  -  2-  ^  +  [»(« + 1)  -  r^,]  p:(»)  -  0 

respectively. 

Multiply  the  first  equation  by  PZ(u)  and  the  second  equation  by  P7(u)  and 
subtract,  obtaining 

A{(i -«■)[;>:(«) 

+  -  n)(r  +  n  +  l)P:(u)P:(tt)  -  0. 

*  Cf.  W.  R.  Smythe,  op.  eit.,  p.  166. 
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Integrating  this  expression  between  ut  and  1,  yields, 


r  PTMPZiu)  du 


(7) 


(k  —  n)(i'  +  N  -f  1) 


At  R  a  1,  the  expression  equals  zero.  Inserting  the  lower  limit  we  obtain  the 
general  formula 


r  p:(u)p:(u)  du 


(1  —  vi)PZiuo)  dP*(,u) 
(y  —  n)(y  +  n  +  1)  du 


(8) 


when  P7iu*)  ~  0,  ^  0.  The  partial  differential  is  used  to  distinguish  the 

derivatives  with  respect  to  u  from  the  derivatives  with  respect  to  the  index  v. 

This  integral  expression  is  the  one  sought  for  and  is  quite  useful  when  used 
in  conjunction  with  the  orthogonality  equation  for  the  expansion  associated 
Legendre  functions  ol  int^p*al  index  n  in  a  series  of  terms  of  non-integral  index 
Legendre  functions. 

Lincoln  Laboeatobt 

Massachusbtts  Institutb  or  Tbchnoloot 


(Received  April  8,  1964) 


EQUALLY  WEIGHTED  QUADRATURE  FORMULAS  OVER  SEMI¬ 
INFINITE  AND  INFINITE  INTERVALS 

By  Herbert  E.  Salzer 


Introduction.  There  has  been  considerable  work  done  upon  the  subject  of 
e(]ually  weighted  quadrature  formulas  of  the  type 


(1) 


j  F(x)f(x)  dx 


n 

H  CjiXi)  -f  Rn  , 


where  the  Ci  are  all  equal,  because  of  their  statistical  importance  whenever  the 
f(xi)  have  the  same  likelihood  of  being  in  error,  such  as  when  the  f(X{)  are  de¬ 
termined  from  observation,  measurement,  experiment,  or  approximate  calcula¬ 
tion.  The  reason  is  that  in  any  2"-!  C{f(Xi),  where  the  ^c,  is  a  fixed  quantity 
(which  occurs  in  quadrature  formulas),  the  probable  error  of  ^i-iCif(Xi)  is 
least  when  all  the  c,  are  equal.  The  study  of  (1)  for  finite  values  of  a  and  b  was 
originally  due  to  Chebyshev,  who  was  also  the  first  of  several  to  tabulate  the 
abscissae  x<  for  F(x)  ■=  l,a  =  — 1,6  —  +1.  Although  integrals  from  0  to  «, 
or  from  —  ao  to  oo ,  are  very  important  in  numerical  analysis,  until  now  there 
has  been  no  work  done  upon  equally  weighted  quadrature  formulas  for  those 
infinite  intervals.  The  present  paper  is  concerned  with 
A.  Formulas  of  the  Chebyshev  type  for  the  semi-infinite  and  infinite  ranges, 
with  weight  factors  of  c~*  and  e~*  ,  namely, 

(2)  f  e“*/(x)  dx  =  i  2/(x,), 

•'o  n  ,_i 

and 

(3)  f  e~’*fix)  dx  =  —  fixt), 

J-m  n  i-1 


under  the  condition  that  the  n-point  formula  is  exact  for  /(x)  equal  to  a  poly¬ 
nomial  of  degree  n.  (The  outside  factors  of  1/n  Andy/x/n  are  obvious  when 
one  aetBfix)  *  1.)  For  10  ^  n  >  2  in  (2),  and  for  10  ^  n  >  3  in  (3),  the  values 
of  Xi  are  not  all  real.  Cbmplex  values  of  x<  is  a  limitation  on  the  usefulness  of 
(2)  or  (3)  whenever  /(x)  has  no  meaning  for  complex  values  of  x,  or  whenever 
/(x)  must  be  determined  only  upon  the  real  axis.  But  there  are  other  cases, 
especially  when  fix)  is  an  analytic  function,  where  knowledge  of  the  x.’s  would 
be  both  practically,  as  well  as  theoretically  important. 

B.  Formulas  similar  to  (2)  and  (3),  for  n  points  x„  which  are  all  real  and 
within  the  interval  of  integration;  but  now  the  price  for  obtaining  the  x/s 
within  the  desired  range  is  that  the  integration  formulas  are  exact  for  fix)  a 
polynomial  of  degree  at  most  m  which  is  less  than  n. 

Upper  bounds  to  the  ]  error  |  in  (2)  or  (3)  whenever  (2)  or  (3)  is  exact  for 
fix)  equal  to  a  polynomial  fmix)  of  degree  m  ^  n,  are  equal  to  2M  or  M'  (1  -t- 
y/r)  respectively,  where  M  and  M'  are  defined  as  follows: 
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M  »  max.  j^max.  ]  /(x.)  -  /„(xi)  |  ,  |  /  *~*  ~  ^  |]* 

and 

M'  =  max.  I^max.  |  /(x.)  -  /«(x,)  |  ,  |  «"**  {/(x)  -  /«.(x))  dx  |j. 

E.g.,  to  obtain  the  bound  2M  for  the  semi-infinite  case  consider /(x)  =  fm{x)  -f 
«(x),  from  which  ]  error  [  in  (2),  or 


I  e  y(x)  dx  ^f(xi) 

Jo  n  i-i 

“  I  [  «”*{/-(*)  +  «(a;))  dx  -  -  2  4-  €(x,)} 

Jo  n  t-i 


which  is 


I  e  *c(x)  dx  —  -  ^  e(x,)  ^  /*  e~*  c(x)  dx 

Jo  n  «■— 1  Jo 


+  -  Z]  I  e(x.) 

n  {-1 


^  M  +  -  E  M  -  2M. 

n  .-1 

The  bound  M'(l  +  y/r)  for  the  infinite  case  is  obtained  similarly. 


A.  n-Point  Formulas,  which  are  Exact  up  to  the  Degree.  For  (2)  to  hold 
when  /(x)  is  any  polynomial  up  to  the  degree,  it  is  evidently  necessary  and 
sufliicient  to  find  the  x<’s  which  satisfy  (2)  for  /(x)  equal  to  x,  x*,  •  •  •  ,  x",  that 
*  is,  to  solve  the  system 

(4)  E"-ixJ  n.j I,  y  =*  1,  2,  •  •  •  ,  n. 

The  x.’s  are  zeros  of  polynomials  ^„(z)  =  z"  +  oiz"“*  +  o*z"~*  +  •  •  •  +  a^-iz  4- 
On  where  the  a<  are  found  successively  from  the  well-known  relation 

n  n 

(6)  j(h  4"  oj-i  E  x«  4-  0/-1  E  X?  +  '  *  ■ 

i-i  ,-1 

4*  Oi  Er.>i  x<  '  “l"  E<— 1  x<  *  0,  y  »=  1,  2,  •  •  •  ,  n. 


For  any  n,  from  (4)  and  (6),  it  follows  that  the  first  ten  coefficients  o, ,  ex¬ 
pressed  as  functions  of  n,  are 


Oi  - 


04  = 

Oo  = 


(h 


I  " 

-’•+2’ 


Oi 


-2n-|-n*-|-, 


j.  j- 


Oo  **  — 24n  -1-  8n* 


I  oo  *  31n*  ,  7n*  n*  ,  n* 

-120»  +  32»  + 


3n*  ,n*_  n‘ 

“2"*"  "6  TM’ 
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-  7!!0»  +  156n‘ -  21»' +  1|!:  -  . 


Os  »  -5040n  +  906n*  -  lOln*  + 


24  3  80  720  40320  ’ 


AAQon  *  1714n*  ,  130»'  23n‘  ,  29n‘  n" 

-  40320»  +  6144n  -  —  +  — - _  + 


n 


n 


5040  362880 


QAOQQA^  I  *  OTAO  *  _L  721ll  166171  .  17371  2371 

Oio>*  —36288071  +  4780871  —  376271  -|-  — - - - -  + 


+ 


120 

llTl* 


240  720 


+ 


10080  40320  '  3628800 

For  71  »  2  to  10,  the  x/s  are  the  xeroe  of  the  following  polynomials: 

71  <■>  2:  z*  —  2z, 


3:  z'-3i’  +  |-|, 


4:  + 


.  .  -  4  .  15z*  35z*  96z  235 

5:  ,  -5* 


71  -  6:  z‘  -  6z‘  +  12z'  -  12z*  - 


144z  936 


5  ’ 


133z*  217z* 

36472* 

1299412 

1392041 

6  24 

120 

720 

1008  ’ 

112z‘  80z" 

1922* 

76162*  4240642 

■  3  3 

5 

45 

315 

1210112 

105 

117z*  459z‘ 

24032* 

119612* 

7276232* 

2  8 

40 

80 

560 

505925192 

480679353 

4480 

4480 

260z’  320z' 

'  320z* 

10002* 

3  3 

3 

9 

788002*  6904002* 

598456002 

625040000 

63 

63 

567 

567 
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The  above  pol3momial8  can  also  be  obtained  in  a  formal  way,  following  the 
method  of  Chebyshev  which  is  described  in  L.  M.  Milne-Thomson,  Calculus  of 
Finite  Differences,  pp.  177-180.  There  the  derivation  proceeds  along  the  hy¬ 
pothesis  that  the  remainder  term  Rn  in  (1)  depends  only  upon  (*).  In 
the  present  case,  for  the  semi-infinite  range,  we  have 


(6)  Rn 


r(»+» 


(n  +  !)!• 


(f {x})  dx 


1 

n(n  +  1)1 


where  0  ^  f (x)  ^  x,  and  0  ^  f ^  x, .  Then  when  fix)  is  chosen  to  be 
l/(z  —  x),  for  which (x)  *  (n  +  l)!/(2  —  x)"'*’*  just  as  in  Milne-Thom- 
son’s  exposition  of  the  finite  case,  from  (6)  we  get 


(7) 


Rn 


jIl  -u  ^ 

2!»+*  ~  ai*+* 


where  di,  dt,  •  •  •  are  independent  of  z.  From  (1),  where  c< 
H.*-!  l/(z  -  x.)  «  <l>niz)/<t>niz),  where  -  *<), 


(8)* 


r 


^njz)  ,  dl  ,  dt  I  . , . 
n^„(z)  z"+*  ^  z*+* 


1/n,  since 


Proceeding  formally  by  integrating  under  the  integral  sign, 

(9)*  r  e-  log  (z  -  x)  dx  -  llogj^l  -  , 

Jo  n*\C/  (n  +  l)z"+‘  (n  +  2)z^ 


from  which 


(10) *  0,(z)  -  pol3rnomial  part  of  C  exp  |n  j  e“*[log  z  +  log  ^1  —  dx|, 
or 

(11) *  0n(z)  -  polynomial  part  of  Cz"  exp<  — n  ^  dx>, 

[  r-l  Jo  rz'  J 


which,  on  setting  C  «  1  so  that  the  coefficient  of  z*  in  ^.(z)  is  unity,  becomes 
<t>niz) 

(12)*  r  /I,  1,21,  .(r-l)!.  \\ 

-  polynomial  part  of  z  exp  ^ — p - r  ’ '  ’  if' 

Note  that  the  series  in  the  right  member  of  (12)*  is  divergent,  unlike  the  corre¬ 
sponding  series  in  the  finite  Chebyshev  case.  Yet  for  the  first  ten  values  ci  n, 
the  right  member  of  (12)*  yields  the  correct  polynomials  ^niz),  so  that  it  is  ap¬ 
parently  correct  for  every  n. 

Inspection  of  the  polynomials  ^niz)  for  the  semi-infinite  range  shows  that  for 
n  ^  10,  only  n  »  2  yields  all  real  zeros  l}ring  in  the  interval  [0,  <>o],  namely 


*  Any  equation  with  an  aateriak  is  to  be  interpreted  only  in  a  formal  sense,  since  the 
integrals  or  series  will  not  converge. 
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Xi  »  0  and  xs  >>  2,  with  the  weight  factor  (tf  The  cubic  corresponding  to 
n  ^  3  does  not  have  all  real  zeros,  and  for  10  ^  n  >  3  the  result  follows  by 
Descartes’  law  signs. 

The  treatment  of  the  infinite  range,  corresponding  to  (3),  is  entirely  similar 
to  that  of  the  semi-infinite  range.  Thus  for  (3)  to  hold  when  /(x)  is  any  poly¬ 
nomial  up  to  the  degree,  it  is  necessary  and  sufficient  to  find  the  x<’s  which 
satisfy  (3)  for  /(x)  equal  to  x,  x*,  •  •  •  ,  x",  or,  in  other  words,  to  solve  the  in¬ 
tern 


(13) 


1-1 


0,  for  j  odd, 
n-1-3-5  •••(>-!) 

t 


,  for  j  even. 


1,2,  •••  ,n. 


Again,  by  applying  (5),  the  coefficients  of  namely  ,  in  the  polynomials 
^•(z)  of  which  the  x<’s  are  the  zeros,  can  be  found  successively.  The  first  ten 
coefficients  Ai ,  given  as  functions  of  n,  are 

Ai  »■  A|  “  •  •  •  “  A»  ”0, 


n  .  A  _^4. 

-,  ^4  =  16  32’  16  “*■  64 

105n  ,  49n*  _  3n*  ,  n* 

IW  '^512  512'^  M44’ 

189n  135n*  29n*  n* 

64  512  2048  '^  2048  122880' 


For  n  »  2  to  10,  the  x^’s  are  the  zeros  of  the  following  polyncRuials,  i^oh  are 
odd  or  even,  depending  upon  n: 


2: 


1 

2’ 


3: 


?! 

4’ 


4: 


1 

4’ 


5;  z‘ 
6:  z* 


52*  _  & 

T 

^  3 

2  4’ 


7.  T  _  72*  72*  3012 

4  ■’■32  384’ 


8: 


6 


48  ’ 


1 


n 
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n 


n 


n.  L  272*  1172*  58052 

.  4  32  128  2048’ 

10-  “  -  4.  -252*  _  2752*  _  2545 

2  4  24  96  192* 


These  same  polynomials  can  also  be  found  formally,  as  in  the.  semi-infinite 
case,  by  following  the  method  of  Chebyshev.  In  place  of  (10)*,  one  has 

*n{z) 

*  pol3momial  part  of  C  exp  2  -1-  log  ^1  —  0  J  dx| , 


(15) *  ^n(z)  “  polynomial  part  of  C  exp  {n  log  2}  exp<— ^  f  e~**  ^  —  dil. 

(Vt  r-i  rzf  J 

As  before,  C  ■■  1,  and  since  only  even  values  of  r  occur  in  the  summation,  one 
has 

f — 2n  A  r"  e~**x*'  ) 

(16) *  ^niz)  «  polynomial  part  of  2"  exp<-;^^  2^  f  ^  dx>, 

or  finally 

♦*(2)  =»  pol}rnomial  part  of  2"  exp 

1  .  1-3  .  1-3-5  .  l-3-5---(2r-l)  1 

I  1-2*2*'^  2^^  3-2«-2«  f  ’  * '  [• 


The  series  in  the  right  member  of  (17)*  is  divergent;  yet,  as  in  the  semi-infinite 
case,  for  the  first  ten  values  of  n,  (17)*  jdelds  the  correct  pol3momials  ♦*(2), 
which  indicates  its  correctness  for  any  n. 

From  Descartes’  law  of  signs  applied  to  the  polynomials  ^.(2)  for  the  infinite 
range,  for  n  >  3,  n  4=  7,  the  zeros  x,  are  immediately  seen  to  be  not  all  real. 
For  n  «  7,  calculation  shows  that  there  are  complex  zeros.  Thus  for  the  infinite 
range,  n  »  2  and  n  »  3,  are  the  only  n’s  ^  10  having  all  real  zeros.  For  n  » 
2,  Xi  —  —y/i  ”  —.70710  678,  x*  “-v/J  —  .70710  678,  with  the  weight  factor 
of  \/i/2  -  .88622  693.  Forn  -  3,  Xi  =  -V3/2  -  -.86602  540,  x,  =  0, 
X|  *»  '\/3/2  *  .86602  540,  with  the  weight  factor  of  Vir/S  »  .59081  795. 

In  view  of  that  fact  that  (1)  Equations  (2)  and  (3)  cannot  hold  exactly  (with 
all  the  x.-’s  within  the  interval  of  integration)  for  polynomials  of  degree  n,  for 
10  ^  n  >  2  and  10  ^  n  >  3  respectively,  and  (2)  the  results  mentioned  below 
in  B.  for  n  ^  10  and  some  values  >  10,  show  that  for  n  points  equations  (2) 
and  (3)  can  hold  exactly  (with  all  the  x^’s  within  the  interval  of  integration) 
for  polynomials  of  maximum  degree  m,  where  m  is  usually  much  less  than  n, 
it  seems  likely  that  there  is  no  n  >  3  for  which  (2)  or  (3)  holds  exactly  for  the 

*  Any  equation  with  an  asterisk  is  to  be  interpreted  only  in  a  formal  sense,  since  the 
integrals  or  series  will  not  converge. 
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TABLE  I 


Infinite  range 


1.09868  41  +  Ot 

0  -  .46606  99* 

0  +  .46606  99* 

1.09868  41  +  0* 


1.16812  24  +  0* 

0  -  .33839  32* 

0  +0* 

0  +  .33839  32* 

1.16812  24  -f  0* 


1.32136  92  +  0* 

-.61694  17  -  .62386  23* 
-.61694  17  +  .62386  23* 
.61604  17  -  .62386  23* 
.61694  17  +  .62386  23i 
1.32136  92  +  0* 


1.36349  71  +  0* 

-.64632  78  -  .69324  01* 
-.64632  78  +  .60324  01* 
0  +0* 

.54632  78  -  .59324  91* 
.54532  78  +  .60324  91* 
1.36349  71  +  0* 


1.48446  73  +  0* 

-.87769  89  -  .67088  89* 
-.87769  89  +  .67088  89* 
0  -  .9187916* 

0  +  .91879  16* 

.87769  89  -  .67088  69* 
.87760  89  +  .67088  60* 
1.48446  73  +  0* 


1.61376  29  +  0* 

.90074  87  -  .66725  06* 
.90074  87  +  .66726  06* 
0  -  .89453  22* 

0  +0* 

0  +  .89453  22* 

.90074  87  -  '  .66725  06* 
.90074  87  +  .66725  06* 
1.61375  29  +  0* 


Semi-infinite  range 

*l  - 

.17628  76  -  -.73178  61* 

Xg  - 

.17628  67  +  .73178  61* 

*1  - 

2.64742  67  +  0* 

X*  - 

-.69316  99  +  0* 

X*  - 

.76106  01  -  1.3691162* 

X*  - 

.76106  01  +  1.3691162* 

X4  - 

3.17103  97  +  0* 

X|  - 

-.74303  69  -  .99960  88* 

X*  - 

-.74303  69  +  .99960  88* 

X|  - 

1.42883  62  -  1.78244  42* 

X4  “ 

1.42883  62  +  1.78244  42* 

X»  - 

3.62840  14  +  Oi 

Xi  - 

-1.46871  89  +  0* 

X*  - 

-.37610  68  -  1.87636  61* 

X|  - 

-.37610  68  +  1.87636  61* 

X4  - 

2.08679  32  -  2.06022  28* 

Xi  - 

2.08679  32  +  2.06022  28* 

X.  - 

4.04734  42  +  0* 

Xi  - 

-1.80852  64  -  1.09923  62* 

X*  - 

-1.60862  64  +  1.09923  62* 

X|  - 

.17800  91  -  2.56682  18* 

X4  - 

.17800  91  +  2.56682  18* 

X*  - 

2.70911  61  -  2.24292  40* 

X*  - 

2.70911  61  +  2.24292  40* 

X,  - 

4.44280  23  +  0* 

Xi  - 

-2.24891  36  +  0* 

Xi  - 

-1.38485  81  -  2.09975  53* 

X|  - 

-1.38485  81  +  2.09975  53* 

X4  - 

.80483  91  -  3.09399  60* 

Xi  - 

.80483  91  +  3.09399  60* 

X«  - 

3.29261  65  -  2.36391  14* 

X*  - 

3.29261  66  +  2.36391  14* 

Xi  - 

4.82372  05  +  0* 

X|  - 

-2.43629  33  -  1.14329  78* 

X*  - 

-2.43629  33  +  1.14329  78* 

X|  - 

-  .95236  13  -  2.96037  12* 

l4  « 

-  .96235  13  +  2.95037  12* 

Xi  - 

1.44972  07  -  3.49417  21* 

X«  - 

1.44972  07  +  3.49417  21* 

Xj  - 

3.84104  40  -  2.44432  16* 

X|  - 

3.84104  40  +  2.44432  16* 

Xi  - 

5.19576  98  +  0* 
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TABLE  I — Continued 


n 

Scmi-iafinitc  ntnse 

Infinite  imnce 

10 

*1  - 

-3.02140  83  -H  Oi 

Xi  - 

-1.61760  01  -1-  Oi 

*»  - 

-2.31144  02  -  2.21021  76i 

Xi  - 

-1.14885  67  -  .67388  21i 

X»  - 

-2.31144  02  -1-  2.21021  76i 

X»  - 

-1.14885  67  +  .67388  21* 

Xt  - 

-  .40647  01  -  3.65421  44i 

Xg  - 

-.41500  01  -  1.04711  05i 

Xg  - 

-  .40647  01  +  3.65421  44i 

X»  - 

-.41500  01  +  1.04711  05* 

Xt  - 

2.08754  79  -  3.79004  lOi 

Xi  - 

.41500  01  -  1.04711  05i 

*1  - 

2.08754  79  -|-  3.79904  lOi 

Xj  - 

.41500  01  +  1.04711  05i 

Xi  - 

4.35976  43  -  2.49761  03i 

Xi  - 

1.14885  67  -  .67388  21i 

Xi  -• 

4.35076  43  +  2.49761  03i 

Xi  - 

1.14885  67  +  .67388  21i 

Xii  - 

5.56260  47  +  Oi 

Xii  - 

1.61769  01  +  Oi 

degree  with  the  x<’8  withio  the  interval  of  int^ration.  S.  Bernstein  proved  a 
corresponding  theorem  for  n  ^  10  in  the  original  finite  Chebyshev  case,  by 
showing  (1)  to  imply  an  inequality  involving  the  first  Christc^el  number  of 
the  Legendre  polynomials,  which  did  not  hold  for  n  ^  10.  But  his  method  fails 
when  applied  in  exactly  the  same  way  to  prove  the  impossibility  oi  (2)  or  (3) 
(for  XiB  lying  within  the  interval  ci  integration)  for  larger  n.  The  reason  is  that 
it  leads  to  a  similar  inequality,  but  now  involving  the  first  Christc^el  number 
(A  the  Laguerre  or  Hermite  pol3niomials,  and  that  inequality  seems  to  always 
hold  for  larger  values  of  n. 

The  zeros  of  the  polynomials  0.(z)  and  ^..(z)  in  the  semi-infinite  and  infinite 
cases,  for  the  values  of  n  ^  10  for  which  the  x,’s  do  not  all  lie  within  the  in¬ 
terval  of  integration,  are  given  in  table  I,  which  is  correct  to  within  about  a 
*  unit  in  the  seventh  decimal  pl^.* 


B.  n-Point  Formulas  which  are  Exact  up  to  the  degree,  m  <  n.f  When 
with  n  points  one  cannot  obtain  n***  degree  accuracy  in  (2)  or  (3)  for  the  x^’s  all 
lying  within  the  interval  of  integration,  it  might  still  be  of  interest  to  find  n 
values  of  Xi’s  within  the  interval  of  int^pation  that  will  yield  accuracy  to  the 
highest  possible  degree  m,  where  m  <  n  (i.e.,  “best  possible”  n-point  formulas). 
When  (2)  or  (3)  is  exact  only  up  to  degree  m,  (4)  or  (13)  respectively  holds 
only  for  j  «■  1,  2,  •  •  •  ,  m.  Then  the  x<’s  will  be  zeros  of  polynomials  with  terms 
Ojz"”*,  or  and  (5)  will  give  the  same  values  for  oi ,  oj ,  •  •  •  ,  o*  or  , 

At ,  Am  that  occur  in  the  polynomials  ^«(z)  or  <l>»(z)  whose  zeros  give 
degree  accuracy.  Conversely,  given  any  polynomial  of  the  degree  of  the  form 
z"  +  Ih  z"  *  +  6*z"“*  +  •  •  •  +  hmx'  "  +  h«+iz“  ’"*+•••  +  h»-iz  +  ,  where 

the  bi ,  {>1 ,  * '  ‘  are  equal  to  the  ai ,  Os ,  •  •  •  ,amOTAi,At,  *  ■  *  ,  Am  in0ii(z) 
or  ^n{z)  respectively,  and  the  bm+i ,  ,  b^-i ,  b*  are  completely  arbitrary,  its 

zeros  Xi  can  be  used  in  formulas  (2)  or  (3)  to  yield  d^ree  accuracy. 

*  This  table  of  zeroe  was  computed  with  the  assistance  of  Mrs.  Ruth  E.  Capuano. 

t  This  section  is  concerned  with  a  statement  of  the  main  results  and  omits  the  details 
of  their  derivation. 
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TABLE  II 

Divided  Difference  CoeffieienU 


(»i,  *j,  ••• ,  n) 


C,  -  3.9126  12776  (3) 

Cf  -  -2.2142  02477  (4) 
Cl  -  3.6404  11063  (4) 

Cl  -  -2.1936  62078  (4) 
Cl-  4.7609  22248  (3) 


(>i,  *»,  •••  ,  si) 


Cl  -  6.4297  18037  (3) 

C|  -  -1.8108  74620  (4) 
Cl-  2.1264  66086  (4) 
C,  -  -9.6270  61190  (3) 
C«  -  9.6162  84986  (2) 


(»l,  SI,  •••  ,  st) 


Cl  -  2.9246  12999  (2) 

Cl  -  -7.2904  47667  (2) 
Cl-  6.3092  92778  (2) 
Cl  -  -9.4362  43623  (1) 
Ct  -  1.6623  21729  (-2) 


For  the  semi-infinite  case,  one  can  find  a  3-point  formula  that  gives  2nd  de¬ 
gree  accuracy,*  merely  by  dropping  the  constant  term  in  ^(s)  and  choosing  the 
x<’s  to  be  the  zeros  of  z*  —  3z*  -1-  %z,  or  0  and  J(3  ±  y/Z).  Thus  Xi  —  0,  x*  « 
.63397  460,  and  xa  ■>  2.36602  540,  with  the  weight  factor  equal  to  This 
formula  can  be  used  as  a  check  on  the  formula  for  n  >■  2  given  above  in  A. 
But  it  is  easily  shown  by  repeated  application  of  RoUe’s  theorem  and  the  exist¬ 
ence  of  complex  roots  in  the  derivative  polynomials  of  various  orders,  that  there 
cannot  be  any  4-point,  5-point  or  6-point  formula  that  is  capable  of  fumishmg 
cubic  accuracy  (i.e.,  even  a  6-point  formula  gives  no  improvement  over  a  2- 
point  formula). 

However  7-point  quadrature  formulas  that  are  exact  for  cubics  do  exist  and 
are  found  by  suitable  choice  of  e',  f  \  g'  and  W  in  the  pol}momial  «■  zr  — 
7z‘  +  *%z‘  —  i®%z^  +  e'z*  -h  /V  +  g'z  -|-  h*.  The  determination  of  a  suitable 
s',  g'  and  h'  involved  a  long  and  tedious  computation  (especially  since  those 
coefficients  exist  within  narrow  intervals),  the  result  of  which  was  e'  »  15.9089, 
f  —  —6.5814,  g'  *  1.46738  and  h'  ■-  —.13684  785.  The  delicacy  of  the  opera¬ 
tions  is  indicated  by  the  fact  that  h!  .00(X)0  03  would  in  either  case  give  a 
^(z)  that  fails  to  have  all  positive  zeros. 

The  zeros  of  ^(z),  given  to  12  decimals,  are: 

xi  -  .44609  79369  12,  x,  -  .51084  93606  97,  x,  -  .55736  49704  69, 

xi  -  .60790  75320  45,  x,  -  .66534  01251  87,  x,  -  .77490  13095  55, 

X7  =  3.43753  87651  34. 

For  checking  /(x,)  when  f{x)  is,  or  behaves  like  a  cubic  pol3rnomial  tabulated 
at  these  irregularly  spaced  points  xi ,  one  may  find  the  4th  divided  difference 
23Ci/(x,)  where  the  (7,’s  depend  only  upon  the  particular  five  values  of  Xi  upon 
which  the  divided  difference  is  based.  Every  such  4th  divided  difference  should 
be  vanishingly  small  unless  there  is  an  error  in  /(xi),  or  one  is  wrong  in  the  as¬ 
sumption  that  /(x)  can  be  approximated  by  a  cubic  polynomial  between  x  « 
f  and  X  3|.  The  values  of  are  tabulated  in  Table  II,  for  the  sets  (xi ,  Xi , 
"  ’  ,  X|),  (xi ,  X| ,  •  •  •  ,  x«)  and  (xi ,  Xi ,  *  ”  ,  Xr),  to  ten  significant  figures,  cor¬ 
rect  to  within  a  unit  in  the  last  place.  The  numbers  in  parentheses  indicate 
factors  which  are  powers  of  10. 

*  From  this  point  onward,  it  will  always  be  understood  that  all  statements  regarding 
maximum  degree  accuracy  are  subject  to  the  restriction  that  the  Xi’a  lie  within  the  inter¬ 
val  of  integration. 
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For  14  ^  n  ^  7,  it  can  be  shown  that  for  any  polynomial  specified  to  give 
4th  degree  accuracy  by  proper  choice  of  the  coefficients  of  z""*,  •  •  •  ,  z*~*, 
the  (n  —  4)“*  derivative  is  a  quartic  whose  discriminant  is  negative,  so  that 
even  with  as  many  as  14  points  one  cannot  obtain  better  than  the  cubic  ac¬ 
curacy  in  the  preceding  7-point  formula. 

For  the  infinite  case,  in  looking  for  n-point  formulas  giving  degree  ac¬ 
curacy,  m  <  n,  unlike  n-point  formulas  giving  the  full  n***  degree  accuracy, 
here  the  points  Xi  need  not  be  situated  symmetrically  about  the  origin,  although 
that  is  a  desirable  property  that  will  be  considered  below.  For  example,  to  find 
a  3-point  formula  that  gives  quadratic  accuracy,  it  is  necessary  and  sufficient 
that,  according  to  (13),  one  must  have  xi  -f-  xj  -|-  X|  =  0,  xj  -f-  xj  =  %,  which 
is  satisfied  by  xi  »  —  >^(1  +  2y/6),  x*  -  and  Xi  *  —  2>/6). 

For  n  »  4,  a  formula  giving  cubic  accuracy  is  readily  found  by  altering  the 
♦4(2)  given  above  in  A.  to  4^4(2)  *  2*  —  z*  +  .1,  whose  zeros  are  X4 , 
xi  —  ±.94196  515,  X|,  xj  =«  ±.33571  069,  with  the  weight  factor  = 

.44311  346.  This  formula  can  be  used  as  a  check  upon  the  3-point  cubic  given 
above  in  A,  just  as  the  3-point  cubic  can  be  employed  to  check  the  2-point 
quadratic. 

No  improvement  over  cubic  accuracy  in  the  infinite  case  is  possible  with 
either  5  or  6  points  (seen  at  once  by  Descartes’  law  of  signs).  But  for  7  points, 
formulas  exist  which  are  exact  for  any  5th  degree  polynomial  and  which  also 
have  the  desirable  property  that  the  x.’s  are  located  symmetrically  about  the 
origin.  The  x/s  are  the  roots  of  '9i{z)  —  2^  —  l^z*  +  +  c'z  +  d'  *  0  for 

suitable  choice  of  c'  and  d'.  By  setting  d'  0,  symmetry  in  the  x.’s  is  obtained 
and  c'  “  —  5^00  is  a  suitable  choice  that  is  about  half-way  between  o'  *  0  where 
three  of  the  x/s  would  coalesce  and  c'  =  —.0071  where  two  pairs  of  x.’s  would 
coalesce.  The  roots  of  ^i(z)  —  2^  —  J^z*  4-  K2**  “  ™  0  are  x? ,  Xi  * 

±1.27125  03,  Xe ,  Xt  »  ±.33685  86,  X| ,  X| ,  »  ±.14300  03,  X4  »  0,  and  the 
weight  factor  is  M'N/ir  *  .25320  77.  For  checking  /(x.)  both  with  respect  to  the 
accuracy  of  the  assumption  of  a  5th  degree  approximation  as  well  as  the  actual 
correctness  of  the  values  of  /(x{),  one  may  employ  the  formula  for  the  6th  di¬ 
vided  difference  Cif(xi),  which  should  be  vanishingly  small  (still  only  a 
necessary  condition  for  correctness).  The  values  of  Ci ,  correct  to  within  about 
a  unit  in  the  last  place,  are: 

Cl  -  Ct  -  .12904  22,  Ct  =  C,^  -31.52336, 

C,  -  Ci  -  164.7276,  C4  =  -266.6666. 

It  can  be  shown  that  (with  no  restriction  on  symmetry  of  the  x/s)  this  7- 
point  quintic  formula  cannot  be  improved  upon  for  n  going  even  as  high  as  10, 
and  with  the  restriction  of  symmetry  upon  the  x<’s,  no  improvement  over  quin¬ 
tic  accuracy  is  possible  for  any  n  ^  21.  The  method  of  demonstration  is  again 
by  repeated  use  of  Rolle’s  theorem  and  proof  of  the  existence  o(  complex  roots 
in  some  higher-order  derivative  polynomial. 
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THE  J\r-STEP  ITERATION  PROCEDURES 
Bt  Edward  J.  Craio 

This  paper  presents  a  few  of  the  results  obtained  by  the  author  while  writing 
a  doctoral  thesis  at  the  Massachusetts  Institute  of  Technology.  In  addition  to 
presenting  what  is  believed  to  be  a  new  N-step  procedure  for  the  solution  of 
simultaneous  linear  equations,  the  author  attempts  to  show  the  close  relation¬ 
ship  between  several  of  these  procedures. 

One  considers  the  task  of  finding  the  solution  to  a  set  of  iV  simultaneous  linear 
equations.  It  is  desired  to  guess  the  N  numbers  which  represent  the  solution, 
and  to  correct  this  trial  answer  until  the  correct  answer  is  obtained. 

Thus,  in  matrix  notation,  the  problem  is 

Ax  =  y, 

where  A  is  the  matrix  of  coefficients  of  the  N  unknowns  x,  and  y  is  the  column 
matrix  of  the  constants. 

One  begins  by  choosing  x» ,  a  set  of  AT  numbers,  as  an  initial  trial  solution. 
One  can  now  substitute  these  numbers  in  the  equations  to  see  if  they  constitute 
a  good  approximation  to  the  true  answers.  Since  the  first  trial  is  rarely  good, 
one  wishes  to  correct  this  by  altering  the  vector  xe  by  some  specified  amount  so 
that  the  new  approximation  is  nearer  the  answer  x.  More  generally,  one  wishes 
to  establish  a  sequence  of  vectors  xo ,  Xi ,  Xs ,  *  *  •  which  converge  toward  the 
solution  X.  Thus,  if  xt  is  the  such  trial,  one  wishes  to  consider  those  procedures 
which  obtain  the  next  trial  using  the  relationship 

Xk+i  ~  Xi  —  m*p* . 

Pi  will  be  one  of  a  set  of  vectors  chosen  according  to  some  rule  which  is  specified 
in  such  a  way  that  the  sequence  of  x*’s  converges  toward  x.  The  m*  is  one  of  a 
set  of  scalars,  the  significance  of  i^diich  will  be  made  clearer  below. 

N-Step  Procedures.  Starting  with  an  arbitrary  guess  to  the  solution  a  set 
of  N  simultaneous  linear 'equations,  the  exact  answer  can  be  obtained  in  N 
steps,  or  with  N  corrections.  The  N-step  procedures  have  been  devised  princi¬ 
pally  by  Fox,  Huskey,  and  Wilkinson',  Lanczos*,  Hestenes*'  *,  StiefeP* ',  and 
the  author*.  In  that  which  follows,  an  entirely  general  attack  will  be  made, 
which  will  encompass  the  work  of  all  those  above. 

The  reader  is  asked  to  envision  the  answers  to  the  set  of  N  equations  as  the 
N  co-ordinates  of  a  point  in  N  dimensional  space.  Further,  the  reader  is  asked 
to  envision  the  N  numbers  which  constitute  the  initial  trial  answer  as  the  co¬ 
ordinates  of  another  point  in  this  space. 

Let  us  call  the  directed  line  joining  x  to  xg  the  vector  eg  —  xo  —  x.  Thus  finding 
X  may  be  restated  as  the  task  of  reducing  eg  to  zero.  One  proceeds  in  the  following 
manner. 
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Choose  N  vectors,  pt,pi,  ■  ■  *  ,  pir-i  such  that  they  constitute  an  independent 
set,  i.e.,  they  span  the  N  dimensional  space.  Therefore 

«•  »  mnpo  +  mipi  +  •  •  •  +  mK-iptr-i  (1) 

states  that  the  vector  eo  can  be  made  up  of  a  linear  combination  of  these  vectors 
Ph .  The  nik  are  constants  so  chosen  that  the  equality  holds. 

Evidently  the  problem  is  solved  if  one  can  evaluate  the  numbers  mt .  This 
is  quite  simple  if  the  N  vectors  p*  are  mutually  B-orth(^onal,  i.e.  if 

Pi*Bpi  «  0,  j  9^  k.  (2) 

The  asterisk  indicates  the  transposed  matrix  (or  conjugate  transposed  if  com¬ 
plex). 

Premultiplying  (1)  by  p,*B: 


Pi*Beo  *  in4Pi*Bpo  +  mipj*Bpi  +  •  •  •  +  mjPi*Bpj  +  •  •  •  +  mjr_ip/*Bp*,_i  (3) 


All  terms  on  the  right  side  vanish  because  of  (2)  except  the  coefiBcient  of  rrij , 
hence 


my 


Pj*Beo 

Pj*Bpi’ 


(4) 


Evidently  some  restrictions  must  be  placed  upon  B.  In  general  it  is  necessary 
for  B  to  be  symmetric  (or  hermitian  if  complex).  Should  B  be  positive  definite, 
it  is  clear  that  the  denominator  of  (4)  cannot  vanish,  but  the  definiteness  of  B 
is  not  necessary.  The  procedures  hereinafter  described  will  converge  if  for  no  A; 

Pk*Bpk  =  0. 

However,  it  is  practically  more  expedient,  due  to  computational  errors  to  re¬ 
quire  B  to  be  positive  definite. 

It  is  now  convenient  to  define 


e*  -  e*-i  —  mt_ip*_i  -  x*  —  a:.  (5) 

Thus  one  imagines  that  the  sequence  ci ,  cj ,  •  •  •  is  obtained  from  (1)  by  eval¬ 
uating  m« ,  mi ,  >  •  •  in  succession,  and  subtracting  mopo ,  mipi ,  •  •  •  from  the 
right  hand  side  of  (1).  There  are  two  ways  in  which  such  a  procedure  can  be 
visualized  geometrically: 

(a)  eo  can  be  thought  of  as  being  a  linear  combination  of  the  N  independent 
vectors  Bp* ,  A:  *  0,  1,  2,  •  •  •  ,  iV  —  1.  By  hypothesis  pj  is  orthc^onal  to  all  the 
Bpk ,  except  Bpj .  Hence,  subtracting  any  amount  of  py  frcnn  cy  will  not  alter 
the  projection  of  the  resultant  vector  on  the  vectors  Bp* ,  k  9^  j.  Hence  my  is 
chosen  such  that  all  of  cy’s  projection  on  Bpy  is  reduced  to  zero,  i.e. 

(BpjMej  -  -  0 


or 


Py«Bey 
^  Pi*Bpi 


as  before. 
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(b)  using  the  relation 

e^+i  “  —  rnjpj 

erne  can  formulate  the  quadratic  form  ej+i*Bej+i  as  a  function  of  my ,  and  can 
then  choose  my  such  that  this  quadratic  form  is  stationary.  Again  this  yields 


my 


Pf*Bei 


It  mi^t  be  pointed  out  that  if  B  is  positive  definite,  the  quadratic  form  is 
minimized  as  a  function  of  my .  Again,  this  is  not  necessary  theoretically,  but 
practically  expedient. 

While  all  these  relationships  are  nice,  several  questions  arise  at  this  point. 
First,  how  can  one  evaluate  these  constants  when  the  ey  are  unknown?  (It  will 
be  recalled  that  ey  «•  xy  —  x,  and  since  z  is  the  solution  for  which  one  is  looking, 
ey  is  unknown.)  Secondly,  how  does  one  find  a  set  of  vectors  p»  which  are  B-or- 
thogonal?  Thirdly,  what  is  B? 


Eliminating  eo  •  Since  ^  »  z*  —  z,  then  Ae*  *  Az*  —  Az.  But  Az  «>  yt 
hence  the  quantity,  r*  -■  Ae*  ~  Az*  —  y  can  be  evaluated,  and  is  usually  called 
the  residual,  i.e.,  that  which  remains  when  z*  is  tried  as  a  solution  of  the 
problem  Az  —  y  —  0. 

If  A  is  symmetric,  then  it  can  be  written  in  equation  (4)  for  B: 


^  _  Py*Aey  _  py*ry 
'  py*Apy  pMpj* 


(6) 


where  the  more  general  Sy  is  used  for  eo . 

Another  possibility,  in  the  event  A  is  not  symmetric,  is  to  use  A*A  for  B. 
Hence,  substitution  in  (4)  above  yields: 


f 

0 


_  pyA*Aey  _  (Apy)*ry  ,  . 

^  Pi*A*Api  (Apy)*(Apy)  ■ 

These  are  the  procedures  of  Stiefel  and  Hestenes.  The  author  has  one  more  to 
submit.  His  procedure  is  derived  from  (4)  above  by  defining  a  new  set  of  vectors 
bj  which  are  related  to  the  py  by  py  »  A*by .  Substituting  this  in  (4),  and  letting 
B  It  the  unit  matrix: 


Py^ey  (A*6y)*ey  fey^Acy  by*ry  

Pi*Py  (A*6y)*(A*6y)  (A*6y)*(A*6y)  (A*6y)*(A*by)  ‘ 


As  in  equation  (7),  the  matrix  A  may  be  any  non-singular  matrix. 
Hence  since. 


X*  -  c*  -t-  z 


(8) 


(9) 


et+i  -  -  m*pt 


(10) 
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then  Xk+i  ^  Xk  -  m^pu  .  (11) 

Premultiplying  (10)  by  A,  and  noting  that  Ae^  r*  : 

r*+i  =•  r*  —  rrikApi, .  (12) 

With  these  relations,  one  can  now  write  down  the  three  procedures. 
Procedure  I.  A  symmetric,  and  non-singular. 

x*+i  -  a;*  —  m*p»,  r*  -  Axu  —  y,  m*  -  Pk*rh/pk*Apk 

and 

p}*Apk  -  0,  j 

Procedure  II.  A  non-symmetric  or  symmetric,  non-singular. 

x*+i  -  X*  -  m*p* ,  r*  -  Axk  -  y,  m*  »  (ilp*)*r*/(ilp*)*(-<lp») 

and 

Pi*A*Apk  *  0,  j  ^  k. 

Procedure  III.  A  non-symmetric  or  symmetric,  non-singular. 

Xk+i  =  X*  -  TnkA*bt ,  r*  »  Axk  —  y,  mu  ^  6**r*/(il*6*)*(-d*6*) 

and 

hj*AA*hk  =  0,  j  9^  k. 

Obtaining  the  ^-Orthogonal  Set.  One  still  needs  a  simple  way  of  obtaining  the 
B-orthogonal  vectors  p*  .  A  method  for  showing  this  is  given  here,  but  it  asks 
the  reader  to  accept  a  result  first  demonstrated  by  Lanczos*.  A  less  general  form 
is  proved  in  references  2  and  6.  The  present  general  form  is  stated  by  Forsythe, 
Hestenes,  and  Rosser*,  and  is  stated  here  as 
Lanczos’  Theorem.  Given  the  vector  sequence,  p* ,  generated  from  an  arbi¬ 
trary  vector  po  by 

Po  (i) 


cipi  "  Rpo  —  otept 

(ii) 

ctpt^  Bpi-  aipi  -  /3oPo 

(iii) 

c*pi  —  Bpt  —  ojPj  —  /3ipi 

(iv) 

C*p*  “  Rpt-l  —  <Xt-lP*-l  —  dk-iPM 

(V) 

p*_i*CRp*_i 

(  vi^ 

\V\) 

and  in  general 
with 


at-i 


(vi) 
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and 


^  Pk-i*CBpk-i 
Pk-i*Cpk-t 


(vii) 


Then  for  any  ncm-aero  constants  c*  ,  and  for  B  and  C  symmetric  matrices  such 
that  BC  —  CB, 

Pi*Cpk  -  0  j  ky 

that  is,  the  vectors  of  the  sequence  are  C-orthogonal. 

The  proof  of  this  is  (Knitted,  but  an  outline  of  the  pro(^  is  given  below.  It 
will  be  shown  that  pi  is  C-orthogonal  to  po .  aj  and  j3i  are  chosen  so  that  p%  is 
C-orthogonal  to  ps  and  p\ .  The  other  a’s  and  /9’s  are  chosen  so  that  all  other 
combinations  of  pe ,  and  pi ,  and  pt  are  C-orthogonal.  Thus,  frcmi  equaticm  (iv), 
if  one  premultiplies  by  p»*C: 


cipt^Cpi  «  jHfiCBpt  —  o,pj*Cp*  -  ffipti^Cpi 


CipB*Cp,  «  ptt^CBpt . 


Since  the  right  hand  side  of  the  last  equation  is  a  scalar, 

cip»*Cpi  pf^BCpo  since  B  and  C  are  both  symmetric.  (viii) 
If  equation  (ii)  is  premultiplied  by  pt*C: 


Cip^Cpx  -  pt*CBp9  —  aopi*Cpo . 

But  the  coefficients  of  Ci  and  oo  are  zero,  hence 

p^CBpft  -  0.  (ix) 

Now  if  C  and  B  are  such  that  BC  «  CB,  then  substituting  (ix)  in  (viii)  yields 

Pf^Cpi  -  0. 

In  an  entirely  similar  way,  by  using  methods  of  induction,  (me  can  c(xnplete 
the  proof. 

One  now  proceeds  to  show  that  for  each  of  the  previous  procedures  one  may 
set  up  a  recursion  formula  for  the  p*  such  that  Lanczos’  Theorem  is  satisfied. 
In  each  procedure  one  has  the  relation 

-  r*_i  -  mt-iilpfe-i .  (12) 

Procedure  I.  The  p*  will  form  an  ii-<»thogonal  set  if 

Pi  r*  -f  Sk-iPk-i  (13) 

Ck-a  ■>  rkSf|/ri-t*ri_i ,  po  ^  r^. 

For  a  pr(X)f  of  this  see  reference  5. 
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Procedure  II.  The  pk  will  form  an  il*il-orthog(Hial  set  if 

Pk  -  A*rk  +  fk-tPk-i  (14) 


€*_i  «  (i4*r*)*(-4*r*)/(-4*r*_i)*(i4*r*_i),  pt  *  i4*r, . 

For  a  proof  of  this  see  reference  5. 

Procedure  III.  The  6*  will  form  an  ^il*-orthogonal  set  if 

&*  “  r*  4-  (15) 


€t_i  -  r**r*/r*_i*r*_i ,  6*  »  r# .  (16) 

It  is  desired  to  demonstrate  that  Procedure  III  satisfies  Lanczoe’  Theorem, 
and  hence  that  the  ^1*6*  form  a  mutually  orthogonal  set. 

Rewriting  equations  (12)  and  (15)  for  convenience: 

r*  -  Tk-i  —  mk.iAA*bk-i  (12) 

and 

6*  —  r*  +  u-ibk-i  (15) 

where  the  relationship  A*bi  >  pk  has  been  used  in  (12). 

If  equation  (12)  is  substituted  in  (15), 

5k  “  fk-i  —  7nk-iAA*bk-i  +  tk-tbk-i .  (17) 


Replacing  k  hy  k  —  1  in  equation  (15),  solving  fen*  fk-i ,  and  substituting  in 
(17)  one  obtains 

~(l/wik-i)6k  "  AA^t-i  —  - — ^  6k-i  +  bh-t.  (18) 

ntk-i  THk-i 

Thus  if  C  »  AA*  -  B,  ci,  -(l/wik-j),  ca-i  -  (1  +  €k_i)/wi*_i ,  and  dk~t  - 
—  <k-t/mk-i ,  equation  (18)  is  identical  to  Lanczoe’  formula.  Actually  one  does 
not  use  this  similarity  to  compute  the  constants,  though  it  is  possible.  Since  it 
is  known  that  only  two  constants  are  necessary  to  ensure  an  orthogonal  set, 
they  can  be  obtained  in  any  way  one  desires. 

Let  us  assume  that 


ffik-i 


bk-i*rk-i 

bk-i*AA*bi-i 


(19) 


and  choose  Ck-i  such  that 

bk*AA*bi-i  0. 


This  last  can  be  done  by  premultipljring  equation  (15)  by  bk-i*AA*  remember¬ 
ing  that  Pk  *  A*bk  : 


bk—i*AA*bk  0  ■“  bk—i*AA*rii  -j-  tn—ibk—i^AAthk—t 
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or 

_  —bt-i*AA*rk  ^ 

*  *  bk-i*AA*bk-i 

It  is  now  necessary  to  show  that  with  (19),  (20),  (12),  and  (15)  that 

1  +  tk-i  ^  ^  bk^i*AA*AA*bk-i 

m*_i  bk-i*AA*bk-i 

and 


(20) 

(21) 


—tk-i  ^  ^  bk-f*AA*AA«bk-i  ,22) 

m*— 1  bit—t*AA*bk—t 

where  C  =  B  =  AA*  has  been  used. 

Equation  (21)  is  quite  simple  to  demonstrate.  Premultipl3ring  equation  (18) 
by  bk-\*AA*,  yields 

-  {\/mk-i)bk-i*AA  *bk 


=  bk-fAA*AA*bk-i  -  bk.MA*bk-i  +  —  . 

m*_i  m*_i 

The  left  side  of  the  equation  vanishes  by  choice  of  c*-i ,  and  the  last  term  on 
the  right  by  choice  of  c»_t ,  and  so 


(1  +  ct-i)  ^ 

Dit_i  6»_i*AA*6*_i 


Q.E.D. 


Premultiplying  equation  (12)  by  bk-i*,  and  using  the  definition  (19), 


6*_i*r*  -  0. 


(23) 


Premultiplying  (12)  by  6t-t* 

“  6*-*w*-i  -  mk-ibk-f*AA*bk-i . 

The  first  term  on  the  right  is  zero  by  (23),  and  the  second  is  zero  by  choice  of 
tk-i ,  hence 

,  »  0.  (24) 

From  (15)  r*_i  —  bk-i  —  tk-Jtk-a ,  so  premultiplying  both  sides  by  r**  and  using 
(23)  and  (24): 

r**r*_i  «  0.  (25) 

Premultiplying  (12)  by  r**,  and  using  (25), 

rt*r*  —  —  mk-irk*AA*bk-i .  (26) 

Substituting  this  in  (20)  one  obtains 


_ rk*rk _  ^k*rk 

fnk-ibk-\*AAJbk-i 

The  last  step  was  performed  by  using  equation  (19). 


(27) 
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.  Before  continuing,  it  will  be  useful  to  show  that  rt*rt_s  0. 

Proof:  (by  induction) 

From  (12)  r*  *=  n  —  niiAAmbi  so  rt*ro  =  —  mihi*AA*rQ .  But  ri*ro  =  0 

by  equation  (25),  and  since  ho  ^  u,  the  second  term  on  the  right  is  zero  by 
choice  of  c« ,  hence  rftro  «  0.  The  hypothesis  is  true  for  k  ^  2.  Assume  that  it 
is  true  for  k  ^  q.  Thus  ■=  0  for  A:  ^  Replacing  A:  by  A:  —  1  in  equatioq 

(12),  and  premultiplying  by  rt*; 

r**r*_i  =  r**r*_i  -  . 

The  left  side  vanishes  by  equation  (25),  the  first  term  on  the  right  by  hypothesis, 
so  rk*AA*bk-i  “  0  for  A:  ^  g.  Since  from  (15)  r*  =  6*  —  ,  substitution 

in  the  last  equation  jdelds 

0  “  bii*AA*bk—i  —  t*— i6i_i*i4A*6*_2 . 

The  second  term  on  the  right  is  zero  by  choice  of  u-t  so  bi^AA*bk-t  =  0  for 
k  ^  q.  But  from  (15)  ■»  (l/«*-»)  (5»-i  —  Substituting  this  in  the  last 

equation 

bk*AA*bk-t  0  ■*  bit^AA*bit-i  —  . 

The  first  term  vanishes  by  choice  of  ct-i ,  and  so 

bk*AA0rk-t  —  0  for  k  ^  q. 

Replacing  Ac  by  A;  +  1  in  equation  (12),  and  poetmultiplying  its  transpose  by 

Tk-l 

t  —  m*5**AA*r*_i . 

The  first  term  on  the  right  vanishes  by  equation  (26),  and  the  last  by  the  pre¬ 
vious  equation,  hence 

'  ‘  r*+i*r*_i  -  0  for  k  ^  q,  (28) 

hence  for  all  k. 

From  equation  (12)  one  gets  the  two  relations 

r»  —  r*_i  “  —  mo-iAA^k-i ,  r*_i  —  r^-t  “  ~  . 

Multiplying  the  right  and  left  sides  together  gives 

r**r*_i  —  +  r*_i*r*_*  mk^imk-Jbk-i*AA*AA*bi,-t . 

The  first  and  fourth  terms  on  the  left  vanish  by  (26),  and  the  second  by  (28),  so 
rk_i*r*_x  *=  —mi,-imii-J)k-i*AA*AA*bk-i , 

Substitution  of  this  relation  in  (27),  after  replacing  k  in  that  equation  by  A;  —  1 : 

vik-i  bk-i*AA*AAtbk-2 

€*_*  - - r -  • 

bk-i0r%-i 

Dividing  both  sides  by  m*_i ,  and  multiplying  through  by  —1,  and  using  (19) 
for  m*-t  one  obtains 
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_  et-t  ^  bi,-i*AA*AAtbi,-t  ^29) 

m*_i  b|^-f»AA^b|^-t 

But  this  is  equation  (22)  which  was  to  be  proved. 

Thus,  it  has  been  demonstrated  that  the  vectors  bu  do  form  an  Ail*-orthog- 
onal  set,  and  are  the  same  vectors  one  would  obtain  by  using  Lanczos’  scheme, 
if  one  starts  with  &e  *  •  A  similar  proof  can  be  written  for  the  two  procedures 

of  Stiefel  and  Hestenes.  It  can  be  further  demonstrated  that  the  residuals  thus 
obtained  form  an  orthogonal  set. 

It  is  possible  to  simplify  the  expressions  for  nik  and  u  .  Premultiply  equation 
(15)  by  r**: 

r**6*  -  rk*r*  +  . 

The  last  term  on  the  right  is  zero  by  equation  (23),  so 

rk*bk  -  rt*rt  (30) 

Using  (30)  in  equations  (19)  and  (27)  gives  the  formulae 

and 

**-i  -  .  (32) 

Putting  the  author’s  procedure  all  together  in  compact  form  one  has 

Xk+i  ^  Xk  —  mkA*bk  m*  -  1  r*  1  V  1  |  * 

5*  =  r*  +  fk-ibi-i 


Variations  on  die  Author’s  Procedure.  As  indicated  in  the  last  section,  an 
additional  result  <A  this  procedure  is  the  fact  that  the  residuals  form  an  orthog¬ 
onal  set.  It  is  possible  to  use  Lanczos’  Theorem  to  put  this  procedure  in  an 
entirely  different  form. 

In  the  Theorem,  let  us  let  C  >-  /,  and  B  ■»  AA*,  Let  us  choose  ft  as  the  vec¬ 
tors,  instead  of  pk ,  hence 

c*r*  «  —  ot-irk-i  —  • 

Premultiplying  by  A~‘,  and  noting  that  —  cy ,  the  error  vector 

Ck€h  =  A*rk-\  —  oit-iet-i  —  Pk-ifih-t . 

Since  cy  —  Xy  —  x,  this  reads 

ctXt  —  CfcX  *  A*r*_i  —  ot-iXt-i  -|-  ok-iX  —  $h-iXk-t  +  /3t_iX. 

Since  x  is  unknown,  it  can  be  eliminated  by  letting  Ck  —  (ot-i  -|-  /3»_*).  This 
yields  the  result  that 

—  (ot-i  -+-  $k-i)Xk  “  A*rt_i  —  at-ix*-i  —  /St-iXt-t . 
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It  can  be  shown  that,  with  a  little  algebra,  and  with  the  values  of  ot-i  and 
fik-t  given  by  the  Theorem,  if  (me  defines 

ntk  -  ri^k/rk*AA*rt  and  n*_i  -  m* 
that  the  recursion  formula 

Xk+i  -  [1/(1  +  n*_i)J  (xt  +  n*_ix*_i  - 

gives  the  same  iteration  procedure  as  that  of  the  previous  section.  The  difference 
seems  to  be  (me  of  computation,  and  it  remains  to  be  seen  which  is  the  better 
insofar  as  roundoff  error  is  concerned. 

Conclusion.  It  has  been  the  author’s  intention  to  demonstrate  (1)  that  these 
Af-step  procedures  involve,  at  each  step,  a  computation  of  two  arbitrary  con¬ 
stants,  (2)  that  these  procedures  are  really  special  applications  (ff  Lancxos’ 
Theorem. 

It  can  be  shown  (ref.  6)  that  only  in  the  event  the  matrix  A  is  skew  symmetric 
do  these  procedures  reduce  to  the  evaluation  of  but  one  constant  at  each  step. 
Premature  convergence  (i.e.  lees  than  N  steps)  of  these  procedures  is  possible 
if  more  than  (me  characteristic  number  are  equal,  or  if  the  initial  guess  is  such 
that  the  error  vector  co  is  deficient  in  some  of  the  characteristic  vectors  of  the 
matrix  used,  i.e.  A,  A*A,  and  AA*  in  Pr(x^ure8  I,  II,  and  III  respectively. 

When  these  procedures  are  used  with  automatic  computing  machines  the 
results  obtained  are  g(xxl  providing  the  number  of  digits  the  machine  carries 
is  in  excess  of  the  number  of  digits  in  the  square  root  of  the  ratio  ol  the  largest 
to  smallest  characteristic  numbers  of  the  matrix  A*A.  Go(xl  results  can  be  ob¬ 
tained  when  this  condition  is  not  met,  but  only  as  a  result  of  a  happy  initial 
trial. 

The  life  of  these  procedures  lies  in  an  adequate  analysis  of  errors  due  to  the 
rounding  of  products  before  a  problem  is  attempted. 

Ackno^edgment.  The  author  wishes  to  acknowledge  the  help  and  guidance 
of  Pitff.  William  K.  Linvill  at  M.  I.  T.  who  supervised  the  thesis.  The  author 
will  be  ever  indebted  to  him. 
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SINGULAR  SURFACES  IN  PLASTICITY* 

By  J.  L.  Ericksen 

1.  Introduction.  We  are  concerned  here  with  singular  surfaces  which  may 
occur  in  solutions  to  the  von  Miaes  equations  of  plasticity.  These  equations  are 

(1-1)  t'‘,i  +  flT  -  pidv^/dt  + 

(1.2)  t'i  =  +  aidTn  d\)-*d'i , 

(1.3)  =  0, 

(1.4)  dp/ at  +  p.y  -  0, 

where  t'j  is  the  stress  tensor,  f  the  body  force  per  unit  mass,  v.  the  velocity 
vector,  p  the  density,  =  Mvi.y  +  v>.<)  the  rate  of  deformation  tensor,  p  » 
—  Jt', ,  and  a  is  a  positive  constant.  Thomas  [1]  derived  conditions  necessary 
for  the  existence  of  surfaces  which  are  singular  of  orderf  one  relative  to  p  and 
p  and  of  order  two  relative  to  v*.  He  found  that  such  surfaces  could  exist  only 
under  very  restrictive  conditions  and  suggested  that  surfaces  singular  of  order 
one  relative  to  p,  p,  and  v*  might  exist  under  less  restrictive  conditions.  We  show 
that  this  is  not  the  case. 

From  heuristic  considerations,  Lee  [2J  concluded  that,  at  least  in  the  case  of 
plane  motion,  a  surface  on  which  the  stress  tensor  is  discontinuous  .  is 
therefore  to  be  considered  as  an  inextensible  membrane  embedded  between  two 
plastic  regions.  . . .  the  velocity  should  be  continuous . . We  show  that,  on 
a  surface  S{t)  which  is  singular  o(  order  n  ^  1  relative  to  the  velocity  vector, 
the  stress  tensor  is  continuous  except  perhaps  when  the  rate  (rf  defamation 
tensor  vanishes  (on  at  least  one  side  of  S(jl)  when  n  -=  1),  in  which  case  the 
constitutive  equations  (1.2)  are  indeterminate,  or  if  p  and  p  are  not  well  defined 
on  at  least  one  side  of  <S(0*  It  would  thus  seem  that,  in  general,  stress  discon¬ 
tinuities  are  associated  with  discontinuities  in  the  velocity  vector.  We  also 
obtain  results  which  indicate  that,  in  general,  the  motion  of  the  material  surface 
which  coincides  with  S(t)  at  time  t  is  instantaneously  that  of  an  inextensible 
membrane.  These  results  supplement  those  obtained  by  H.  Geiringer  [3]. 

2.  Compatibility  conditions.  We  state  without  proof  some  results  concerning 
singular  surfaces,  referring  the  reader  to  Hadamard  [4]  and  Thomas  [1]  for 
more  detailed  discussions  of  these  topics. 

Let  f{x\  0  be  a  scalar  function  which  is  continuously  differentiable  and  such 

•  Part  of  this  work  was  done  under  Army  Contract  DA-33-008  Ord  464  with  Indiana 
University. 

t  A  surface  S  is  singular  of  order  n  relative  to  a  set  of  functions  if  these  functions  to 
gether  with  all  their  partial  derivatives  of  order  less  than  n  are  continuous  on  S,  but  there 
is  a  finite  discontinuity  in  at  least  one  of  the  partial  derivatives  of  at  least  one  of  these 
functions  at  each  point  of  S. 
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that  /■’  /.<  >  0  in  a  region  R{t).  Assume  that  the  surface  S(0  given  by  /  *  0 
separates  R(t)  into  two  regions.  Then 

»  f.itVFTi 

is  a  unit  vector  normal  to  S(t)  and 

V  =  -dfldtfVpJ^j 

is  the  displacement  speed,  i.e.,  the  normal  compcment  of  velocity,  of  S(0-  If 
R(t)  is  occupied  by  a  continuous  medium  moving  with  a  velocity  v*  which  is 
continuous  on  5(0i  then  V  —  represents  the  normal  component  of  velocity 
of  S(t)  relative  to  the  material  particles  instantaneously  comprising  it.  Thus,  if 
S(t)  is  a  material  surface,  V  =  v'vi .  The  converse  is  true  in  general,  though  not 
without  exception  [5]. 

Now  consider  a  tensor  <,...>  which  is  continuous  throughout  /2(f).  Suppose 
that  S(t)  is  singular  of  order  one  relative  to  this  tensor.  Then  there  exists  a 
non-zero  tensor  a,...>  defined  on  8(1)  such  that 

(2.1)  I  [dti...i/dt]  *  — 

where  the  square  bracket  denotes  the  discontinuity  in  the  quantity  enclosed. 

If,  in  any  continuum,  5(f)  is  a  surface  which  is  singular  of  order  zero  relative 
to  t**,  p,  and  V*,  then  the  discontinuities  in  these  functions  must  be  related  in 
such  a  way  that 

(p(i;^,  -  V)]  -  0,  [e%  -  [piv^yj  -  V)v% 

In  the  situations  to  be  discussed  here,  v*  is  continuous,  so  these  equations  beccsne 

[p]{v*yi  -  F)  -  0,  [t%i  -  0. 

Furthermore,  (1.2)  is  assumed  to  hold  on  both  sides  of  5(f),  so  the  latter  equa¬ 
tion  becomes 

(2.2)  \pW  ~  a[id\d\)-*d'j]y^. 

In  deriving  these  relations,  it  is  assumed  that  and  p  exist  and  are  continuous 
on  each  side  of  5(f).  To  insure  that  these  conditions  are  fulfilled,  we  require 
that  p,  p,  and  d.y  exist  and  be  continuous  and  that  d**.  d*M  >  0  on  each  side 
of  5(f). 

3.  Surfaces  singular  of  order  one  relative  to  v\  Consider  a  surface  5(f)  which 
is  singular  of  order  one  relative  to  v*.  Using  (2.1),  we  have 

(3.1)  [Vy.y]  =  ttiVj ,  [dVi/dt]  »  — a<F, 

where  a*  is  a  non-zero  vector  defined  on  5(f).  In  order  that  (3.1)  be  consistent 
with  (1.3),  we  must  have 

(3.2)  a\i  ~  0, 

so  that  a*  is  tangent  to  5(f).  Furthermore,  from  (3.1), 
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(3-3)  (rfi;l  ”  \[vi^  +  vj,i]  —  ^(CiPj  + 

C<xi8ider  (2.2),  (3.2)  and  (3.3)  at  time  /  at  a  point  P  on  <S(t).  Since  (3.2)  holds, 
we  may  introduce  a  rectangular  Cartesian  coordinate  system  (x‘,  x*,  x*)  such 
that,  instantaneously  at  P,  the  positive  x‘  axis  is  in  the  direction  ot  Vi  and  the 
positive  X*  axis  is  in  the  direction  of  o, .  Then,  at  P, 

i»,  »  1,  V,  a.  |>2  »  0, 

Oi  =  0,  Oj  —  o  >  0,  oj  =  0. 

Relative  to  this  coordinate  system  at  P,  equatimis  (2.2)  and  (3.3)  become, 

b)  -  a{(d-.d\)-*duj, 

0  -  ((d\d-«)-*d,J,  0  -  [(d-.d"»)-*d„], 

and 

(3.5)  [dll]  -  [du]  -  [d«]  -  ld„]  -  [d„]  -  0,  [di,]  =  ia. 

Let  d{>  denote  the  components  of  da  on  one  side  of  S{t),  da  those  on  the  other, 
the  notation  being  chosen  so  that  [d.y]  »  d«y  —  .  Using  (3.5)  to  eliminate 

iij  from  (3.4),  we  obtain 

(3.6)  b]  »  a{(^".^-.  +  2aa«  -f-  aV2)“*  -  , 

(3.7)  (a",a\  +  2ad«  +  oV2)"*(d„  +  a/2)  -  (d",d"«)"*d„ , 

(3.8)  { +  2ad«  +  a'/2)-*  -  -  0. 

Squaring  both  sides  of  (3.7),  clearing  fractions,  and  collecting  terms,  we  obtain 

(3.9)  (du  +  a/4)(du*  +  du*  +  d«*  +  2du*  +  2d«*)  -  0. 

The  root  du  ~  —a/4  ci  (3.9)  does  not  satisfy  (3.7),  so  that 

(3.10)  du  *  du  “  du  ™  du  “  du  “  0. 

Then  (3.8)  is  satisfied,  while  (3.6)  yields  b]  **  0.  Using  this  result,  (1.2),  (3.4), 
(3.5)  and  (3.10),  we  obtain 

(3.11)  ,  I/'l  -  0, 

so  the  stress  tensor  is  continuous.  To  express  (3.10)  in  invariant  f(xm,  it  is  con¬ 
venient  to  introduce  a  scalar 

X  »*  d<ya*rVa*a*  —  du/a 

relative  to  the  special  coordinate  system  at  P.  It  then  follows  that 

d,>  -  X(a,i»j  +  ayr.) 

relative  to  the  special  cocMtlinate  system  at  P.  Since  this  is  a  tensor  equation,  it 
holds  in  every  coordinate  system  at  P.  Using  (3.3),  we  then  obtain 

3yy  ”  d,y  4-  K®***/  +  ^i^i)  “  {(2X  +  l)/2X}dyy. 
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Thus  the  eigenvalues  of  3,y  are  proportional  to  thoee  oi  and  the  eigenvectors 
o(  these  tensors  coincide.  Cranbining  the  above  results,  we  see  that,  on  either 
side  of  S(t), 

(3.12)  dii  «  hivj  +  hfPi , 

where  bi  is  perpendicular  to  ry . 

If  is  a  vectOT  perpendicular  to  6,  and  r.- ,  then,  by  (3.12),  da  0,  so 
is  an  eigenvector  of  da  corresponding  to  a  zero  eigenvalue.  Using  (1.3),  d\ 
v*,i  >  0,  so  the  remaining  eigenvalues  are  equal  in  magnitude  but  opposite  in 
sign.  There  are  two  mutually  perpendicular  unit  eigenvectors,  X<  and  m,  ci 
dij  given  by 

X,  -  (ry  +  bt/V^k)/V2,  Hi  -  {Pi  -  bi/V^k)/V2, 
which  are  perpendicular  to  Adding  these  equatimis,  we  obtain 

»'»  *  (X<  +  M<)/V^, 

so  that  Vi  lies  in  the  plane  determined  by  the  eigenvectors  corresponding  to  the 
largest  and  smallest  eigenvalues  of  d„  and  bisects  the  angle  determined  by 
these  vectors.  It  follows  that  S(t)  is  a  surface  of  maximum  or  minimum  shearing 
stress. 

4.  Surfaces  singular  of  order  n  >  1  relative  to  v\  If  S(t)  is  singular  ci  imler 
n  >  1,  it  follows  from  (1.2)  and  (2.2)  that 

(4.1)  [p]  -  [f'l  -  0 

on  iS(f).  We  assume  that  p  and  all  its  partial  derivatives  of  order  less  than  n  —  1 
exist  and  are  continuous  and  that  there  is  at  most  a  finite  discontinuity  in  the 
partial  derivatives  of  p  on  5(0 .  These  conditions  are  satisfied  if  p  is  ccmstant 
and  continuous  throughout  the  material,  or  if  S(t)  is  not  a  material  surface  [1]. 
We  further  assume  that  the  body  force  vector  and  all  its  partial  derivatives  of 
order  less  than  n  —  1  exist  and  are  continuous  on  5(1).  Under  these  conditions, 
one  can  show  that,  on  5(0, 

(4.2)  dij  —  biPj  +  bjPi , 

where  b,  is  a  vector  tangent  to  5(0.  We  briefly  indicate  how  this  can  be  proved 
forn  -  2  and  n  -  3.  First  consider  the  case  n  »  2.  Then,  under  our  assump¬ 
tions,  5(0  is  singular  of  order  one  relative  to  p  and  p  and  of  order  two  relative 
to  Thomas  showed  that,  in  this  case,  V{  lies  in  the  plane  determined  by  the 
eigenvectors  corresponding  to  the  largest  and  smallest  eigenvalues  of  da  and 
bisects  the  angle  between  these  vectors.  Furthermore,  the  intermediate  eigen¬ 
value  of  dij  must  vanish.  We  have  seen  that  these  conditions  are  satisfied  if 
dij  is  given  by  (4.2).  The  converse  is  easily  proved  as  follows:  one  can  always 
write  dij  in  the  form 

dij  “  dteiOj  +  dteUj  ”+•  dis*s* , 
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where  e] ,  e* ,  and  e*  are  mutually  orthogonal  unit  eigenvectors  of  da  and  di , 
dt ,  dt  are  the  corresponding  eigenvalues.  Suppose  that  one  of  the  eigenvalues, 
say  dt ,  vanishes.  Then,  by  (1.3),  dt  —  —di ,  so  that 

dij  “  di{e\e)  —  e*e*) 

“  +  e*)(ej  —  «*)  +  (ej  —  «*)(«)  +  c*)}. 

Suppose  that  is  a  unit  vector  which  bisects  the  angle  between  the  eigen¬ 
vectors  corresponding  to  the  largest  and  smallest  eigenvalues  of  d.y .  Then,  with 
proper  choice  of  notation, 

Vi  «  l/\/2  (e\  4*  e\). 


Thus 

dij  -  hiVj  -f  hjVi , 

where  6,  «  di{e\  —  e\)ly/2  is  perpendicular  to  i», .  Thus  d,>  is  given  by  (4.2). 

Suppose  now  that  n  —  3.  From  (4.1),  p  is  continuous.  Using  (1.2)  to  eliminate 
t**  frmn  (1.1),  we  obtain 

(4.3)  p,i  *“  —p{dVi/dt  +  Vi.jVj)  +  flft-  +  ia/2A)Vi^j  —  (a/A*)dijd^”'vk,m*, 

where  A  «  y/WjWi .  Equations  (1.3),  (1.4),  and  (4.3)  form  the  “reduced 
system”  used  by  Thomas.  Since  (4.3)  must  hold  on  both  sides  of  S{t),  and  since, 
by  assumption,  the  fimctions  on  the  right  are  continuous,  we  see  that  p,,  is 
continuous  on  S{t).  Using  (2.1),  we  find  that  dp/dt  is  continuous.  Differentiating 

(4.3) ,  we  obtain 

p.ir  “  (a/2A)Vi^jr  —  {a/A')dijd(‘’'Vk.Jr  +  Bir  , 
where  fi,>  is  continuous  on  S{t),  so  that 

(4.4)  [pA  «  ia/2A)[vi'*jr]  -  ia/A*)dij<t’^[Vk.Jrl 

\ 

Similarly,  from  (1.3), 

(4.5)  [»'../*]  -  0. 

From  (2.1),  ^ 

Ip.u)  “  • 

But,  since  [p.oJ  “  [p.xl, 


ttirj  =  CjVi . 

Multiplying  both  sides  of  the  latter  equation  by  v’  and  summing  on  j,  we  obtain 
Ui  -  an,  where  a  -  ajv’.  Thus 

[p.iil  “  af'iVj . 


Similarly 


(yi,,*.)  -  CiVjVkVm  . 


SINGULAR  SURFACES  IN  PLASTICITY 
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Making  these  substitutions  in  (4.4)  and  (4.5),  we  obtain 
avi  *  (a/2A)ci  —  (a/A*)di/i^’"ctVmy\ 

CiV*  “«  0. 

These  conditions  are  formally  identical  with  those  from  which  Thomas  deduced 
his  results.  Thus  (4.2)  must  hold  in  this  case  also.  A  slightly  more  complicated, 
but  not  essentially  different  argument  can  be  given  to  show  that  (4.2)  must 
hold  for  every  n  >  1. 

6.  Concerning  die  condition  (4.2).  In  section  3,  we  saw  that  must  be  given 
by  an  equation  of  the  form  (4.2)  on  both  sides  of  the  singular  surface  discussed 
there,  so  (4.2)  applies  for  n  ^  1.  Since  this  condition  holds  rather  generally,  it 
seems  worthwhile  to  try  to  interpret  it  geometrically. 

In  regions  where  there  are  no  discontinuities  in  the  motion,  the  time  rate  of 
change  of  the  square  of  the  distance  separating  particles  at  x*  and  x*  +  dx*, 
respectively,  is  given  by  2dijdx'dx’  to  within  terms  of  higher  order  in  dx\  Con¬ 
sider  a  material  surface  S{t)  with  unit  normal  i>,  on  which  (4.2)  holds  over  a 
finite  time  interval  T.  If  x'  and  x*  -f  dx*  are  the  coordinates  at  time  t  of  two 
neighboring  particles  on  <S(0,  then,  in  first  approximation,  v4x*  0  at  x\  so 
that  dijdx*dx’  0.  Thus,  during  T,  the  distance  between  neighboring  particles 
on  Sit)  remains  constant.  In  geometrical  terms,  if  f  and  tf'  are  two  times  in  T, 
then  the  surfaces  <S(f')  and  8(1")  are  applicable  to  one  another.  In  more  physical 
terms,  8(1)  moves  as  though  it  were  an  inextensible  membrane.  Thus,  loosely 
speaking,  if  (4.2)  holds  at  time  f  on  a  surface,  then  the  motion  of  the  material 
surface  which  coincides  with  this  surface  at  time  t  is  instantaneously  that  of  an 
inextensible  membrane. 

Note:  After  submitting  this  paper,  I  was  informed  that  results  presented 
here  were  derived  independently  by  Prof.  Prager  and  presented  by  him  in  a 
lecture  given  at  Brown  University. 
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TOPOLOGICAL  AND  DYNAMICAL  INVARIANT  THEORY 
OF  .IN  ELECTRICAL  NETWORK 

By  Thomas  C.  Doyle 

1.  Introduction.  H.  Weyl  [6],  in  1923,  applied  Poincare’s  methods  of  analysis 
situs  to  a  study  of  the  electrical  network.  B.  Eckmann  [2],  in  1945,  stud}dng 
quite  a  different  topological  problem,  brought  into  evidence  certain  vector 
spaces  underlying  circuit  theory  and  included  in  his  paper  an  electrical  ap¬ 
plication  suggested  by  Weyl’s  work.  W.  H.  Ingram  and  C.  M.  Cramlet  [3] 
published  in  1944  their  joint  paper  On  the  foundcUiona  of  electrical  network  theory. 
Motivated  by  an  interest  in  the  topology  of  an  electrical  circuit  resulting  from 
his  review  of  P.  Le  Corbeiller’s  book.  Matrix  analysis  of  electrical  networks, 
Harvard  University  Press,  1950,  J.  L.  Synge  turned  to  the  Ingram-Cramlet 
paper  with  the  purpose  of  making  those  features  considered  to  be  of  chief  engi¬ 
neering  and  physical  interest  more  readily  accessible.  The  result  was  Synge’s 
[4]  paper  of  1951,  The  fundamental  theorem  of  electrical  networks.  The  most  recent 
work  that  has  come  to  the  author’s  attention  is  M.  G.  Arsove’s  [1]  A  note  on  the 
network  postulates. 

A  feature  common  to  all  of  these  articles  is  the  conventional  viewpoint  that 
any  arbitrary  labeling  of  the  segments  of  a  network  constitutes  a  segment  basis 
[1,  p.  204]  and  that  any  other  admissible  basis  is  obtainable  by  some  permuta¬ 
tion  of  the  segment  labels.  Our  point  view  departs  from  this  premise  by  first 
defining  a  generalized  oriented  subgraph  of  the  network  to  be  any  linear  com¬ 
bination  of  the  oriented  network  segments  with  coefficients  not  restricted  to 
—  1,  0,  1,  but  rather  to  be  chosen  from  the  entire  field  of  real  numbers.  We  then 
regard  the  network  as  not  necessarily  compounded  from  its  ni  segments  as  ele¬ 
ments,  but  rather  as  constructed  from  any  linearly  independent  basis  of  ni 
generalized  subgraphs.  This  induces  the  notion  of  generalized  subgraph  currents 
and  voltages  satisfying  Kirchhoff’s  laws.  The  result  is  an  invariant  theory  of 
the  network  which  contains  the  conventional  segment-element  theory  as  a 
special  case. 

2.  Vector  space  V,  of  oriented  subgraphs.  We  label  the  ni  segments  of  the 
graph  G  of  the  network  by  s  i,  ■  *  *  ,  s.,  and  arbitrarily  assign  an  orientation  to 
each  segment  as  in  Fig.  2.1.  The  resulting  oriented  graph  G  may  then  be  repre¬ 
sented  by  a  matrix  G  of  one  row  and  one  column,  G  —  Si  -f  •  •  •  -f-  s,,  —  si, 
s  —  II  I  '  *  ’  >  II  <^nd  1  is  the  unit  column  matrix.  The  graph  G,  now  oriented, 
serves  as  a  standard  of  reference  for  defining  any  of  its  oriented  subgraphs. 
For  example,  —si  represents  that  subgraph  of  G  which  results  from  reversing 
the  orientation  on  all  the  segments  of  G. 

'The  totality  of  3”'  subgraphs  g  sl^,  where  (  is  a  column  matrix  whose  ele¬ 
ments  are  arbitrarily  chosen  from  the  set  —1,  0,  1,  is  conventionally  regarded 
as  exhausting  the  oriented  subgraphs  of  G,  where  G  itself  and  the  null  graph  are 
included.  Let  us.  explore  the  possible  utility  of  extending  our  concept  of  a  sub- 
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graph  of  G  to  include  a  coefficient  matrix  whose  elements  are  arbitrarily  chosen 
from  the  entire  field  of  real  numbers.  To  this  end,  consider  a  clockwise  oriented 
triangular  graph  «i  +  «j  +  «i  and  add  a  clockwise  84  in  parallel  with  St  to  form 
G  •=  «i  +  «t  +  «i  +  *4  •  If  is  the  graph  of  an  electrical  network,  it  is  customary 
to  analyze  the  network  by  selecting  any  two  linearly  independent  meshes,  say 
1  “  «i  +  +  «i  and  Ml  »  «i  —  «4 .  But  suppose  that  we  had  chosen  to  select 

our  two  meshes  to  be  Mt  »  ilfi  —  (i)Afi  and  M?  =  (i)Mi  —  Aft .  Inspection 
of  the  graph  shows  that  this  generalized  mesh  system  does  no  vicJence  to  the 
naive  but  effective  hydraulic  model  of  an  electric  fluid  flowing  through  pipes 


(segments)  of  equal  cross  section  which  motivates  Kirchhoff’s  current  law  in 
its  conventional  form.  This  extension  of  the  model,  therefore,  imposes  the  need 
of  admitting  elements  of  l[  which  are  fractional.  Finally,  the  need  for  admitting 
irrational  elements  of  ^  would  immediately  arise  should  we  desire  to  impose  the 
normalization  ({‘)*  +  •  •  •  +  ({"*)*  =  !• 

Throughout  the  remainder  of  this  paper  we  henceforth  adopt  this  generalized 
concept  of  an  oriented  subgraph  g  >  of  6  with  the  result  that  the  totality 
of  stick  subgraphs  g  forms  a  vector  space  V,  of  dimension  ni  over  the  field  of  real 
numbers  which  is  spanned  by  the  ni  oriented  segments  Si ,  ,Sni  of  G. 


3.  The  vector  space  Vm  of  oriented  bounding  node-pair  sets.  We  postulate 
that  an  oriented  segment  of  G  induces  an  orientation  an  its  bounding  node-pair 
according  to  the  scheme:  oriented  segment  node-pair  »  starting  node -end 
node.  This  anticipates  that  a  segment  current  flowing  in  the  direction  of  the 
segment’s  orientation  with  a  resistor  in  the  segment  will  cause  the  potential  of 
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the  Starting  node  to  be  positive  relative  to  that  of  the  end  node.  We  write 

(3.1)  Bds  =  n'N  (n' s  n  transposed) 

where  Bds  is  a  column  matrix  of  ni  rows  whose  A:th  row  is  the  oriented  node¬ 
pair  bounding  «* ,  and  N  is  a  column  matrix  of  no  rows  whose  jth  row  is  N^.  The 
matrix  n  is  the  Poincar^-Veblen  matrix  for  a  graph  and  is  illustrated  along  with 
n'N  in  (8.1)  for  the  graph  G  of  Fig.  2.1. 

Dually,  we  define 

Co-BdN'‘  =  51  segments  oriented  away  from 
AT*  —  5Z  segments  oriented  toward  iV*, 

(3.2)  Co-BdN  -  sn', 

where  Co-BdUf  is  a  row  matrix  of  no  entries  whose  fc-th  entry  is  Co-BdN‘‘. 

If  g  —  s(  is  any  oriented  subgraph  of  G,  we  shall  understand  by  the  boundary 
of  g,  written  Bdg,  the  linear  combination  of  oriented  node-pairs  consisting  of 
the  sum  l^'Bds  of  the  oriented  segment  node-pairs  of  g.  For  example,  the  graph 
G  of  Fig.  2.1  has  as  its  boundary, 

(3.3)  BdG  -  VBds  -  I'n'N  ~  -  N*  -  N*  +  N*. 

Definitions.  By  an  oriented  chain  of  G  there  will  be  understood  a  subgraph 
g  oi  G  whose  boundary  is  a  single  oriented  node-{)air  and  whose  nonbounding 
nodes  each  have  two  and  only  two  segments  on  them.  If  C  is  a  chain,  then  kC, 
k  any  real  factor,  will  be  called  a  multiple  chain. 

By  an  oriented  bounding  node-pair  of  G  there  will  be  understood  any  oriented 
,  node-pair  of  G  whose  two  nodes' lie  in  the  same  connected  portion  of  G.  It  will 
then  follow  that  any  oriented  bounding  node-pair  will  bound  some  oriented 
chain  of  O’  as  illustrated  by  the  pair  —  N*  of  Fig.  2.1  which  bounds  the  ori¬ 
ented  chains  «i  -f-  «4 ,  — «i ,  — s*  -f  St ,  — »« ,  etc. 

The  boundaries  of  the  «  oriented  subgraphs  g  »  of  0  exhaust  all  possible 
oriented  bounding  node-pair  sets  and  their  totality  constitutes  a  vector  space  Foo  ■ 
To  determine  the  dimension  of  Fm  we  pursue  an  argument  analogous  to  Veblen’s 
[5,  p.  13]  and  consider  a  graph  G  which  consists  of  two  disconnected  parts,  Oi 
and  Oi ,  with  the  numbering  so  chosen  that  the  nodes  and  s^pnents  of  Gi  are 
AT*,  AT*,  •  •  •  ,  Af'  and  si ,  «j ,  •  •  • , «,  and  those  of  G*  are  •  •  • ,  AT"*  and  s,+i , 
*  •  * ,  •  The  necessary  and  sufiScient  condition  on  an  arbitrary  set  of  nodes, 

hN  -  (A, AT*  -I-  . . .  +  M^')  -f  (A^iiV>’+‘  +  •  •  •  + 

where  h  is  a  row  matrix  of  no  arbitrary  real  numbers,  positive  or  negative,  that 
it  bound  some  subgraph  g  ~  is  that 

hN  =  Bdg  =  ({‘Bds,  +  •  •  •  +  {*Bds,)  4-  ({'■"‘Bds.+x  -P  •  •  •  -|-  {"‘Bds,.). 

But  each  pair  of  parentheses  on  the  right  contains  as  many  positive  nodes  as 
negative  nodes  and  hence  necessarily 

(3.4)  Ai  +  Aj  +  •  •  •  +  Ap  “  0,  Ap+,  +  Ap+j  +  •  •  •  +  A,.  =  0. 
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But  these  two  conditions  are  also  sufficient  that  hN  bound  a  subgraph  of  G, 
for  such  a  subgraph  will  result  from  joining  a  positive  node  of  Cri  in  hN  with  a 
negative  node  of  Cri  in  hN  by  an  oriented  chain  inGi,  repeating  this  until  the 
distinct  nodes  of  G\  in  hN  are  exhausted,  and  similarly  for  the  nodes  of  Gt  in 
hN.  The  node  set  hN  satisfying  (3.4)  will  then  bound  the  subgraph  consisting 
of  the  sum  of  all  such  oriented  chains  when  multiplied  by  appropriate  real 
factors.  Such  a  system  of  two  independent  homc^neous  equations  in  no  un¬ 
knowns  h  has  no-2  linearly  independent  solutions  and  any  other  solution  is 
expressible  linearly  in  terms  o(  these.  This  affirms  that  the  dimension  of  Vn 
for  such  a  graph  G  is  no-2.  One  obvious  basis  of  this  space  is  the  set  of  bounding 
node-paire(iNr‘  -  AT*),  (AT*  -  AT*),  ,  (AT*  -  AT');  -  AT''"*) ,. . . ,  (AT"^*  - 

AT"*). 

If,  more  generally,  G  contains  ro  disjoint  portions,  the  system  of  the  type 

(3.4)  will  contain  r#  independent  equations  with  no  —  ro  independent  solutions 
expressible  by  row  matrices  h^*\  o  «  1,2,  •  •  • ,  no  —  ro .  Combining  these  into 
a  single  rectangular  matrix  H,  to  be  called  the  bounding  node-pair  set  basis  selec¬ 
tion  matrix,  of  no  —  ro  rows  and  no  columns,  the  product  HN  is  a  column  matrix 
of  no  —  ro  rows,  each  of  which  is  a  set  of  bounding  node-pairs  which  forms  one 
leg  of  a  basis  for  the  vector  space  Too . 

Any  other  bounding  node-pair  set  basis  H^'N  is  obtained  by  making  a  different 
selection  of  row  matrices  a  ■=  1,  2,  •  •  • ,  no  —  ro,  which  yields  a  matrix 
of  a  fundamental  s}rstem  of  solutions  of  equations  of  the  t3rpe  (3.1).  But 
from  the  theory  of  such  equations 

(3.5)  H  -  BH'', 
where  B  is  any  square,  non-singular  matrix. 

4.  The  oriented  segment  node*pair  matrix.  Having  selected  a  column  basis 
HN  spanning  Too ,  it  is  now  possible  to  express  each  oriented  segment  node¬ 
pair  as  a  uniquely  determined  linear  combination  of  the  rows  of  HN, 

(4.1)  Bds  -  »  rUN,  rank  r'  -  no  -  ro,  n'  -  ra, 

where  rTIN  is  a  column  matrix  whose  A;-th  row  is  Bdsk .  The  matrix  r'  and  the 
relation  n'  rlBl  are/  illustrated  in  (8.1)  for  the  graph  G  of  Fig.  2.1.  Since 
any  bounding  node-pair  set  is  a  linear  combination  of  Bdsk ,  k  =  1,2,  .  * . ,  ni , 
it  follows  that  rank  r'  =  dimension  of  Too  “  no  —  ro . 

If  we  select  a  new  column  basis  H^N  of  Too ,  with  H"  related  to  H  by  (3.5), 
namely  H  =*  BH",  we  have 

(4.2)  Bds  -  rUN  -  rOT^N  -  (r')'H''N,  r''  -  B'r. 

We  can  express  the  boundary  of  any  subgraph  g  s(  uniquely  in  terms  of 
the  basis  HN  of  Too  by  of  means  Bdg  —  (This  —  ('r'HN.  For  the  graph  G 
of  Fig.  2.1  and  the  basis  HN  of  section  8  this  gives 

GBd  -  I'rTO  -  O.KAT*  -  Ar‘)  +  (AT*  -  AT*)]  +  [(AT*  -  AT*)  +  (Ar‘  -  N*)] 

+  0.(Ar*  -  AT*), 


agreeing  with  (3.3). 
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6.  The  vector  space  of  oriented  meshes.  We  define  an  oriented  mesh  to 
be  any  subgraph  M  «  sv  whose  oriented  boundary  vanishes, 

BdM.  »  v'fids  =  vT'HN  =  Ooo, 

where  Ooo  is  the  null  set  of  bounding  node-pairs,  and  v  is  a  column  matrix  of 
real  numbers,  in  general  not  integers.  Thus  the  necessary  and  sufficient  condi¬ 
tions  that  M  »  sv  be  an  oriented  mesh  are 

(5.1)  rv  =  0 

which  are  equivalent  to  Veblen’s  [5,  p.  17]  conditions  IIv  =  0,  the  rank  of  both 
r  and  n  being  no  —  ro.  Hence  there  are  m  *  »i  —  (wo  —  r#)  linearly  independent 
oriented  meshes  represented  by  the  column  matrices  V(t),  k  a  1,2,  -  ,  n,  and 

any  other  such  set  is  a  linear  combination  of  these  base  sets  with  real  coefficients. 
Thus  the  oriented  meahes  of  0  form  a  vector  apace  V  m  of  dimenaion  n  over  the  field 
of  real  numbera  which  is  a  subspace  of  V,.  The  matrix  v  of  ni  rows  and  n  columns 
whose  kth  column  is  V(t),  k  ^  1,  2,  ■  *  *,  m,  will  be  called  an  oriented  meak  baaia 
matrix  of  V  m  • 

Any  connected  mesh  whose  coefficient  matrix  v  has  elements  restricted  to  the 
set  —1,  0,  1  and  with  two  and  only  two  segments  on  each  of  its  nodes  will  be 
called  a  aimple  oriented  meah. 

By  a  slight  extension  of  Veblen’s  argument  [5,  p.  16]  for  an  unoriented  graph, 
it  can  be  seen  that  any  subgraph  M  of  G  whose  boundary  vanishes  is  an  algebraic 
sum  of  real  multiples  of  simple- meshes.  For,  starting  at  any  node  of  ilf,  we  can 
proceed  along  any  segment  of  M  on  this  node  in  the  direction  of  its  orientation 
to  an  adjacent  node.  But,  since  the  boundary  of  M  vanishes  by  hypothesis, 
there  must  be  at  least  two  segments  on  each  node  of  M.  We  can  thus  trace  an 
oriented  chain  of  M  and,  since  the  nodes  of  M  are  finite  in  number,  we  must 
eventually  reach  a  node  for  the  second  time,  thus  discovering  a  simple  mesh  of 
G.  Subtracting  from  M  a  suitable  multiple  of  this  simple  oriented  mesh  which 
will  eliminate  from  the  difference  at  least  one  segment  which  was  present  in  M, 
we  are  left  with  a  subgraph  of  M  whose  boundary  again  vanishes.  Repeating 
this  process  of  subtracting  multiples  of  simple  meshes,  we  exhaust  the  finite 
segments  of  M  with  the  conclusion  that  any  subgraph  M  whose  boundary  van¬ 
ishes  is  an  algebraic  sum  of  real  multiples  of  simple  meshes. 

6.  Change  of  basis  in  F,.  In  selecting  a  basis  for  the  vector  space  F,  of  oriented 
subgraphs  of  G,  we  chose  quite  arbitrarily  as  the  legs  of  the  basis  the  ni  primitive 
subgraphs  consisting  of  the  segments  of  G.  It  is  clear,  however,  that  any  linearly 
independent  set  of  ni  subgraphs  st*  of  the  form  s**  ==>  sac*).  A;  »  1,2,  •  •  • ,  ni , 
where  act)  is  a  column  matrix  of  real  numbers,  will  serve  equally  well  as  a  basis 
of  V, .  For  convenience  in  illustrations  we  shall  usually  choose  the  a’s  to  be 
integers,  but  in  applications  they  may  well  be  rational  or  irrational  numbers. 
The  condition  of  linear  independence  requires  that  the  square  matrix  A  whose 
kth  column  is  ac*)  should  be  nonsingular.  Thus,  we  consider  basis  transformations 
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from  the  primitive  row  basis  s  to  the  general  oriented  subgraph  row  basis  s* 
of  the  form 

(6.1)  G^:s*  ~sA,  \A\9^0. 

As  an  illustration,  see  (8.1).  These  transformations  obviously  have  the  group 
property,  namely  that  s*  »  sAi  and  s**  «  8*A,  imply  a**  »*  SA1A2  =  sA} , 
1A,|  =  1A,1  .  |A,1  5^0. 

Any  basis  transformation  induces  a  transformation  on  the  elements  of  the 
column  matrix  Bds  whose  rii  elements  in  the  primitive  basis  s  are  the  oriented 
segment  node-pairs, 

(6.2)  Bds*  =  A'Bds. 

This  states  that,  in  any  basis  s*,  Bds*  may  be  defined  as  a  column  matrix  whose 
Ath  row  consists  of  the  sum  of  all  oriented  segment  node-pairs  contained  in  the 
subgraph  Sk*. 

This  transformation  on  the  oriented  node-pairs  bounding  the  legs  of  the  basis 
of  Vf  in  turn  induces  a  transformation  on  the  Poincar^Veblen  matrix  of  sec¬ 
tion  3,  namely 

(6.3)  -  Bds*  -  A'Bds  -  A'n'N,  n*  =  IlA. 

Thus,  in  any  basis  a*,  ‘primitive  or  otherwise,  the  Ai;h  row  of  the  column  matrix 
11*17  gives  the  oriented  boundary  of  the  subgraph  basis  leg  Sk*.  As  illustrations  see 
both  nH  and  11*17  in  (8.1). 

An  oriented  subgraph  g  can  be  referred  to  any  basis  of  V, , 

(6.4)  g  »  -  8*(*  -  sAV,  «  -  Ar, 

and  in  particular  the  set  of  subgraphs  consisting  of  a  complete  system  of  oriented 
meshes  can  be  referred  to  any  basis, 

(6.5)  V  -  Av*. 

As  an  illustration  see  (8.1). 

The  oriented  segment  node-pair  matrix  r  in  Fm  is  sensitive  to  both  a  change 
of  subgraph  basis  s  and  a  change  of  the  node-pair  set  column  basis  HN  of  Fm. 
To  find  its  behavior  under  s*  «  sA,  yielding  Bds*  —  A'Bds,  we  have  from 
Bds  —  rnN  as  given  by  (4.1), 

(6.6)  r*HN  -  Bds*  -  A'Bds  -  ATHN,  .*.  r*  -  rA. 

As  an  illustration  see  (8.1). 

We  can  now  interpret  r*'  in  any  basis,  primitive  or  otherwise,  as  a  matrix 
of  ni  rows  and  no  —  ro  columns  whose  kth  row  gives  the  coefficients  of  the  linear 
combination  which  expresses  uniquely  the  oriented  boundary  of  the  basis  leg  Sk*  in 
terms  of  the  column  basis  HN  of  Fm . 

Under  a  combined  change  of  subgraph  basis  s  and  oriented  bounding  node¬ 
pair  set  basis  HN,  we  have  from  (4.2) 

(6.7)  r*  -  BTA. 


INVARIANT  THEORY  OF  AN  ELECTRICAL  NETWORK 


87 


7.  F,  as  the  direct  sum  of  Fj,  and  F, .  The  vector  space  Vg  of  oriented  sub¬ 
graphs  is  spanned  by  any  basis  of  n  linearly  independent  oriented  subgraphs 
s*  sA.  To  select  what  will  later  appear  as  a  canonical  basis,  we  choose  the 
first  M  of  these  subgraphs,  Mi,  •  •  •  ,  Mg ,  to  form  an  oriented  mesh  basis,  M*  = 
sv(*),  vT'  =»  0,  where  v  is  the  matrix  of  ni  rows  mth  columns  V(i),  •  •  •,  vo,),  and 
designate  the  remaining  ni  —  /u  legs  of  the  basis  s*  by  P„+i ,  •  •  •  ,  P„„  where 
Pa  *  8n(a),  BdPa  =  n'(«)r'HN,  a  =  M  +  1,  *  •  •  ,  Ri .  The  necessary  and  sufficient 
condition  that  the  column  matrix  BdP  of  the  ni  —  fx  rows  BdPg+i ,  •  •  •  ,  BdP^, 
span  Foo  is  obviously  1  n'r'  ]  ^  0,  where  n  is  the  matrix  of  ni  rows  whose  columns 
are  •  •  •  ,  W(,,). 

Lemma  7.1.  Given  1)  V(i),  •  •  •,  V(^),  v'r'  =  0,  rank  v  —  n, 

2)  ii0i+,),  •  •  *,  »(«,) ,  I  V,  n  1  5^  0. 

Conclusion:  BdP  spans  Fw,  that  is  |  n'r'  |  ^  0. 

Proof.  If  the  column  matrix  BdP  does  not  span  Foo ,  there  must  exist  some 
non-trivial  linear  relation  cBdP  O^o ,  from  whence  cP'  =  kM',  which  contra¬ 
dicts  the  hypothesis  that  the  row  matrix  1|  M,  P  ||  is  a  basis  for  F, . 

Lemma  7.2.  Given  1)  V(i),  •  •  •  ,  v^,),  vT'  =>  0,  rank  v  =  m, 

2)  **oi+i)>  '  ‘ '  I  F  0,  that  is, 

the  boundaries  of  the  subgraphs  Pa  =*  8n(a),  =  m  +  li  •  •  •  i  ,  span  Foo. 
Conclusion:  1  v,  n  |  0. 

Proof.  Assume  the  contrary,  that  |  v,  n  |  =  0.  Then  there  exists  a  linear  re¬ 
lationship  among  the  columns  of  ||  v,  n  ||,  vc  -|-  nk  =>  0,  where  the  tii  —  n  rows 
of  the  column  matrix  k  are  not  all  zero  since  rank  v  *  But  we  would  then  have 
(vc  -H  nk)'r'  “  cVr'  -|-  k'n'r'  =  k'(n'r')  =  0  which  contradicts  the  hypothe¬ 
sis  that  1  «'r'  1  9^  0. 

Lemma  7.3.  Given  any  assigned  oriented  bounding  node-pair  set  column 
basis  HN,  there  always  exists  a  set  of  ni  —  m  subgraphs  Pa  =  8ii(a),  a  =  m  +  1, 
,  Til,  such  that  BdP  =  n'r^HN  =  HN. 

Proof.  The  proof  is  trivial;  if  the  rows  of  HN  are  h^^'^N,  •  •  •  ,  h^"’’N,  it  is 
adequate  to  choose  Pa  to  be  any  set  of  multiple  oriented  chains  of  G  bounded 
by  the  corresponding  assigned  oriented  node-pair  set  h*“^N,  a  =  m  +  1, 

We  denote  by  V,  the  ni  —  n  dimensional  subspace  of  V,  spanned  by  the 
P’s  and  write  F,  =  Fj#  4*  F, ,  meaning  that  F,  is  the  direct  sum  of  F ^  and 

Definition  7.1.  By  a  canonical  basis,  (s*,  HN),  we  shall  understand  a  row 
basis  8*  of  V,  and  a  column  basis  HN  of  Fw  related  by 

II  0  I  (HN)'  11 '  -  Bds*. 

Observation.  It  is  desired  to  show  that  if  s*  »  sA  is  any  transformation  to  a 
canonical  basis  (s*,  HN),  then  (A”‘)'  is  of  the  form  (A“‘)'  =  ||  A'  |  0'  ||,  where 
0'  =  r'  is  given  by  (4.1),  namely  Bds  =*  r'HN.  To  recognize  this,  solve  s*  = 
sA  for  8  =*  8*A“‘  to  deduce  from 

Bds  =  (A-‘)'fids*  =  II  A'  I  0'  II  •  II  0  I  (HN)'  II'  =  0'HN  *  r'HN 
that  0'  ■»  r'  as  asserted. 
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8.  An  illustratiye  basis  transformation.  As  an  example  of  a  basis  transforma¬ 
tion,  we  assemble  compactly  for  easy  reference  a  particular  change  of  basis, 
s*  »  sA,  and  a  particular  choice  of  oriented  bounding  node-pair  basis  HN 
for  the  graph  o(  Fig.  2.1. 
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It  may  be  noticed  that  the  new  basis  subgraphs  t*  and  the  bounding  node¬ 
pair  oolumn  basis  HN  have  been  chosen  to  produce  a  canonical  basis  (s*,  HN) 
according  to  the  definition  7.1,  namely  ||  0 1  (HN)'  ||'  »  £ds*.  > . 

9.  Introduction  of  the  segment  currents.  Let  be  the  vector  space  of  all 
column  matrices  7  of  ni  rows  whose  elements  are  arbitrary  real  numbers.  Any 
such  odumn  matrix  7  is  expressible  in  the  form, 

7-  A,7*+  •••  +  A.,7"‘  -  AJ, 

where  A< ,  »  —  1,2,  •  •  •  ,  tit is  a  column  matrix  of  tit  rows  whose  tth  row  is  1 
with  all  remaining  rows  0.  The  row  matrix  A  whose  tth  element  is  the  matrix 
A{  will  be  called  a  primitive  bans  for  A,, . 

By  restricting  the  column  matrix  J  to  have  as  its  tth  row  the  instantaneous 
current  J*(t)  which  flows  in  the  tth  segment,  where  a  current  flowing  in  the 
direction  of  the  standard  orientation  is  recorded  by  a  positive  value  for 
J*,  we  single  out  in  a  column  matrix  7,  to  be  called  the  current  vector,  whose 
elements  catalogue  the  instantaneous  segment  currents  in  0.  The  entries  in 
7  will  be  called  the  abaolute  components  of  the  current  vector.  We  interpret  the 
equality  7  Aj  as  saying  that  the  relative  components  J  in  the  primitive 
basis  A  of  the  current  vector  7  are  identical  with  its  absolute  components, 
namely  the  oriented  segment  currents. 

Suppose  next  that  we  change  the  basis  in  V,  by  s*  »  sA.  We  postulate  that 
such  a  change  of  basis  in  V,  must  always  be  attended  by  the  oogredient  change  A*  » 
AA  of  basis  in  A,,.  By  this  means  we  establish  a  (1-1)  correspondence  between 
the  totality  of  bases  A*  of  and  s*  of  V,  when  we  further  postulate  that  the 
primitive  base  A  shall  correspond  to  the  primitive  base  s. 

We  now  have 

(9.1)  7- AJ- A*r- AAJ*,  J-AJ*  ’  • 

which  states  that  the  absolute  components  of  the  current  vector  7  have  not 
been  affected  by  a  change  in  basis,  that  is,  they  still  record  the  segment  currents 
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of  G  just  as  before.  Note,  however,  that  the  relative  components  of  the  current 
vector  J  have  suffered  a  change  in  passing  to  the  new  basis. 

10.  Physical  significance  of  relative  current  components  in  any  basis.  Having 
defined  the  relative  components  J  of  the  current  vector  J  in  the  primitive  basis 
A  to  be  segment  currents,  and  knowing  that  the  components  J*  of  /  in  the 
basis  A*  are  given  by  J  =  AJ*,  it  remains  to  discover  the  physical  significance 
of  these  general  relative  components  J*.  For  this  purpose  we  expand  the  ex¬ 
pression  for  J*, 

(10.1)  r  =  a  +  •  • .  +  o‘t  J**  +  •  •  •  + 

and  recall  that  the  a’s  are  defined  by  the  basis  transformation  s*  >>  sA,  from 
whence 

9*k  —  8x0^ k  4*  •  •  •  +  8ia*k  4“  •  •  *  4"  «»,<*"**  • 

From  this  expression  for  8h*  we  read  that 

1)  a  *  =  q  when  «,■  is  contained  in  the  oriented  subgraph  »k*  with  multiplicity 
q,  where  q  is  any  real  number. 

2)  a*k  “  —q  when  —  s<  is  contained  in  «**  with  multiplicity  q. 

3)  a*k  ^  0  when  is  not  contained  in  Sk*. 

Recalling  our  remarks  in  section  3  about  the  induced  standard  s^ment  orienta¬ 
tions  of  the  subgraphs  «>*,  j  =>  1,  2,  •  •  •  ,  ni ,  we  see  from  the  expression  for 
J*  in  (10.1)  that  if  we  regard  the  relative  component  J**  of  the  current  vector  J 
in  the  basis  A*  to  be  a  current  flowing  in  each  segment  of  Sk*  with  multiple  segments 
regarded  as  multiple  carriers,  in  the  direction  of  that  segment's  standard  orienta¬ 
tion  in  the  subgraph  St*,  then  the  true  segment  current  J*  in  the  direction  of 
SiB  standard  orientation  in  G  is  the  algebraic  sum  of  those  contributions  from 
all  subgraphs  of  the  basis  s*  which  overlap  the  segment ,  multiple  overlappings 
giving  rise  to  multiple  contributions.  That  it  is  possible  to  determine  such  a  set 
of  relative  current  components  J*  follows  by  solving  the  linear  equations  J  »  AJ* 
to  obtain  explicit  values  J*  »  A~*J  for  the  J*’s  in  terms  of  the  segment  currents 
J.  This  is  a  generalization  of  the  familiar  concept  that  a  segment  current  can  be 
r^arded  as  the  net  effect  from  all  contributions  of  mesh  currents  in  those  meshes 
which  overlap  the  segmerft. 

We  can  now  assert  that  in  any  basis  whatever,  primitive  or  otherwise,  the  rela¬ 
tive  current  component  J**,  fc  =  1,  2,  •  •  •  ,  ni ,  w  that  current  which  must  flaw  in 
each  segment  of  the  subgraph  Sk*,  k  ^  1,  2,  “  •  ,  ni ,  in  the  direction  of  the  seg¬ 
ment's  standard  orientation  as  an  element  of  Sk*,  in  order  that  the  true  current 
J*,  f  =  I,  2,  •  •  ’  ,  ni ,  in  the  segment  Si  of  G,  positive  when  in  the  direction  of 
Si's  standard  orientation  in  G,  should  result  from  the  algebraic  contributions  of  all 
J*'s  in  those  subgraphs  s*  which  overlap  «,• . 

11.  Introduction  of  the  segment  voltages.  Let  ek(t)  represent  the  instantaneous 
difference  in  potential  between  the  bounding  nodes  of  the  segment  Sk ,  the  sign 
convention  being  such  that  the  fall  in  potential  from  «t’s  starting  node  to  its 
end  node  produced  by  a  current  flowing  in  the  direction  of  the  segment’s  orienta- 
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tion  will  be  recorded  by  a  positive  valued  e*  .  Denoting  by  e  the  row  matrix  of 
segment  voltages,  an  argument  analc^ous  to  that  of  section  9  leads  to  the  trans¬ 
formation  laws  induced  by  s*  =  sA, 

(11.1)  S  =  AS*,  e*  =  eA,  e  =  eS  -  e*S*, 
where  S  is  the  identity  matrix. 

It  is  a  simple  matter  to  observe  immediately  from  the  cogredience  of  the 
transformations 

«t*  =  «ia‘*  +•••-+-  ,  A:  =  1,  2,  •  •  •  ,  Wi , 

«**  “  CiO**  +  •  •  •  -I-  e«,o"*fc , 

that  in  any  basis  S*,  primitive  or  otherwise,  the  relative  component  e**,  k 
1,  2,  •  •  •  ,  ni ,  of  the  voltage  vector  e  is  the  alg^aic  sum  of  the  segment  voltages 
in  the  subgraph  st*.  Otherwise  expressed,  e**  is  the  sum  of  voltages  across  the  ori¬ 
ented  bounding  node-pair  set  of  the  subgraph  St*. 

12.  KirchhofiTs  laws  in  invariant  form.  The  expression  git)  =  sjt)  represents 
an  oriented  subgraph  of  the  network  G  wherein  each  segment  Sk  is  assigned  a 
multiplicity  J*(t)  equal  to  the  instantaneous  current  flowing  in  it.  Kirchhoff’s 
current  law  in  invariant  form  states 

Bdg(t)  =  J'Bds  =  I'nlf  =  J*'  n*'N  =  J'r'HN  =  J*'r*'HN  =  Ooo 

i.e.,  the  instantaneous  subgraph  g(t)  determined  by  the  segment  currents  is 
always  a  mesh.  This  law  was  first  expressed  in  the  form  J'  n'  =  0  by  Weyl  (6,  p. 
157].  These  latter  equations  are  no  in  number  and  contain  ro  redundancies.  These 
*  redundancies  are  removed  by  the  alternative  form  J'r'  =  0  which  are  ni  —  u 
independent  equations  with  m  independent  solutions  ,  i  =  1,  2,  •  •  •  ,  a* 

(no  summation  on  i),  wth  J**  arbitrary  factors,  for  from  a  fundamental  system 
of  M  meshes  M,  =  sv(o  there  follows  BdNLi  =  v^oTTIN  =  Obo ,  or  vJoF'  =  0. 

The  Kirchhoff  constraints  J*'  r*'  =  0  take  their  simplest  form  when  we  select 
a  basis  s*  of  the  canonical  t3rpe  ||  Afi ,  •  •  •  ,  Af „  ;  P^+i,  •  •  •  ,  P»,  ||  discussed  in 
section  7.  For,  from  the  definition  in  section  6  of  r*'  in  any  basis  s*,  we  recc^ize 
that  if  we  choose  HN  =  BdP  the  transpose  of  r*'  in  the  basis  ||  M,  P  ||  is  then 
simply 

(12.1)  r*  =  II 0,  II, 

where  is  the  unit  diagonal  matrix  of  ni  —  a*  entries.  As  an  illustration,  see 
r*'  in  (8.1).  The  constraints  J*'r*'  ■=  0  are  now  J"^'*  =  .  • .  =  y"‘*  =»  0,  that 
is,  all  current  components  in  the  non-mesh  legs  of  the  canonical  basis  ||  M,  P  ||  are 
reduced  to  zero  by  Kirchoff’s  law. 

As  an  illustration,  consider  the  transformation  s*  =  sA  of  (8.1)  which  induces 
the  current  component  transformation  J  =  AJ*, 

=  27**  -f  7**  -H  /*,  J*  =  7** 

(12.2)  7*  =  -7‘*  -f  7**  -  7**  +  7"*  -H  7**,  7‘  =  7'*  -|-  7**  -|-  7**, 

J*  =  7‘*  -1-  7**  -I-  J**  -  7‘*  -f  7*,  7‘  =  7**. 
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The  constraints  ••  0,  or  J**  J**  —  J**  —  0,  reduce  (12.2)  to  the 

familiar  expressicMis  for  the  segment  currents  in  terms  of  a  s}rstem  of  oriented 
simple  mesh  currents  J**,  J**. 

Let  M  »  sv  be  any  complete  system  of  n  rimple  (non-generalized)  oriented 
meshes.  Then  the  familiar  form  of  Kirchhoff’s  voltage  law  states  that  ev  ■■  0. 
Now  the  totality  of  transformations  s*  <»  sA  transforms  the  simple  mesh  system 
sv  into  the  totality  of  generalised  mesh  systems  »*v*,  where  v  »■  Av*,  and  the 
primitive  voltage  vector  e  into  the  totality  of  generalized  voltage  vectors  e*, 
where  e*  »  eA.  Hence  the  vanishing  of  the  invariant  eN*  »  ev  —  0  displays  the 
invariance  of  Kirchhc^’s  voltage  law  under  the  totality  of  representations  via 
the  matrix  A.  As  an  illustration,  the  conditions  •*¥*  —  0  for  the  example  (8.1) 
give  Si*  »  ei*  »  St*  »  0  because  of  the  canonical  form  of  s*. 

IS.  Reduction  to  a  canonical  basis.  The  fundamental  theorem  of  an  electrical 
network  now  appears  as  a  theorem  on  the  reduction  to  a  canonical  basis. 

Theorem.  Given  an  arbitrarily  selected: 

1)  oriented  mesh  basis  M.  »  sv(j),  i  »  1,  2,  •••,  fi, 

2)  oriented  bounding  node-pair  set  basis  HN  of  Fw  ■ 

ConcLusion.  There  exists  a  canonical  basis  s*  in  which 

1)  J'*  is  the  current  component  in  the  mesh  set  Af,- ,  t  *■  1,  2,  *  •  •  ,  m; 

2)  /•*  -  0,  a  -  M  +  1,  •  •  •  ,  ni ; 

3)  each  segment  current  J^,  A  »  1,  2,  •  •  •  ,  ni ,  is  linearly  expressible  in  terms 
of  the  mesh  components  J**,  •  •  •  ,  J***; 

4)  each  voltage  component  e«*  is  the  set  of  voltages  across  the  oriented  bound¬ 
ing  node-pair  set  of  the  corresponding  basis  leg  h^^’N,  a  >■  m  +  1,  *  *  *  i  Ui ,  of 
Foo; 

5)  ti*  =  0,  t  -  1,  2,  •  •  •  ,  m; 

6)  each  segment  voltage  eA,A  «  1, 2,  •  ••  ,  ni ,  is  linearly  expressible  in  terms 
of  the  oriented  bounding  node-pair  set  basis  voltages  e^i ,  •  •  •  ,  et, . 

Proof.  By  lemma  7.3  we  can  select  ni  —  m  oriented  subgraphs  Pm  ~  s«(«) 
such  t^t  BdP  HN,  |  |  ^  0.  Then  from  lemma  7.2,  |  v,  «  |  ^  0,  so  that 

the  transformation  s*  sA  given  by  s,*  —  sv(t-),  s*  *>  s«(«),  is  nonsingular. 
Kirchhoff’s  current  law  J*T*'  —  0,  with  r*  —  ||  0,  I|  from  (12.1),  gives 
/'*'*'’*  »  •  •  •  »  J"**  Bs  6  and  as  an  immediate  consequence  of  these  constraints 
we  have 

(13.1)  -  EJ-i  Ar)r*.  A  -  1,  2,  •  •  •  ,  n, . 

As  for  the  voltages,  from  (11.1),  e*  eA  «  e  ||  v,  «  ||,  from  whence  e^*  « 
ev(o  —  0,  t  —  1,  2,  •  •  •  ,  M,  by  Kirchh(^’s  voltage  law.  Then  «.*  —  e«(«) ,  o  - 
M  +  1,  ’  ■ '  ,  ni ,  showing  that  each  component  e«*  is  the  set  of  voltages  across  the 
oriented  bounding  node-pairs  the  subgraph  P«  ~  sii(«)  so  selected  that  BdP 
HN.  We  solve  e*  ■*  eA  for  the  row  matrix  e  —e^A"*  and  refer  to  the  form  of 
A~*  as  given  at  the  end  of  section  7  to  conclude  that 

(13.2)  e.,  -  e%r\  ,  A  -  1,  2,  •  •  •  ,  n, . 

This  completes  the  proofs  of  the  assertions  of  the  theorem. 
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CoroUary  13.1.  The  invariant  ej  —  0,  for  ej  -  e*J*  »  0,  is  an  immediate  con¬ 
sequence  of  the  theorem.  It  may  be  noted  that  eJ  »  0  is  a  consequence  of  Kirch- 
hoff’s  current  law  for  J  and  voltage  law  for  e. 

The  theorem  assumed  an  assigned  oriented  node-pair  set  basis  HN  and  in 
its  proof  the  subgraphs  P  were  selected  such  that  BdP  HN.  Conversely,  we 
might  have  assumed  an  assigned  basis  of  V,  of  the  type  ||  M,  P  ||.  Then  from 
lemma  7.1  we  know  that  BdP  spans  Foo .  Hence,  by  choosing  HN  =•  BdP,  the 
theorem  establishes  the  bases  ||  M,  P  ||  and  HN  as  canonical  for  G. 

14.  Mesh  system  formulation  for  segment  currents  and  voltages.  In  this 
section  we  shall  regard  each  s^;ment  as  consisting  of  at  most  a  resistor,  an  in¬ 
ductor,  a  capacitor  and  a  possible  voltage  generator,  all  in  series.  In  general,  not 
all  these  elements  will  be  present,  however,  in  any  particular  segment.  Let 
E(t)  be  a  row  matrix  of  ni  columns  whose  ilth  column  represents  an  applied 
generator  voltage  in  the  ilth  segment.  We  stipulate  that  a  rise  in  potential  in¬ 
curred  while  passing  through  the  generator  in  tracing  the  segment  a  a  in  the  direc¬ 
tion  of  its  orientation  will  be  recorded  by  a  positive  value  for  Ea  .  The  segment 
voltage  Ba  is  then  given  by 

(14.1)  Laq^  + RaqJ^  +  Saq  f  J'‘dt  -  Ea  ^  eA,  .4  -  1,2,  •••  ,ni, 

where  the  elements  of  the  symmetrical  matrix  L  are  the  self  and  mutual  segment 
inductances,  those  of  the  diagonal  matrix  R  are  the  segment  resistances,  and 
those  of  the  diagonal  matrix  S  are  the  reciprocals  of  the  segment  capacitances. 
Choosing  the  canonical  bases  i  A  »  ||  v,  « IK  HN  —  BdP  — 

'  Bd(an),  of  the  preceding  section  and  recalling  that  7*  «■  and  — 

,  equations  (14.1)  can  be  summed  with  the  A*b  to  give 

A‘b  {lb^A^^  +  +  SbqA\  I  J‘*  dt^ 

-  (Eb  +  c«)A%  -  E*b  +  e*B 

where  repeated  indices  are  summed  over  their  range,  1,  2,  •  •  •  ,  ni .  Since  » 
0,  t  *■  1,  2,  •  •  •  ,  and  J“*  *«  0,  a  —  m  +  L  •  •  •  f  Wi  i  the  change  in  notation 
J**  »  dq**/dt  reduces  these  equations  to  the  two  sets 

(145)  +  s.«.w)  -  «*., 

t  “  1,  2,  •  •  •  ,  M, 

n*(«)  —  Bt  “  eJ, 

a  “  M  +  1.  •  •  •  » ni , 

where  the  repeated  index  r  is  summed  over  its  range,  1,  2,  •  •  •  ,  /i. 

The  equations  (14.2)  are  the  familiar  equations  of  the  conventional  mesh 


94 


THOMAS  C.  DOTLE 


analysis  of  a  network  generalized  to  our  extended  concept  of  a  mesh  basis  and 
mesh  currents.  On  solving  (14.2)  for  J**  -«  dq**/  dt,  we  obtain  J  AJ*,  or  « 
as  the  solutions  for  the  ni  segment  currents  J^.  Substitution  of  the  solu¬ 
tions  of  (14.2)  into  (14.3)  determines  e.*,  and  thence  by  (13.2). 

To  display  the  generality  of  (14.2)  over  the  conventional  mesh  formulation 
equations,  we  recall  that  if  se  forms  a  basis  of  fi  conventional  simple  meshes,  so 
that  the  elements  of  e  are  from  the  set  —  1, 0, 1,  then  the  most  general  mesh  basis 
matrix  v  is  given  by  r  ea,  where  a  is  any  non-singular  m  X  m  matrix  with 
coefficients  from  the  field  of  real  numbers.  Then,  writing  (14.2)  in  matrix  notation, 
first  for  the  simple  mesh  basis  sc  and  next  for  the  generalized  mesh  basis  sv  s 
sea,  we  have,  on  defining  1  ^  t'Le,  r  s  e'Rc  and  s  ss  c'Sc, 

(14.4)  l^  +  r^+sg.  -E., 

(14.5)  a'U  +  a'U  ^  +  a'saq,  —  Eca, 

dr  dt 

The  conventional  mesh  formulation  equations  of  the  network  are  given  by  (14.4) 
wherein  the  elements  of  t  are  from  the  set  —1,  0,  1.  Any  other  conventional 
formulation  is  expressed  by  (14.5)  providing  we  restrict  the  matrix  a  in  such  a 
way  that  the  elements  of  ca  are  likewise  from  the  set  —1,  0, 1.  Our  generalized 
mesh  concept,  however,  permits  the  elements  of  a  to  be  chosen  arbitrarily  from 
the  real  field  and  this  freedom  provides  us  with  available  parameters  for  a 
possible  reduction  of  (14.4)  to  a  canonical  form. 

The  nodal  formulation  dual  to  (14.2)  and  (14.3)  is  equally  straightforward  but  / 
is  omitted  for  brevity. 
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DISTRIBUTION  OF  SIZES  OF  SPHERES  IN  A  SOLID  FROM  A  STUDY 
OF  SLICES  OF  THE  SOLID 

Bt  Walteb  P.  Rbid 

1.  Introduction.  In  this  paper  it  will  be  supposed  that  one  wishes  to  determine 
the  distribution  of  sizes  among  spheres  imbedded  in  a  solid  from  a  study  of  the 
circles  obtained  when  the  solid  is  cut  by  one  or  more  planes.  This  problem  has 
been  considered  earlier  by  Scheil  and  by  Fullman  (references  1  and  2).  For  con¬ 
venience  in  discussion  it  will  be  assumed  that  the  solid  is  infinite  in  extent.  If 
the  spheres  are  randomly  distributed,  it  will  be  sufficient  to  study  the  circles 
obtained  on  a  single  slice,  otherwise  it  will  be  necessary  to  compile  information 
from  a  niunber  of  slices. 

Two  methods  for  determining  the  distribution  of  sizes  among  the  spheres 
will  be  given.  It  will  first  be  shown  that  the  desired  information  about  the  spheres 
may  be  obtained  if  the  size  distribution  of  the  radii  or  areas  of  the  circles  is 
known.  It  will  then  be  shown  that  another  possibility  is  to  draw  random  lines  on 
the  planes  and  observe  the  distribution  of  lengths  of  the  chords  cut  from  the 
lines  by  the  circles.  If  the  expected  distribution  of  chord  lengths  is  known,  then 
the  size  distribution  of  circles  or  of  spheres  may  be  obtained.  It  turns  out  that 
the  equation  (equation  (44))  for  obtaining  the  distribution  of  sizes  of  spheres 
from  the  distribution  of  chord  lengths  is  simpler  than  either  of  the  ones  (equa¬ 
tions  (38),  (39))  for  obtaining  information  about  the  spheres  from  information 
about  the  circles.  If  one  is  interested  just  in  information  about  spheres  of  a  par¬ 
ticular  size,  then  it  is  only  necessary  to  have  information  about  chords  in  the 
neighborhood  of  that  size,  or  about  circles  of  that  size  and  larger.  It  is  found  that 
the  expected  fraction  of  a  line  cut  off  by  circles  (or  spheres)  is  the  same  as  the 
expected  fraction  of  a  plane  occupied  by  circles,  and  the  same  as  the  average 
fraction  of  the  solid  occupied  by  spheres. 

The  distribution  of  sizes  among  spheres,  circles,  and  chords  can  be  represented 
in  various  ways.  Six  different  functions  are  used  in  this  paper.  They  are  defined 
in  equations  (l)-(6).  Relationships  between  these  functions  are  given  by  equa¬ 
tions  (8),  (9),  (24),  (30),  (32),  (38),  (39),  (40),  (42),  (43)  and  (44)  so  that  if  one 
of  them  is  known,  any  of  the  others  may  be  obtained. 

2.  Functions  Out  will  be  used  to  represent  various  size  distributions  for 
spheres,  circles,  and  chords.  Six  different  functions  will  be  used  in  this  paper 
to  represent  certain  distributions  among  chords,  circles,  and  spheres.  They 
will  not  be  defined  directly,  but  instead  their  integrals  will  be  defined.  Let 

rut 

I  ^{y)  dy  =  the  expected  number  of  chords  cut  cff  by  the  spheres 

**  from  a  random  line  in  the  solid,  which  have  midpoints 

on  unit  length  of  the  line,  and  lengths  between  2yi 
and  2yt ,  where  p*  >  yi . 
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(1) 


the  expected  number  of  circles  with  centers  in  unit  area 
of  a  random  slicing  plane  which  have  radii  of  lengths 
between  ri  and  rt ,  where  ri  >  ri . 


the  average  number  of  spheres  with  centers  in  unit  vol¬ 
ume  of  the  solid  which  have  radii  of  lengths  between 
Ri  and  Rt ,  where  Ri>  Ri. 


the  expected  number  o(  circles  with  centers  in  unit  area 
ai  the  slicing  plane  which  have  areas  of  magnitudes 
between  ai  and  Ot  >  where  Ot  >  Oi . 


the  average  number  of  spheres  with  centers  in  unit  volume 
of  the  solid  which  have  maximum  cross-sectional  areas 
of  magnitudes  between  Ai  and  A» ,  where  At  >  Ai. 


j  H(V)dV  »  the  average  number  of  spheres  with  centers  in  unit  volume 
of  the  solid  which  have  volumes  whose  magnitudes  lie 
between  Vi  and  F* ,  where  F*  >  Fi .  (6) 

The  functions  defined  in  equations  (l)-(6)  are  all  related.  For  instance,  since 


/(r)  -  2wrg(,a) 


In  similar  fashion,  it  is  found  that 


F{R)  -■  2rRG(A)  -  AAH{V) 


where 


Since  the  spheres  do  not  occupy  all  of  the  medium,  it  follows  that  on  the 
average  the  volume  occupied  by  those  spheres  whose  centers  lie  in  unit  volume 
must  be  less  than  unity.  That  is. 


VH(V)  dV  -  p,  where  0  ^  p  <  1 


Similarly 


where  0  ^  <  1 


where  0  ^  p  <  1 
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With  the  aid  of  equations  (7)-(ll),  equations  (12)  and  (13)  may  also  be  written: 

4t  I^F(R)  dR  -  3p  (16) 

»  r*/(r)  dr  »  <r  (16) 

It  will  be  seen  later  that  n  »  v  ^  (equations  (29)  and  (41)),  so  the  expected 
fraction  of  the  line  cut  off  by  spheres  (or  circles)  is  the  same  as  the  expected 
fraction  of  the  area  oil  a  slicing  plane  occupied  by  circles,  and  the  same  as  the 
average  fraction  of  the  volume  occupied  by  spheres. 

Any  oi  the  functions  defined  in  equations  (l)-(6)  may  be  infinite  at  one  or 
more  values  od  its  argument,  provided  simply  that  the  integrals  in  equations 
(12)-(16)  have  the  values  given — and  hence  are  bounded.  There  is  no  loss  of 
generality  from  the  practical  standpoint  in  specifying  that 

^(oo)  -  /(ao)  -  F(oo)  -  g(<x>)  -  (?(«)  -  H(«)  -  0  (17) 

where,  for  example, 

/(«)  -  limit,HM./(r). 

8.  Derivation  of  integral  equations  for  detennining  functions  for  drdes  from 
known  functions  for  sfAeres.  Let  /(r)  be  sectionally  continuous.  In  view  oi  the 
first  mean  value  theorem  for  integrals,  definition  (2)  may  be  written: 

/(r)  I  dr  I  is  approximately  equal  to  the  expected  number  oi 
circles  with  centers  in  unit  area  of  the  slicing  plane,  which  have 
radii  of  lengths  lying  between  r  and  r  +  dr,  for  dr  sufiBdently 
small,  and  lying  in  a  region  where  /(r)  is  continuous.  (18) 

In  similar  fashion,  definition  (3)  may  be  written: 

F(R)  I  di2  I  is  approximately  equal  to  the  average  number  oi  spheres 
with  centers  in  unit  volume  of  the  solid  which  have  radii  oi 
lengths  lying  between  R  and  R  +  dR,  for  dR  sufiBciently  small, 
and  lying  in  a  region  where  F(R)  is  continuous.  (19) 

On  a  random  slice,  the  probability  that  a  given  sphere  will  be  cut  is  propor¬ 
tional  to  the  radius  of  the  sphere.  Multiplying  the  probability  of  an  event  by 
the  number  of  opportunities  for  the  event  to  occur  gives  the  expected  number 
of  occurrences  of  the  event.  Hence,  using  the  above  form  of  definition  (3), 

CR  F(R)  I  di2  I  is  approximately  equal  to  the  expected  number  oi 
circles  with  centers  in  unit  area  of  the  slicing  plane  which  have 
been  cut  from  spheres  with  radii  between  R  and  R  -f-  dR,  for 
dR  suflSciently  small,  and  lying  in  a  region  where  F(R)  is  con¬ 
tinuous.  (20) 
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The  letter  C  here  is  a  constant  of  proportionality.  It  is  easy  to  show  at  this  stage 
that  C  is  equal  to  2.  However,  this  lengthens  and  diverts  the  discussion,  and 
so,  since  the  value  of  C  is  obtained  shortly  in  another  way  anyhow  (equation 
(28)),  the  constant  will  be  carried  along  as  C  for  the  time  being. 

The  circles  will  have  radii  var3dng  in  magnitude  from  zero  to  A  or  A  +  dR, 
whichever  is  larger.  It  is  desired  next  to  determine  how  many  of  them  will  have 
radii  of  magnitudes  lying  between  r  and  r  +  dr. 

Let  the  x  axis  be  perpendicular  to  the  slice.  Place  the  origin  of  coordinates  at 
the  center  of  a  sphere  of  radius  R.  Its  equation  will  then  be 

E*  +  y*  -b  z*  = 
or 

X*  +  r*  -  ie*  (21) 

Hence 

z  dx  +  r  dr  *=  0 


or 

1  dx  1  »  I  r(«*  -  r*)“*  dr  1  (22) 


All  portions  of  equal  length  of  the  x  axis  are  assumed  to  have  an  equal  chance  of 
being  cut  when  the  solid  is  sliced.  If  then,  a  sphere  of  radius  R  is  cut,  the  prob¬ 
ability  that  a  preassigned  section,  dx,  (A  a  diameter  will  be  cut  is  |  dx  |  /2R. 
From  equation  (22),  therefore,  the  probability  that  a  slice  from  a  sphere  of 
radius  R  will  be  a  circle  with  radius  lying  between  r  and  r  -|-  dr  is 


2r  I  dr  I 
2«(i2*  -  r*)* 

0 


if  /2  >  r 
A  R  <r 


(23) 


The  2  in  the  numerator  of  the  first  of  these  expressions  arises  from  the  fact  that 
the  sphere  is  symmetrical,  and  so  a  slice  at  — x  will  have  the  same  radius  as  a 
slice  at  -|-x.  This  doubles  the  chance  of  getting  a  circle  with  radius  in  a  given 
range  from  a  given  sphere. 

By  multiplying  together  expressions  (20)  and  (23),  one  gets  the  expected 
number  of  circles  of  radius  between  r  and  r  -|-  dr  with  centers  in  unit  area  which 
will  be  cut  from  spheres  of  radius  between  R  and  R  -f-  dR,  for  dR  and  dr  suffi¬ 
ciently  small,  as  approximately 

CrF{R){ie  -  r*)"*  I  dr  1  I  dff  1  if  «  >  r 

0  A  R  <  r 


The  total  expected  number  of  circles  with  centers  in  unit  area,  which  have 
radii  between  r  and  r  +  dr,  for  dr  sufficiently  small,  is  then  approximately 

Cr\dr\j^  F(«)(ft*  -  r*)"*dfl 
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When  this  is  set  equal  to  expression  (18),  the  result  is 

/(r)  =  Cr  jT  FiRKie  -  r*)"*  dfl  (24) 

To  get  an  expression  for  C,  multiply  both  sides  of  this  equation  through  by 
rr*  and  integrate.  The  left  side  of  the  resulting  equation  can  then  be  evaluated 
by  means  of  equation  (16),  giving 

•r  =  rC  r*FiR)iie  -  r*)"*  dR  dr  (26) 

This  equation  gives  C  in  terms  of  a.  If  it  is  permissible  to  interchange  the  order 
of  integration,  then  this  equation  may  be  written 

3<r  =  2irC  f  I^F(R)  dR  (26) 

Jo 

Using  equation  (15),  this  becomes 

pC  =  2<r  (27) 

But  a  must  approach  1  as  p  1,  so 

C  =  2  (28) 

p  =  <r  (29) 

By  means  of  equations  (7)-(10),  and  (28),  equation  (24)  may  be  expressed  in 
terms  of  a  and  A  as  follows: 

V^Q^a)  =  f  G(A)(A  -  a)-^dA  (30) 

Jo 

If  from  equations  (7),  (10)  and  (21)  one  sets 

x(ir)*  =  (A  -  a)*  (31) 

then  equation  (30)  may  be  written 

ff(a)  =  2  f  G(o  +  Ti*)  dx  (32) 

Equations  (24),  (30)  and  (32)  are  in  forms  suitable  for  the  case  when  F(R) 
or  G(i4)  is  known,  but  in  this  paper  it  is  assumed  that  /(r)  is  known,  and  that 
F(R)  is  wanted.  It  is  therefore  desirable  to  solve  equation  (24),  (30)  or  (32)  for 
F(R)  or  GiA).  This  will  be  done  next. 

4.  Determination  of  integral  equations  for  obtaining  functions  for  spheres 
from  functions  for  circles.  Equation  (30)  is  a  particular  case  of  Abel’s  integral 
equation,  and  so  its  solution  is  well  known  (e.g.  reference  3).  However,  because 
the  exponent  of  A  —  o  is  —  J  rather  than,  say,  —k  (where  0  <  k  <  1),  the  solu¬ 
tion  to  equation  (30)  can  easily  be  obtained  directly  as  follows. 

Let  a  prime  be  used  to  denote  differentiation  of  a  function  with  respect  to  its 
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argument.  Differentiate  both  sides  of  equation  (32)  with  respect  to  a.  The  order 
of  differentiation  and  integration  on  the  right  may  then  be  interchanged  to  give 

g'(a)  -  2  0'(a  +  «*)  dx  (33) 

provided  that  G'ia  +  vx*)  is  sectionally  continuous  with  respect  to  a,  and  the 
two  integrals  in  equation  (32)  and  (33)  converge  uniformly. 

Set 

o  »■  6  +  iri/*  (34) 

and  then  integrate  equation  (33)  with  respect  to  y.  This  gives 

I  g'(b  +  »!/*)  dy  -  2  0'(b  +  irx*  +  *y*)  dx  dy  (36) 

If  one  may  set  x  »  «  cos  0  and  y  *=  s  sin  9  on  the  right  side  of  equation  (36), 
then 

2 1  g'(b  +  Ty*)  dy  -  4  jjj'*  G'(b  +  t«*)«  dS  ds  (36) 

-  lG(b  +  «*)]:_•  -  -G(b)  (37) 

Upon  changing  notation,  this  becomes 

G(A)  -2  fg'(A  +*y*)dy  (38) 

0 

This  equation  serves  to  give  (t(A)  when  y'(a)  is  known  for  a  ^  A.  • 

When  equation  (38)  is  expressed  in  terms  of  r  and  R  by  means  of  equations 
(7)-(10),  it  becomes,  after  some  simplification, 

tRF{R)  -  1“  r(r*  -  ft*)"V'(r)  dr  (39) 

The  function  F(R)  may  be  calculated  by  means  of  this  equation  if  f(r)  is  known 
for  r^R.  Note  that  F(0)  is  infinite  unless/(0)  «=/(<»),  and  hence  unless/(0)  «  0. 

i 

6.  Equations  connecting  ^(y),  /(r)  and  F(R).  If  one  carries  through  a  develop¬ 
ment  analogous  to  that  used  in  deriving  equations  (24),  (29)  and  (39)  for  the 
case  ci  circles  cut  by  random  straight  lines,  one  obtains 


^(v)  “  2y  /  (r*  -  y*)~*fir)  dr 
M  “  <r 

irrf(r)  -  £  y(y*  -  r*)"*^'(y)  dy 


(40) 

(41) 


(42) 
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When  /(r)  from  equation  (21)  is  substituted  into  equation  (40)  a  double  integral 
is  obtained.  If  the  order  of  int^^tion  may  be  interchanged,  the  result  is 

0(y)  -  jT  F(R)  dR  (43) 

and  so 

This  completes  the  derivation  of  equations  connecting  the  functions  used  in 
this  paper  to  represent  the  various  size  distributions  for  circles  and  spheres.  The 
choice  0$  which  formula  to  use  is  determined  in  part  by  what  is  given.  For 
example,  if  /(r)  is  known,  then  equation  (38)  or  (39)  may  be  used  to  obtain 
F(R). 

6.  Comments.  From  equations  (32)  and  (38)  it  is  found  that  if  either  G(a) 
or  gia)  satisfies  any  linear,  homogenecms  differential  equation  with  constant 
coefficients,  then  tiie  other  satisfies  the  same  ^nation.  As  a  special  cax  pf  ,t^, 
it  follows  that  the  two  fimctions  G(a)  and  g(a)  must  be  multiples  of  each  other 
if  either  satisfies  a  first  order,  linear  homc^eneous  differential  equation  with 
constant  coefficients.  Moreover,  from  equations  (8)  and  (9)  it  is  seen  tluit  f(r) 
and  F(r)  are  multiples  of  each  other  if  g(a)  and  G(a)  are.  In  other  words,  it  is 
possible  for  thie  circles  to  have  the  same  distribution  of  radii  as  the  spherea 
Also,  if  they  do,  then  the  chords  wiU  have' the  same  distribution  of  lengths. 
(This  follows  because  equations  (24)  and  (40)  are  identical.) 

7.  Examples.  By  way  o{  illustration,  one  set  of  corresponding  curves  of  F(R) 
and  /(r)  is  shown  in  Fig.  1.  The  ratio  of  the  heights  of  the  two  maxima  can  have 
any  positive,  finite  value  depending  upon  the  unit  of  length  chosen.  For  a  unit 
of  length  other  than  the  one  which  makes  the  ratio  unity,  as  shown  in  the  dia¬ 
gram,  one  may  consider  that  different  scales  have  been  used  along  the  y  axis 
for  the  two  curves. 

Consider  next  the  case  when  all  the  spheres  have  the  same  radius,  R.  Let  the 
expected  number  of  them  which  have  centers  in  unit  volume  be  AT.  Then,  by 
revising  the  derivation  of  equation  (24),  one  obtains  in  its  stead  for  this  case 

f(r)  -  2  Nr(R‘  -  r*)"*  for  r  <  ft 

f(r)  —  0  for  r  >  iZ 

This  result  may  also  be  obtained  by  starting  with  equation  (24)  and  representing 
F(R)  in  that  equation  by  AT  times  a  Dirac  delta  function. 
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CIRCLES^ 


.SPHERES 


Fia.  1.  A  distribution  curve  for  circle  radii,  and  the  corresponding  one  for  spheres  cal 
culated  by  equation  (39). 
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08CULAT0RY  QUADRATURE  FORMULAS 
Bt  Herbebt  E.  Salsbb 

An  extremely  accurate  series  of  int^piition  formulas  which  utilizes  both  the 
function  (integrand)  and  its  first  derivative  at  n  fixed  points,  is  obtainable  by 
integrating  for  each  n  Hermite’s  n-point  osculatory  interpolation  formula  which 
is  given  also  in  terms  of  the  function  and  its  derivative.  [1],  [2],  [3].  We  denote 
all  integration  formulas  obtained  in  this  manner  as  “osculatory  quadrature 
formulas.”  Not  only  is  such  an  n-point  formula  exact  whenever  the  integrand 
is  a  polynomial  of  degree  ^2n  —  1,  but  for  almost  every  non-polynomial  in¬ 
tegrand  (ailments  equally  spaced)  it  is  very  much  more  accurate  than  even  a 
2n-point  formula  obtained  by  integrating  Lagrange’s  formula  which  employs 
the  integrand  alone  at  equally  spaced  arguments  the  same  distance  apart  (and 
of  course  extremely  more  accurate  than  the  corresponding  n-point  Lagrangian 
formula).  The  reason  for  such  greater  accuracy  in  an  osculatory  quadrature 
formula  is  that  one  finds  that  the  remainder  term  is  merely  equal  to  an  integral 
of  the  remainder  term  in  Hermite’s  interpolation  formula,  and  a  detailed  dis¬ 
cussion  in  [3]  explains  why  the  remainder  in  an  n-point  Hermite  formula  is  so 
much  smaller  than  a  corresponding  remainder  of  an  n-point  or  2n-point  La¬ 
grangian  formula. 

A  convenient  expression  for  /(x)  in  Hermite’s  n-point  osculatory  formula  for 
equally  spaced  arguments  at  intervals  of  h  is  had  by  choosing  a  variable  p  given 
by  X  —  Xd  -b  pA  so  that  /(x)  =  /(xo  +  ph)  a  f,  »  /,  and  setting  x,  ■*  x*  +  ih, 
^f(Xi)  *  fi,  and  f(xi)  *  /< ,  where  the  index  t  runs  from  —  f(n  —  l)/2]  to  [n/2J 
(where  \y]  denotes  the  largest  integer  not  exceeding  y),  so  that  the  general 
formula  becomes 

/(xo  +  ph)  =  {Lj’*’(p)}*{l  -  2Li’*’'(t)(p  -  t)|/.- 

< — t(«-i)/*i 

+  'S’  {Li"’(p)  }*(p  -  Wi  + 

where 

(2)  L\*\p)  i^'  {(p  -  j)/(*  -  j)),  j  =  »■  absent  from  11',  and 

i— t(»-i)/*l 

(  i»/*i  Y  / 

(3)  Rinip)  =  II  ip  —  /  (2n) !,  x_((,_i)/ii  ^  ^  xinm  • 

f(x)  dxoT  h  I  /(xo  +  ph)  dp  may  be  found  by 

integrating  (1)  with  respect  to  p  to  obtain  the  osculatory  quadrature  formulas 
of  the  form 

(4)  /  fix)  dx^h  i:  A,/,  +  h*  E  Bifi  -t-  R, 
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where  in  (4)  the  Ai ,  Bi  and  R  are  really  functions  of  n,  r  and  $,  but  we  avoid 
cumbersome  notation  like  (r,  s),  etc. 

To  evaluate  the  remainder  term  R  in  (4),  we  have  only  to  make  the  assump- 
ti<m  that  the  /*"’({)  in  (3),  which  is  in  reaiity/*"’(f(p)),  is  a  continuous  function 
.qjf  p.  This  assumption  is  very  likely  to  be  realized  in  practice.  Then  we  can 

apply  the  mean  value  theorem  for  integrals  of  the  form  /  '  ^(x)^(x)  dx,  when 

4>{xj  is  continuous'  and  ^(b)  does  not  change  sign  within  the  interval  (a,  b), 
nBnaely 

’  ’  ‘  ^{x)i>{x)  dx  -  ^(i|)  j  ^(x)  dx,  d  ^  if  ^  b. 

Applying  this  to  (4)  since  Af‘*’(p)  m  “  jOlVCZn)!  S;  0,  we  obtain 

using  (3), 

'  ft*.(p)  dx^hf  Ru(p)  dp  -  /  Af‘-’(p)  dp, 

»#+r*  '  •t  . 

where  r  ^  ij  ^  so  that  the /*"’({(n))  -  /*"’(&),  *-[(—»)/«  ^  ^  ^  • 

The  right  side  of  (5)  can  be  set  approximately  equal  to  A  A*”  (p)  dp,  where 

A*"  is  the  (2n)*^  difference  of  /(x)  at  intervals  of  A. 

These  present  tables  give  the  exact  fractional  values,  in  lowbst  terms,  cl  the 
coefficients  At  and  Bi  in  (4)  for  n  ranging  from  two  to  seven,  and  for  all  values 
of  r  and  $  each  within  the  range  (— [(n  —  l)/2],  [n/2]).  Thus  we  have  the  co¬ 
efficients  cl  both  fi  and  /<  for  the  n-point  osculatory  quadrature  formulas  for' 
integrating  over  every  single  interval,  every  two  consecutive  intervals,  three* 
conseoitive  intervals,  etc.,  up  to  the  (n  —  l)-interval  formula,  for  all  such  m-in- 
tervals  within  the  range  (— [(n  —  l)/2],  [n/2]).  The  tables  of  A,-  and  are 
supplemented  by  a  schedule  tabulating  the  exact  values  of  the  remainder  term 
R  in  (4),  in  accordance  with  (5). 

In  tabulating  Ai  and  Bi  below  fen*  various  values  of  n,  r,  and  s,  needless  dupli¬ 
cation  of  numerical  values  is  avoided  by  noting  that  for  every  n-point,  m-in- 
terval  formula, 

(6)  A_[(_i)/ij+y  for  (r,  s)  equal  to  (-[(n  -  l)/2]  +  k,  -[(n  -  l)/2]  +  k  +  m) 
—  Ain/fi-i  for  (r,  s)  equal  to  ([n/2]  —  k  —  m,  [n/2]  —  k),y  *=  0, 1,  •  •  •  ,  n  —  1. 
and 

(6')  for  (r,  «)  equal  to  (-[(n  -  l)/2]  +  k,  -  [(n  -  l)/2]  +  k m) 

■  -  -B[nm-i for  (r,  s)  equal  to  ([n/2]  -  k  -  m,  [n/2]  -  k),;  -  0, 1,  •  •  •  ,  n  -  1. 

Instead  of  verifying  (6)  and  (O')  directly  from  the  definite  integral  formulas 
for  Ai  and  Bi  using  (1),  (2)  and  (4),  it  is  much  easier  to  prove  (6)  and  (60  by 
noting  that  A.  and  Bi  are  solutions  of  the  s}rstem  of  2n  linear  equations  arising 
from  (4)  by  choosing  f(x)  —  x‘,  f  “  0,  1,  •  •  •  ,  2n  —  1,  so  that  »•  0.  For  any 
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Xt  and  h  where  no  x,  becomes  0,  and  for  any  n,  r  and  s  where  (r,  «)  »> 
(— l(n  —  1)/21  +  k,  —  [(n  —  l)/2]  +  A:  +  m)  we  obtain  from  (4)  the  system 


(7) 


»— 1  «— t 

i-o  i-» 


1+1 


»*+•* 

l«»+rk 


1  =•  0,  1,  •••  ,2n  -  1. 


Interchanging  the  limits  of  integration  and  reversing  the  direction  of  the  inde¬ 
pendent  variable,  so  that  the  old  x-((,»_i)/t]+y  becomes  the  new  xinn]-i  (or  equiva¬ 
lently,  the  new  becomes  the  old  X[nt[-i)  and  the  tabular  interval 

h  is  replaced  by  —h,  we  again  obtain  a  system  of  equations  similar  to  (7)  for 
the  new  values  of  Ai  and  Bi  corresponding  to  (r, «)  =  (In/2]  —  k  —  m,  [n/2]  —  k), 
namely. 


(70 


»— 1  »— 1 

i  —  h)  23  A-Un-t)lt\+iX\nm-i  +  1(“W*  £  -D/ti-hyicU/Ji-y 
y-o  y-o 


1+1  ’ 


1  =  0, 1,  •  •  •  ,  2n  —  1. 


Changing  the  index  of  summation  in  (70  to  j'  »  n  —  1  —  j  and  again  using  j 
for  j\  we  obtain 


(7") 


»— 1  »— 1 

(~W  23  ^[i»/ti-j»-c(«-«/*i+y  +  1(“W*  23  ^i«/»i-y®-i(»-j)/»)-fy 

y-o  y-o 


^1+1  a«4-«k 

1+1  art-r*  ’ 


1  -  0,  1,  •••  ,2n  -  1. 


Comparing  the  explicit  determinantal  forms  of  the  solutions  A_((a_i)/s]4./ , 
B-t(»-i)/*)+y  of  (7)  with  the  corresponding  solutions  of  (7*'), 

one  immediately  sees  both  (6)  and  (60. 

The  computation  of  the  present  tables  of  At  and  Bi  proceeded  by  first  ob¬ 
taining  the  polynomials  {L{*\p)  }*and  then  the  polynomials  h  ^  {Li*\p)  }*dp 

and  h  *  I”  p{Li"’(p)}*  dp.  Next  {1  +  2tLl"’'(*) j/o  -  2Ll"’'(t)/i  and 


—ilo  +  Ii  were  computed  for  the  required  values  of  n,  i,  and  integral  values  of 
p  ranging  from  —  [(n  —  l)/2]  to  [n/2],  which  yielded  At  and  Bi  for  (0,  p).  Then 
the  coefficients  Ai  and  Bi  for  each  interval  (r,  «)  were  obtained  by  subtracting 
the  above  calculated  values  of  Ai  and  Bi  for  (0,  r)  from  Ai  and  Bi  for  (0,  «). 
For  n  <  7,  no  advantage  was  taken  of  the  symmetry  relations  (6)  and  (6')  in 
order  to  save  computational  work,  so  that  (6)  and  (60  provided  a  check  upon 
the  calculations.  A  check  upon  the  values  of  Ai  alone  was  performed  by  calcu¬ 
lating  2^!l-}(i.-i)/*i  Ai  “  m  for  every  m-interval  formula.  Then  a  combined 
check  upon  Ai  and  Bi  was  performed  by  using  (4)  to  integrate /(z)  —  z  for  every 
n-point  m-interval  formula,  except  for  where  for  n  odd  an  m-interval  formula 
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had  Bi  skew  symmetric  with  respect  to  t,  in  which  case  fix)  »»  x*  was  used 
instead. 

The  schedule  for  R  involved  only  the  computation  of 


I' M^’^^p)  dp 


1 

(2n)! 


nt»/* 

,_,n 


ii\ 

i)/*j 


which  was  performed  by  the  direct  integration  of  M^*\p),  evaluating  the  poly¬ 
nomials  j  M^*^ip)  dp  for  integral  values  of  p  ranging  from  —  [(n  —  l)/2]  to 

[n/2]  and  finally  obtaining  j  M^^^p)  dp  by  subtraction. 

The  author  is  grateful  to  Miss  Isabelle  Arsham  for  her  assistance  in  checking 
the  tables  of  At  and  Bi . 
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A 


TABLES  OF  A<  AND 

l-Point,  l-Intarral 


4>Poiiit 


(r.*) 

Bt  1 

linterval 

(-1. 0) 

A-i 

6808/18144 

At 

B.i 

1383/30240 

-Sf 

A% 

318/878 

At 

B, 

-851/3360 

-Si 

At 

89/678 

At 

B, 

-269/3360 

-s, 

At 

397/18144 

A.i 

Bt 

-163/30840 

-S-I 

<1.3) 

9.1) 

A~i 

3/884 

At 

B-i 

31/10080 

-St 

At 

109/324 

Ai 

B, 

113/1130 

-Si 

(0.» 

2.lDterTak 

(-1. 1) 

A^i 

323/667 

At 

B-i 

43/945 

-Si 

A$ 

80/81 

At 

Bt 

-16/106 

-Si 

At 

13/81 

At 

Si 

-19/106 

-S, 

At 

20/867 

A.I 

Si 

-8/946 

-S.i 

(0.2) 

2-Intwala 

S-i 

67/1180 

-Si 

mi 

Sf 

-81/1180 

-Si 

■■ 

■■ 

■HHIHili 

At 

-Bt 

S-Point 


iW 

A| 

Bt 

l-Intarval 

(-8.  -1) 

A.t 

15  39651/43  64500 

At 

B^ 

26061/7  35760 

-Bt 

A.I 

80371/8  78180 

Ai 

S-i 

-31807/90730 

-Si 

At 

108/630 

A# 

Si 

-81/380 

-Si 

Ai 

38341/8  78160 

A-i 

Si 

-1343/18144 

-S-I 

At 

59681/tt  64560 

A.t 

Si 

-mtn  85700 

-S-I 

(1.  8) 

(-1.  0) 

A.t 

36081/43  64560 

At 

S-i 

803/7  25700 

-Si 

A.I 

1  83341/3  73160 

Ai 

S-i 

6887/90780 

-Si 

i4i 

313/630 

At 

Si 

-47/380 

-Bt 

Ai 

12091/3  73160 

Au 

S, 

-1731/90780 

-S-I 

At 

14111/43  54560 

A.« 

Si 

-108/1  45153 

-S-I 

(0. 1) 

E 


(-2,  0) 

m 

24463/08040 

0016/8506 

A9 

208/315 

At 

1576/8505 

At 

1153/68040 

(-1.  I) 

A.t 

157/17010 

A~i 

4201/8605 

A% 

313/315 

B., 
B.i 
B, 
B, 

il-i  I  Bt 


-Bt 

-Bi 

-B. 

-B-i 

-B-t 

(0,2) 

-B, 

-Bt 

-B, 

(-1.1) 

O-Intarrata 

(-2. 1) 

11 

0501/17020 

At 

B^ 

339/8060 

-Bt 

■Ifl 

021/1120 

At 

B-i 

-370/1120 

-B, 

A% 

81/70 

At 

Bt 

-81/320 

-B. 

At 

711/1130 

A^t 

Bi 

-183/1120 

-B-I 

At 

411/17020 

A^ 

Bt 

-9/1792 

-B-t 

(-1.2) 

4-Intarrak 

(-2.  2) 

m 

8202/8505 

At 

B-t 

116/2835 

-Bt 

n 

8102/8505 

At 

B-t 

-512/2835 

-Bt 

416/315 

At 

Bt 

0 

-Bt 

(-2.2) 

(-2.-3) 

A^ 

A~t 

At 

At 

iii 

At 

76  33061/238  00060 

6  10607/45  61920 
-1511/96040 

1  08107/3  85120 

7  23347/46  61930 
73783/76  03200 

(-1, 0) 

1  34781/380  16000 

10  26007/46  61020 

1  34837/3  85120 
7300/05040 

1  08787/M  61930 

At 

1  30207/1140  48000 

(0,1) 

A~t 

A-i 

At 

4001/45  61030 

3581/1  68060 

1  36367/3  85120 

B-i 

B, 

A,  I  B, 
A-t  n  B, 
A-,  I  B, 


1  6M0I/A8  83340 
-2  M631/5  9iatO 
-7  82W2/I3  30660 
-86M/S8S6 
3  46063/63  22340 
-3150/10  64448 


16653/266  11200 
3  82570/53  22340 
-0583/49280 
-77713/13  30660 
-lOM/1  18372 
-6607/366  11200 


313/17  74060 
30517/N  23240 
1  43471/13  30560 


-B, 

-Bt 

-Bi  (0,  1) 


(—2, 0) 

A~t 

3  01001/8  91000 

A-\ 

367/660 

At 

2006.4456 

At 

3036/4455 

At 

230/1320 

At 

4867/4  45500 

(-1.1) 

i 

1853/4  45500 
15800/35640 

1412/1485 

2476/4455 

At 

770/17820 

At 

623/2  07000 

23r/60300 

-1565/4158 

-8128/10305 

-4346/10306 

-3061/41580 

-70/34600 


83/1  08050 
323/4020 
-178/1079 
-64/385 

-m/wno 
-80/2  07000 


-Bt 

-Bt 

-Bt 

-Bt 

-B-i 

-B^  (0, 2) 


E] 
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6-Point  (continued) 


(r,«) 

Bi 

S-Interrab 

(-*.!) 

4  770n/14  06000 

A$ 

11989/9  88600 

-Bt 

A.i 

ssiii/aono 

At 

B-i 

-78719/1  97110 

-Bt 

A$ 

mi/soM 

Ai 

B, 

-33119/40180 

-Bi 

Ai 

1191/3890 

At 

B, 

-18917/49180 

-Bt 

A$ 

11391/86810 

A~i 

Bt 

-3198/39414 

-B.I 

At 

10617/14  08000 

A~t 

Bt 

-1431/9  88600 

-Bjt 

(0.3) 

(-1.*) 

A^ 

303/86390 

At 

B^ 

107/1  97130 

-Bt 

A^ 

36I41/161M 

At 

B.i 

18813/1  97130 

-Bt 

A% 

1611/1830 

Ai 

Bt 

-1341/49380 

-Bi 

(-1. 1) 

Ai 

-Bi 

(r.c) 

l-Interrek 


(-1. 1) 

1 

7874/32378 

3673/4488 

1804/1488 

«xn/uu 

3781/4488 

113/7418 

1 

Bj 

B-i 

Bt 

Bi 

Bt 

Bt 

68/3079 

-419/1188 

-1380/3079 

-118/188 

-lOn/lONO 

-11/10198 

-Bt 

-Bt 

-Bi 

-Bt 

-B-I 

-B.« 

(-1. 1) 

8-Intervale 

(-1,1) 

19 

1  19088/9  13184 

At 

B-t 

13180/3  04816 

-Bt 

HI 

18618/11781 

At 

B.I 

-1  14178/10  64448 

-Bt 

At 

79178/07084 

Ai 

Bt 

-08118/3  66111 

-Bi 

(-1.1) 

Ai 

-Bt 

(r.e) 

7-PaiBt 


fr.e) 

Ai 

Bt 

l-Intarml 

(-1.  -1) 

Am 

00414  79169/1  88007  60000 

At 

B.« 

17840  98011/0  33701  08000 

-Bt 

A-i 

-14164  96440/1  39739  60000 

At 

B.t 

-ni  30089/1441  44000 

-Bt 

A.X 

-10144  41911/10806  18880 

Ax 

B-I 

-1178  40031/3767  86480 

-Bi 

At 

8  87191/13  16116 

At 

Bt 

-08138/84433 

-Bt 

Ax 

11190  17339/16608  38880 

A^x 

Bi 

-300  93101/198  36640 

-B-I 

At 

13984  84801/1  39739  60000 

A~t 

Bt 

-10  10199/160  16000 

-B-t 

At 

4178  44187/8  66098  80000 

it -a 

Bt 

-904  41763/6  33701  08000 

-Bm 

0.1) 

(-1.  -1) 

la 

48  08109/33641  71100 

At 

B-t 

14  00811/41811  47300 

-Bt 

m 

81069  OOm/l  39739  00000 

At 

B.t 

77  83887/1441  44000 

-Bt 

A.1 

7024  38811/16108  38880 

Ax 

B-I 

-m  18977/881  81306 

-Bi 

At 

1  06711/13  16316 

At 

Bt 

-140/1110 

-Bt 

At 

334  10818/3331  07776 

A-i 

Bi 

-138  09660/3767  86480 

-B-I 

At 

76  70167/8189  18400 

il-a 

Bt 

-11367/41  18400 

-B.t 

At 

328  78119/8  66093  80000 

il-a 

Bt 

-a  33087/3  07867  36000 

-Bm 

0.1) 

(-i.  0) 

A~t 

181  37801/8  00003  80000 

ila 

B-t 

37  77787/6  23703  08000 

-Bt 

A~t 

1864  80041/1  39739  60000 

At 

B-t 

89197/100  16000 

-Bt 

A-i 

7883  18087/16608  18880 

Ax 

B-I 

341  81011/3767  86480 

-Bi 

At 

8  ni93/12  16318 

At 

Bt 

-17900/1  71180 

-Bt 

At 

680  00401/19608  18880 

A^x 

Bi 

-01  38M1/3797  86480 

-B-I 

At 

Sr  90139/1  19739  60000 

A^ 

Bt 

-1  00979/1441  44000 

-B-t 

At 

41  78167/1  88007  60000 

A-I 

Bt 

-1  79197/88087  44000 

-B-t 

0.1) 

no 
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7-Point  (oontinued) 


(r,  •) 

Bi 

2-Intervab 

(-1.  -1) 

7U  47347/2311  30000 

At 

B-4 

70  67013/2432  43000 

-Bt 

A_s 

At 

B-t 

-8648/17876 

-Bt 

A-i 

-13  18833/M  8M80 

Ai 

B.i 

-16  02003/10  81080 

-Bi 

At 

6  03804/13  1S213 

At 

B, 

-11776/8606 

-Bt 

Ai 

A.i 

Bt 

-6  08201/10  81080 

-B-I 

As 

A.t 

Bt 

-77613/11  36136 

-B-t 

As 

6  aeon/m  loooo 

A-t 

Bt 

-3  80630/2433  43000 

-B-t 

(1.  3) 

(-a.  0) 

A-i 

1  73331/737  10000 

At 

B-t 

1  03637/3433  43000 

-Bt 

A^ 

336  16337/810  81000 

At 

B-t 

61071/0  OOOOO 

-Bt 

A.i 

11  41310/13  07306 

Ai 

B.t 

-23741/1  M440 

-Bi 

At 

6  03004/13  16316 

At 

Bt 

-3318/8606 

-Bt 

Ai 

7  37131/M  8M80 

A.I 

Bi 

-14630/3  16316 

-B.i 

At 

86  70707/40M  06000 

A.t 

Bt 

-3673/6  00600 

-B-t 

At 

36333/443  36000 

A.t 

Bt 

-7543/486  48600 

-B-t 

(0.3) 

(-1. 1) 

A^ 

1  30100/3311  30000 

At 

B-t 

8377/810  81000 

-Bt 

A~t 

0  34713/606  76636 

At 

B-t 

66M/11  26126 

-Bi 

A.I 

33  31683/M  8M80 

At 

B-i 

1  18660/10  81080 

-Bi 

At 

11  74384/13  16316 

At 

Bt 

0 

-Bt 

(-1.  0 

Ai 

-Bi 

(r.f) 

l-Interrmto 

(-1.  0) 

A.t 

160  36780/466  83000 

At 

B-, 

14  00010/612  61200 

-Bt 

A.S 

4M  68601/1601  60000 

At 

B-i 

-76  8M1 1/180  16000 

-Bt 

A.I 

66  10070/306  0M8O 

Ai 

B-i 

-26  60617/30  60M8 

-Bi 

At 

6373/6006 

At 

B. 

-1707/1130 

-Bt 

Ai 

34  60681/41  00006 

A.I 

Bi 

-60  03361/103  60340 

-B-I 

At 

63  63181/330  33000 

A-t 

Bt 

-33481/4  67600 

-Bj 

At 

10  03870/3330  60000 

A.t 

Bt 

-4  11031/3663  66000 

-B-t 

(0.3) 

(-*.  1) 

A.a 

6  08303/3330  60000 

At 

B-t 

1  10067/3663  66000 

-Bt 

A.t 

673  36330/1601  60000 

As 

B-t 

0  68371/160  16000 

-Bt 

A-i 

188  86M1/306  00480 

Ai 

B-I 

-13  46033/103  60240 

-Bi 

At 

6373/6006 

At 

Bt 

-140/1130 

-Bt 

Ai 

116  60333/306  00480 

A.I 

Bi 

-16  88470/103  60340 

-B-i 

At 

63  31487/1601  60000 

A-t 

Bt 

-1  76733/160  16000 

-B-t 

At 

3  60601/3330  60000 

A.t 

Bt 

-7807/366  08000 

-B-t 

(-1.  a) 

i-Intarrali 

(-1.  1) 

A.t 

14  86833/46  06876 

At 

B-t 

8  86368/3M  06376 

-Bt 

A^ 

6  36368/30  27036 

At 

B-t 

-1  07M8/3  36226 

-Bt 

A.I 

36160/81061 

Ai 

B-I 

-247M/10305 

-Bi 

At 

18  68288/13  16316 

At 

Bt 

-11776/8606 

-Bt 

Ai 

6  28302/4  06406 

A.I 

Bi 

-17824/370r 

-B-I 

At 

106  62308/606  76636 

A.t 

Bt 

-03M/1  36136 

-B-t 

At 

4606/6  63836 

A.t 

Bt 

-10144/60  81076 

-B-t 

(-1. 1) 

(-a.  a) 

A.I 

43608/138  20626 

At 

B-t 

6848/101  36136 

-Bt 

A.t 

230  106M/606  76636 

At 

B-t 

73238/11  36126 

-Bt 

A.1 

4  02076/4  06406 

Ai 

B-I 

-11634/1  36136 

-Bi 

At 

13  87808/13  16216 

At 

Bt 

0 

-Bt 

(-3.  3) 

Ai 

-Bi 

(r.  •)  1 
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7-Point  (oontinuad) 


(r,  «) 

Bi 

S-Intervab 

(-a.  2) 

A-t 

3«3  843aa/906  74848 

At 

145  60325/4981  61664 

-Bi 

A^ 

87  20818/307  50786 

At 

-60575/1  38128 

-Bi 

A^i 

1264  91875/3321  07776 

Ai 

R-i 

-083  29375/553  51396 

-Bi 

At 

a  96000/3  43348 

At 

B, 

-68135/54433 

-Bi 

Ai 

5731  88135/3331  07776 

A-i 

Bi 

-233  69375/553  51396 

-B-i 

At 

136  96785/307  86736 

A-« 

Bt 

-1  48375/11  53153 

-Bj 

At 

a  17735/301  91616 

A-4 

B, 

-1  44435/711  65962 

-B-I 

(-3.  3) 

6-Int«mls 

(-a,  a) 

A^ 

a  00929/9  10000 

At 

B^ 

30711/10  01000 

-Bi 

A~^ 

3  13416/0  25635 

At 

B-t 

-51103/1  25135 

-Bi 

A~i 

89389/80080 

Ai 

B-i 

-39070/40040 

-Bi 

At 

10544/5005 

At 

B. 

0 

-Bi 

(-8.3) 

^  1 

-Bi 

(f,«) 
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Schedule  for  Remainder  Term  R  in  (4) 


(r.*) 

3-Paiat,  l-Iatarral 

(r,«) 

(0.1) 

720 

(-2,  0).  (1.  3) 

(r.«) 

3-Paiat,  l-lattrral 

(-1. 1).  (0.  2) 

(-1,  0).  (0, 1) 

3-Paiat,  2-Iatanrali 

(-2. 1),  (0.  3) 

(-1. 1) 

4725 

(-1.  2) 

fr.«) 

4-Poiat,  l-Iaterral 

(-1.  0).  (1.  2) 

<0. 1) 

313 

(-2.  2),  (-1.  3) 
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A  FAMILY  OF  PLANE  COMPRESSIBLE  FLOWS  PAST  A  CERTAIN 
SEMI-INFINITE  BODY 


By  a.  R.  Manwell 

Introduction.  In  this  paper  we  discuss  a  family  of  plane  compressible  flows 
past  the  semi-infinite  body  whose  boundaries  are  sho\vn  in  fig.  (1).  The  straight 
lines  AB  and  CD  are  joined  smoothly  by  the  cycloidal  arc  BC  between  two 
successive  cusps.  It  so  happens  that  for  this  particular  boundary  an  infinite 
family  of  flows  can  be  constructed  depending  continuously  on  a  single  param¬ 
eter,  namely,  the  intensity  of  the  field  of  flow  at  great  distances.  The  arc 
BC  is  a  curve  of  constant  velocity  and  breakdown  of  the  family  of  solutions 
occurs  for  the  critical  condition  that  the  speed  of  sound  is  attained  locally  on 
BC. 

According  to  a  theorem  of  Nikolskii  and  Taganov  [1]  no  transonic  flow  exists 
with  the  supersonic  region  bounded  and  adjacent  to  a  straight  arc  of  the  bound¬ 
ary.  It  follows  that,  in  any  case,  the  family  of  solutions  could  not  be  continued 
beyond  the  critical  case  in  such  a  manner  that  the  supersonic  region  covers 
portions  of  the  boundaries  AB  or  CD.  It  is,  however,  by  no  means  obvious 
that  the  solution  cannot  be  continued  in  some  other  way,  supersonic  velocities 
developing  on  the  cycloidal  arc  only.  A  discussion  of  this  point  is  not  easy:  it 
will  be  shown  that  the  flows  near  the  critical  one  have  non-uniform  behaviour 
with  respect  to  the  speed  parameter. 

Many  conjectures  have  been  made,  see  for  example  Bers  [2],  as  to  the  non- 
^  existence  of  transonic  flow  past 'a  general,  fully  determined,  body  but  it  has  not 
hitherto  been  found  possible  to  construct  a  continuous  family  of  flows  for  such 
a  body.  The  most  important  case  is  that  of  uniform  flow  impinging  on  an  ob¬ 
stacle.  The  case  treated  here  is  rather  simpler  since  the  body  is  semi-infinite. 
It  does  appear  likely  in  this  case,  too,  that  breakdown  occurs  for  local  sonic 
conditions  and  that  the  mechanism  of  the  breakdown  is  the  non-uniform  be¬ 
haviour  of  the  family  of  solutions  with  respect  to  a  pvrameter.  These  properties 
are,  however,  proved  only  for  the  special  family  of  flows  given  by  the  hodc^raph 
method  and  not  for  all  possible  solutions  satisfying  the  boundary  conditions. 

2.  Construction  of  the  solutions.  We  refer  to  Courant-Friedrichs  [3]  for  nota¬ 
tion  and  for  the  derivation  of  the  hodograph  equations  of  steady  plane  compres¬ 
sible  flow.  If  ^  is  the  stream-function  we  have 

P9(9P~V«)e  +  (1  -  =  0.  (2.1) 

Here  q,  $  are  magnitude  and  inclination  of  velocity,  respectively,  and  p  is  the 
density  which  is  a  determinate  function  of  q. 

We  seek  the  most  general  solution  of  (2.1)  of  the  form. 

^  =  /(<?)  sin  e, 
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(2.2) 
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which  is,  as  may  readily  be  verified 

'I'  =  P9  dq~^  sin  6, 

where  k  is  constant  and  a  constant  factor  has  been  suppressed. 
Then  from  [3],  eqn.  (103.17)  we  find  the  Legendre  transform 


(2.3) 


^  =  —q  j  p~^q  ‘  df  cos  d  +  q[C  cos  0  -j-  Z>  sin  sin  fl],  (2.4) 


where  we  have  written 


/  =  ?“*  P9  =  9  ‘(fc  +  /(g)].  (2.5) 

If  we  now  suppose  that  ^  vanishes  for  g  =  a  the  parameter  k  satisfies 


k  +  1(a)  =  0  (2.6) 

Proceeding  as  in  ref.  [3]  we  find  the  following  expressions  for  the  physical  co¬ 
ordinates 


X  =  C  —  i  sin*  B  —  p  cos* 

f  df, 

Jo 

and 

y  =  D  hB  -{■  h  six\  B  cos  B  — 

p~'/'  sin  B  cos  B, 

where 

p-‘/'  =  1  -H  p-*g-*[/(a) 

-  Hq)l 

(2.7) 

(2.8) 

(2.9)' 


Choosing  the  constants  C  =  i  and  D  =  —  riA.  the  origin  x  =  0,  y  =  0  is  the 
image  of  the  point  q  =  a,  B  =  t/2  in  the  hodograph  plane.  The  circular  arc 
q  =  a,  O^B^t  maps  into  the  curve 


x(B)  =  —  i  cos*  B, 

y(B)  =  ^(B  —  t/2)  —  J  sin  0  cos  B, 


(2.10) 


which  is  a  cycloidal  arc  between  successive  cusps.  Again,  the  radii  B  =  0,  B  = 
xforO  ^  g  ^  a  map  inio  the  semi-infinite  lines  y  =  ±  t/4  which  are  the  tangents 
to  the  cycloidal  arc  at  the  cusps,  each  drawn  in  the  same  sense.  Figs.  1,  2. 

The  hodograph  region  0<g<a,  O<0<Ti8  mapped  on  the  r^on  exterior 
to  the  semi-infinite  body  bounded  by  the  cycloid  and  its  tangents.  We  note  that 
the  stream  function  vanishes  on  this  boundary  and  that  the  form  of  the  latter  is 
independent  of  the  parameter  a. 

Now  the  origin  q  —  0  corresponds  to  the  point  at  infinity  in  the  physical  plane 
and  for  small  values  of  g 

a:  ^  (-//2)p(0)“‘g“*  cos  2B,  (2.11) 

y  ^  -  (//2)p(0)"‘g“*  sin  2B.  (2.12) 
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Fic.2  HODOGRAPH  PLRNE 

The  flow  at  great  distances  from  the  origin  is  the  same  as  for  incompressible 
flow  round  a  semi-infinite  barrier.  Its  behavior  is  determined  by  the  factor  1(a) 
and,  since  1(a)  increases  steadily  with  a,  the  flow  is  determined  uniquely  for 
each  condition  at  infinity  with  a  certain  range  of  a. 

For  subsonic  conditions,  a  <  C*  ,  and  for  the  critical  flow,  a  =  (7*  ,  we  have  a 
physical  realisation  of  the  solutions  as  we  now  show.  We  first  prove  that  the 
derivatives  are  finite  and  do  not  vanish  simultaneously  except  at  three 

boundary  points,  namely  9  0,  the  image  of  the  point  at  infinity  in  the  physical 

plane,  and  the  two  cusps.  These  facts  follow  readily  from  eqn.  (2.3)  for  ^  and 
the  expression  (2.9)  for  f(q)  in  which  we  note  that  the  term  in  the  [  ]  is  non¬ 
negative.  It  is  then  clear  that  in  case  a  ^  C*  the  Jacobian  of  the  transformation 
between  the  (x,  y)  and  (q,  0)  planes  is  finite  and  non-zero  at  internal  points.  Since 
4'(q,  6)  is  a  given  one-valued  function  the  physical  flow  function  ^(x,  y)  is  one- 
valued  also. 

On  the  other  hand,  for  o  >  C  no  physical  flow  exists.  The  simplest  way  of  show¬ 
ing  this  seems  to  be  to  prove  that  the  boundary  streamline,  say  ^  =  0  for  0  =  0, 
is  doubled  back  on  itself  in  the  physical  plane.  Thus,  setting  0  =  0  in  eqn.  (2.7) 
we  find,  after  an  integration  by  parts, 

x(q)  =  -i  -  J  P~'q~'S(l>q)'  dq, 

and  so 

x\q)  -  -p-'q-"f(jpqy.  (2.13) 

Since  /  does  not  change  sign  in  0  <  9  <  a  the  derivative  x'(q)  certainly  does  on 
account  of  the  factor  (pq)'  =■  p(l  —  9*/^*)-  It  follows  at  once  that  the  mapping  of 
the  straight  line  boundaries  is  not  one — one  for  supersonic  solutions. 
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A  further  discussion  would  show  that  limit  lines  join  the  points  d 
and  q  ^  a  resp)ectively  (and  similarly  on  the  line  $  =  r). 


3.  Non«uniform  behaviour  of  the  flow  solutions  near  the  critical  case.  Let 
^(x,  y,  c)  be  a  family  of  solutions  of  the  equation  for  plane  compressible  flow 
which  depend  continuously  on  the  parameter  c.  We  define  the  perturbation 
stream-function  by 

V  =  17(9,  9)  =  L4,^o{Ar‘[\f'(x,  y,  (  +  At)  -  ^{x,  y,  «)]},  (3.1) 

where  the  hodograph  variables  q,  0  refer  to  the  flow  ^(x,  y,  t).  In  many  cases  the 
limit  in  (3.1)  will  exist  uniformly  throughout  the  region  and,  moreover,  the  rates 
of  change  of  the  velocities  with  respect  to  the  parameter  may  be  found  from 
derivatives  of  ri.  It  was  proved  in  [4]  by  direct  calculation  that  the  quantity 
ij(g,  0)  is  the  Legendre  transform  of  the  perturbation  S^(q,  0)  of  the  hod(^aph 
representations.  A  short  proof  will  now  be  based  on  some  elementary  results 
given  in  [3]. 

Vaiying  4^,  u,  v  of  eqn.  (103.06)  of  [3]  keeping  x,  y  constant  and  noting  the 
identities  (103.07)  we  find  that  the  terms  in  Su,  Sv  cancel  and  we  are  left  with 

y)  s  n(9,  9)  =  -6'^{pu,pv).  (3.2) 

In  a  similar  manner  we  can  prove  that 

V(x,  y)  a  x(9,  9)  =  v)  (3.3) 

where  4>,  ^  are  the  Legendre  transforms  defined  in  ref.  [3j. 

By  means  of  (3.2)  and  eqn.  (103.16)  of  [3]  we  can  deduce  ri(q,  0)  for  a  given 
S^iq,  0).  Applying  this  method  to  the  family  of  solutions  (2.3)  we  have  to  in¬ 
tegrate 

Stff  =  (1  —  gVc*)“*9n«  -  V,  (3.4) 

where 

=  dkq~^  sin  0.  (3.5) 

A  particular  integral  of  (3.4)  is  then 


This  value  of  v  satisfies  the  boundary  conditions  of  vanishing  on  9  =>  a,  0  »  0, 
0  =  T  and  has  the  correct  behaviour  at  9  =  0  (x,  y  infinite).  From  its  mode  of 
definition  by  way  of  ^(x,  y,  a)  there  can  be  only  one  such  value  of  v  which  is 
therefore  that  given  by  eqn.  (3.6). 

The  discussion  of  the  non-uniformity  of  the  flow  solutions  depends  on  a  formula 
for  the  perturbation  of  the  velocities.  Since  6u  **  x«  and  fit;  ■:  x»  we  have 

qSq  =  uSu  +  vSv  =  (ux.  +  vx*)- 


1 
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By  an  elementary  step  we  get 

qiq  =  +  vxt)  +  x»(-«a«  +  Myt)]i 

where  J  is  the  Jacobian  d{x,  y)/9{9,  q).  Evidently 

=  pvxt  -  puyt  =  J~^p[uq,  + 

and  with  a  similar  result  for  \f>g  we  find 

JpqSq  =  x*^q  —  Xqh  •  (3.7) 

By  means  of  the  relations  connecting  the  derivatives  of  Xi  v  and  the  expression 
for  J  in  terms  o^, ,  ^9  we  get 


{pqYdq/pq 


^qVq  +  P  ^g~*{pqyhvt 

4^1  +  P"V‘(P9)VJ 


(3.8) 


Applied  to  the  4/  of  eqn.  (2.3)  formula  (3.8)  furnishes  a  continuous  Sq  for  each 
6l  provided  o  <  C*  as  may  easily  be  verified.  For  the  critical  case  a  =  how¬ 
ever,  we  set  g  =  C*  +  «  and  for  small  9  and  s  we  have 

6?  =  6«  =  const,  il  ,  (3.9) 

where  b  is  constant.  According  to  (3.9)  Sq  is  not  defined  at  the  point  0  =  s  =  0, 
that  is  at  a  cusp  for  sonic  velocity.  Since,  however,  a  direct  comparison  of  ad¬ 
jacent  flows  for  a  <  C*  shows  that  the  changes  of  q  with  respect  to  a  are  con¬ 
tinuous,  we  have  a  contradiction.  We  conclude  that  for  a  =  the  behaviour 
of  the  solutions  with  respect  to  changes  of  a  is  not  uniform  throughout  the  flow; 
we  may  not  proceed  to  the  limit  in  calculating  the  velocity  changes  at  a  given 
point  in  the  field  due  to  varying  the  parameter  a. 

This  conclusion  is  entirely  in  accord  with  the  facts  proved  in  the  previous  sec¬ 
tion.  If  the  velocity  changes  were  in  fact  uniform  with  respect  to  a  at  the  critical 
value  a  =  Ciq  the  known  existence  of  solutions  for  a  slightly  less  than  C*  would 
lead  to  their  existence  for  values  slightly  in  excess  of  C*  .  However  the  latter 
would  necessarily  be  the  same  as  those  derived  from  the  hodograph  method  in 
section  2  and  since  these  have  no  physical  realisation  we  once  more  reach  a  con¬ 
tradiction.  The  method  of  the  preceding  paragraph  is  more  explicit  than  this 
argument. 

It  is  interesting  to  observe  that  application  of  (3.9)  to  the  critical  case  for 
increase  of  the  stream-intensity  at  large  distances  gives  a  gap  in  the  hodograph 
boundary.  This  is  remarkable  since  both  the  mathematical  properties  of  equations 
of  mixed  type  and  the  experimental  facts  of  shock  waves  lead  to  the  expectation 
that  such  a  discontinuity  will  appear. 


The  author  thanks  the  referee  for  some  helpful  suggestions  in  regard  to  the  presentation 
of  this  paper. 
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A  TABLE  OF  THE  FIRST  ELEVEN  REPEATED  INTEGRALS 
OF  THE  ERROR  FUNCTION 

By  Joseph  Kaye 

Introduction.  Many  complicated  engineering  problems  in  the  fields  of  heat 
transfer  and  mass  transfer  are  usually  reduced  to  relatively  simple  one-dimen¬ 
sional  problems  in  order  to  obtain  reasonable  answers  in  a  finite  time.  However, 
the  solution  of  even  the  simple  one-dimensional  problem  for  the  case  where 
the  boundary  conditions  are  also  dependent  on  time  involves  a  large  amount  of 
laborious  calculations.  Reference  (1)*  contains  examples  of  the  laborious  calcu¬ 
lations  involved  in  determining  the  transient  temperature  distribution  in  a  wing 
flying  at  supersonic  speeds;  these  examples  illustrate  the  solutions  for  the  two- 
dimensional  and  one-dimensional  heat  flow  in  a  solid  body  for  the  case  where 
the  boundary  conditions  vary  strongly  with  time.  This  study  and  others  have 
demonstrated  a  great  need  for  more  rapid  methods  of  solution  of  heat-transfer 
and  mass-transfer  problems  when  the  boundary  conditions  are  time  dependent. 

For  engineering  purposes,  a  group  of  design  charts  based  on  one-dimensional 
heat  flow  for  the  general  case  of  time-dependent  boundary  conditions  would  be 
highly  useful.  In  the  past  few  years,  attempts  to  obtain  such  design  charts  have 
proven  successful. 

In  particular,  a  set  of  such  design  charts  useful  for  rapidly  solving  heat  flow 
in  devices  moving  at  supersonic  speeds  and  experiencing  aerodynamic  heating 
*  will  be  published  soon  (2).  In  the  course  of  the  preparation  of  these  design  charts, 
f  it  was  found  necessary  to  compute  and  extend  the  presently  available  tables  of 
repeated  integrals  of  the  error  function.  The  main  reason  for  such  an  extension 
was  that  the  analytical  solutions  of  the  one-dimensional  heat  flow  problem  could 
be  obtained  by  use  of  the  Laplace  Transform  and  that  these  solutions  could  be 
given  simply  in  terms  of  an  infinite  series  based  on  the  repeated  integrals  of 
the  error  function. 

The  error  function,  its  repeated  derivatives,  its  repeated  integrals,  and  its 
other  properties,  are  given  in  detail  by  Carslaw  and  Jaeger  (3)  and  by  Hartree 
(4).  It  is  not  intended  here  to  repeat  the  material  described  therein  but  to  give 
here  only  the  definitions,  recurrence  formula,  and  the  checks  used  in  the  compu¬ 
tation  of  the  extended  table  presented  herein.  The  reader  should  consult  Har- 
tree’s  paper  (4)  for  the  many  useful  applications  of  these  error  functions  and  their 
integrals. 

Definitions.  The  error  function  is  defined  by 

erf  X  =  ^  jf  e”**  rf{,  (1) 

*  Numbers  in  parentheses  refer  to  items  in  Bibliography. 
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and  the  complement  of  the  error  function  by 

erfc  X  ■  1  —  erf  *  (2) 

The  repeated  integrals  of  the  error  function  are  given  by 

r  erfc  X  *  J  erfc  {  forn  —  1, 2,  •  •  •  (3) 

and 

erfc  X  erfc  x  (4) 

and 

erfc  X  ■“  *  erfc  x  —  —  x  erfc  x.  (6) 

The  general  recurrence  formula  is 

2nt*  erfc  x  —  »"“*  erfc  x  —  2xi"“‘  erfc  x  (6) 


For  the  special  case  of  zero  value  of  x, 


»*  erfc  0 


1 

2*r(in  +  1) 


(7a) 


if  n  is  even,  (7b) 


if  n  is  odd.  (7c) 


Computation  of  the  extended  table  of  C  erfc  x.  The  values  of  the  repeated 
integrals  of  the  error  function  were  computed  with  the  aid  of  the  general  recur¬ 
rence  formula,  Eq.  6.  The  details  of  this  process  are  not  important  but  the  ac¬ 
curacy  of  the  final  results  will  be  discussed  in  terms  of  the  errors  and  the  checks 
used  in  the  calculations.  The  use  of  the  general  recurrence  formula  leads  to  a 
rapid  depletion  of  the  number  of  significant  figures  for  the  higher  values  of  n. 
Hence,  in  order  to  end  with  five  or  six  significant  figures  for  t“  erfc  (0),  it  was 
necessary  to  start  the  calculations  with  many  more  significant  figures  for  the 
values  of  the  original  functions  used,  namely  (2/ •>/»)«”**  and  erf  x.  The  actual 
calculations  were  done  twice,  first  with  10  and  second  with  15  significant  figures 
of  these  two  functions,  taken  from  the  recent  tabulation  of  the  National  Bureau 
of  Standards  (5).  ‘ 

An  independent  check  of  the  accuracy  of  some  of  the  final  values  was  obtained 
for  X  »  0  by  use  of  Elq.  7a,  in  terms  of  the  Gamma  fimctions  and  the  functions 
given  in  British  Association  Mathematical  Tables  (6)  of  Hhn(x).  The  values 
given  here  agreed  with  the  results  in  (6)  within  their  accuracy. 

The  computed  values  of  each  repeated  integral,  t"  erfc  x,  were  examined  for 
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errors  before  rounding  o(f  to  the  desired  number  of  significant  figures  given  in 
the  final  table  by  taking  second,  fourth,  and  sixth  differences.  The  computed 
values  were  then  rounded  off  to  yield  six  significant  figures  for  x  »  0  for  values 
of  n  between  0  and  7,  and  to  five  significant  figures  for  x  =  0  for  n  between 
8  and  11.  Throughout  the  calculations,  at  least  four  additional  significant  figures 
than  those  tabulated  were  used,  so  that  the  last  significant  figure  given  in  the 
final  table  should  be  free  of  error.  In  addition  to  these  final  values  the  respective 
second  differences  are  tabulated.  For  work  requiring  most  accurate  interpolation, 
the  fourth  and  sixth  differences  can  be  easily  computed  and  added  to  the  tables. 

Acknowledgment.  The  numerical  calculations  were  carried  out  by  two  undergraduate 
students,  Charles  A.  Honigsberg  and  John  Stekly. 
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DEFORMATIONS  POSSIBLE  IN  EVERY  COMPRESSIBLE, 
ISOTROPIC,  PERFECTLY  ELASTIC  MATERIAL 

By  J.  L.  Ericksen 


1.  Introduction.  There  are  a  number  of  deformations  which  can  be  produced 
in  every  incompressible,  isotropic,  perfectly  elastic  material  by  the  application 
of  surface  tractions  only  [1].  Most  of  these  can,  in  fact,  be  produced  in  all  in¬ 
compressible  materials  which  possess  transverse  isotropy  [2].  Solutions  cor¬ 
responding  to  these  deformations  are  of  considerable  importance  in  that  one 
can,  as  has  already  been  done  for  rubber  [3],  make  use  of  them  to  determine 
the  strain  energy  of  such  materials.  In  view  of  this  fact,  it  seems  desirable  to 
determine  the  corresponding  class  of  solutions  for  compressible  materials.  We 
will  show  that  a  deformation  which  can  be  produced  in  every  compressible, 
isotropic,  perfectly  elastic  material  by  the  application  of  surface  tractions  only 
is  necessarily  homogeneous.  Such  deformations  have  been  discussed  in  some 
detail  by  Rivlin  [4]  and  Truesdell  [5]. 


2.  Equations  of  Elasticity.  If  we  consider  two  neighboring  particles  situated 
at  X*  and  x'  +  dx\  respectively,  in  the  deformed  state,  we  can  define  a  symmetric 
tensor  c.y  such  that  oa  dx*  dx’  is,  to  within  terms  of  higher  order  in  dx*,  the 
square  of  the  distance  separating  these  particles  in  the  undeformed  state.  The 
strain  energy  W  of  a  material  of  the  type  considered  here  is  a  scalar  invariant 
of  Cij .  The  stress  tensor  t*j  is  given  by 


(2.1) 


t'i 


ddk 


Po 


where  p  is  the  density  in  the  deformed  state,  po  the  density  in  the  undeformed 
state.  The  law  of  conservation  of  mass  implies  that 

(2.2)  p  =  po(det  c‘,)‘. 


and  the  stresses  are  assumed  to  satisfy  the  equations  of  equilibrium 
(2.3)  '  =  0. 


Furthermore,  the  Riemann  tensor  based  on  c,>  must  vanish,  a  condition  which  can 
be  expressed  in  the  form 

(2.4)  Rijkm  =  i(c.iii.*y  +  Cjk.im  —  Cik.mi  ”  Cjm.ik) 

"H  (c  *)'^*(A>trA,«,  —  AjmrA.ikt)  =  0, 
where  (c“‘)’^  is  the  inverse  of  c.y  and  the  tensor  A  at  is  given  by 


(2.5)  Aijk  ^  AjiJt  —  i(Ctt,y  ^  C}k,i  ®ty.*)» 

Now  W,  being  a  scalar  invariant  of  c'y ,  can  be  expressed  in  terms  of  the  prin¬ 
cipal  invariants 

(2.6)  /i  =  c\  ,  /,  =  M(c\)*  -  cVM,  /,  =  det  c*y , 
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of  c*i .  Using  this  fact  and  (2.2),  we  can  write  (2.1)  in  the  form 
(2.7)  = 

s-i  ol  ff  oCk 

From  (2.3)  and  (2.7), 

m  ±  ^  (/.*  c'.)  '  +  ±  ^  u‘  §  c\  -  0. 

N-l  olif  \  o&k  /  M.N—l  al  HtdlK  d&k 

In  order  that  Cij  describe  a  deformation  possible  in  a  material  with  strain 
energy  W,  it  must  satisfy  (2.4)  and  (2.8).  Also,  the  Ca  must  be  coefficients  of  a 
positive  definite  quadratic  form.  A  symmetric  tensor  c,-y  satisfying  these  condi¬ 
tions  for  every  choice  of  the  function  W  =  W(Ii ,  7* ,  It)  will  be  called  an 
admissible  tensor. 

3.  Determination  of  the  admissible  tensors.  It  is  easily  seen  that,  for  (2.8) 
to  be  satisfied  by  c,,  for  arbitrary  choices  of  W,  it  is  necessary  and  sufficient  that 
the  coefficient  of  each  distinct  derivative  of  W  in  this  equation  vanish.  Equating 
to  zero  these  coefficients,  we  obtain 


('■' Is 

j  J  J  —  n 


(AT  =  1,  2,  3), 


(M,N  =  1,2,3). 


From  (2.6), 


—  A*  —  /  A*  /.* 


/,(0*,-. 


From  (3.1)  with  N  =  3  and  (3.3), 


-  -  0, 

SO  It  must  be  constant.  It  then  follows  from  (3.1)  with  N  =  1  and  (3.3)  that 

while  (3.2)  with  M  =  I,  N  =  3  and  (3.3)  yield 

=  AV,(c-yyc\  =  Ii%  =  0. 

OCk  OC'k 

Since  the  c,y  are  coefficients  of  a  positive  definite  (juadratic  form,  /j  >  0,  so  that 

(3.4)  c*\j  =  0,  Ii.i  =  c’i,i  =  0. 

From  (2.5)  and  (3.4), 

(3.5)  A‘i*  =  i(c*k,i  +  c't.i  —  c*,-.t)  =  0. 
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From  (2.4),  (3.4)  and  (3.5), 

=  i(c’«’^y  +  cV*<  ~  ~ 

(3.8)  +  (c-')"(AV‘i.  -  A'a'i.) 

=  -  (c-YA'U',.  -  0. 

We  assert  that  (3.6)  implies  that  A^k  ^  0.  To  prove  this,  we  first  observe  that, 
since  the  eigenvalues  of  (c“‘)*^  are  positive,  we  can  introduce  a  real  symmetric 
tensor  (c~*),>  whose  eigenvectors  coincide  with  those  of  (c“‘)*^  and  which  has  the 
property  that  each  eigenvalue  of  (c~*)*y  is  the  positive  square  root  of  the  cor¬ 
responding  eigenvalue  of  (c~*)*y-  This  tensor  satisfies 

Elquation  (3.6)  then  becomes 

A%(c-*yun.(c-*y‘‘  =  0. 

In  rectangular  Cartesian  coordinates,  this  expression  reduces  to  a  sum  of  squares 
of  the  components  of  i4,y,(c“*)**,  so  that 

Aij.ic-*y‘‘  =  0. 

Then,  since  (c“*)**  has  an  inverse, 

A  a,  =  0. 


Using  (2.5),  we  then  obtain 

A  at  Aik}  —  C}k,i  =  0, 

so  Cii  is  a  constant  tensor.  This  is  a  necessary  and  sufficient  condition  that  Ca 
correspond  to  a  homogeneous  deformation,  which  establishes  the  result  stated  in 
the  introduction. 
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neo-schlOmilch  series 

Wallace  D.  Hayes* 


The  classical  theory  of  Schlomilch  series  consists  primarily  of  the  solution 
to  the  problem  of  the  expansion  of  an  arbitrary  function  in  a  series  of  Bessel 
functions  of  fixed  order  with  the  argument  proportional  to  an  integral  variable 
m  (Ref.  1,  Chapt.  19).  The  original  case  treated  involves  only  Bessel  functions 
of  the  first  kind  and  of  order  zero,  with  the  argument  covering  the  interval 
(0,  t).  The  term  generalized  Schlomilch  series  refers  to  series  involving  Struve 
functions,  nonzero  order,  and  the  interval  (— t,  t).  The  present  contribution 
consists  of  an  extension  of  the  case  with  Bessel  functions  of  the  first  kind  and  of 
zero  order,  with  the  argument  proportional  to  y/k^  m*,  where  k  is  constant. 
For  convenience,  such  series  are  termed  neo-Schl6milch  series. 

Such  series  can  arise  in  the  consideration  of  solutions  of  the  e^iuation 

^  -  k%  =  0  (1) 

which  are  periodic  in  the  variable  z.  Taking  the  period  equal  to  2t  the  method 
of  separation  of  variables  )rields  an  equation  in  x  and  y  for  which  the  Riemann 
function  about  the  origin  is  Jt(y/k*  4-  wt*  "n/x*  —  j/*).  Superposition  in  terms 
of  Fourier  series  in  z  leads  directly  to  series  of  the  neo-Schlomilch  type  (cf. 
Ref.  2,  Sect.  46). 

The  arbitrary  function  is  denoted  f{x),  and  the  desired  expansion  is  of  the 
form 

fix)  *  ^ooJoikx)  +  OmJoiy/k*  +  m*  x)  (2) 

within  the  interval  0  ^  x  ^  x.  As  in  the  classical  case  the  method  is  to  deter¬ 
mine  the  function 

g(x)  =  ioo  +  cos  mx  (3) 

in  the  same  interval,  from  which  the  coefficients  may  be  obtained  directly.  A 
modification  of  Parseval’s  integral  (Ref.  1,  Sect.  2.2)  may  be  obtained 


j  /•*» 

Jo(\^k*  4-  m*  x)  —  —  cos  (mx  sin  0)  cos  (kx  cos  8) 
2t  Jo 

=  -  /  COB  (mx  sin  8)  coe  (kx  cos  8)  c 

T  .0 


which  gives  directly  the  relation 
2 

fix)  =*  -  gix  sin  8)  cos  ikx  cos  8)  dS  (5) 

X  Jo 


This  integral  equation  must  be  solved  to  complete  the  problem. 

‘  This  paper  was  written  while  the  author  was  a  Scientific  Liaison  Officer  with  the  Office 
of  Naval  Research,  U.  8.  Embassy,  London. 
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To  solve  the  integral  ec|uation  a  transformation  is  made 
{  =  X*,  j?  =  M*  =  X*  sin*  6 
Fii)  =  fix),  Giv)  =  giu) 

=  «*  sin*  <t> 


(6a,  b) 
(6c,  d) 
(6e) 


in  which  and  ^  are  dummy  variables  to  he  used  later.  The  integral  eciuation 
becomes 


F(^)  =  i  f  *  (?(n)  cos  ik%/^  -  7i)  dy 

T  Jo  \/f  -  n 


(7) 


in  which  form  its  relation  to  Abel’s  integral  equation  is  evident.  Following  the 
general  method  of  Ref.  3  (Sect.  11.8),  the  function 


I(k)  =  -f 

r  J,' 


1  f  cos  (k%/ —  ff')  cosh  (ky/ rf  —  (')  d(' 


Vv  -  r 


is  considered,  and  it  is  noted  that 

/(O)  =  1 


(8) 


(9a) 

(9b) 


^  (fcVi'  -  v')  sinh  (kVv  -  {’)]  =  9 

Hence,  since  /(A-)  is  continuous,  it  may  be  concluded  that 

lik)  =  1 

Multiplying  both  sides  of  Eq.  (9c)  by  G(tj')  and  integrating  with  respect  to  t;' 
from  0  to  rj  yields 


(9c) 


dfj'  =  -  r  r  ^(nO  cos  jky/'^  -  nO  cosh  jky/ri  -  d^'  dy' 

Jo  ^  r  Jo  J,'  y/^'  —  ri'  %/n  — 


*  G(ri')  COS  (ky/^  —  nO  cosh  (ky/v  —  {')  rfV  d^' 
T  Jo  Jo 


Vv  -  r 


or 


f  G(v)  dv  -  r 

Jo  -v/n  _  t' 


Vn  -  r 

whose  derivative  is  the  solution  to  Eq.  (7). 

Inverting  the  transformation  gives,  for  the  solution  to  Eq.  (5), 

"  fu  [  u  J  f(u  sin  ^)  cosh  (ku  cos  0)  sin  <t> 

/•»/! 

=  —  /  </[/(«  sin  0)  cosh  (ku  cos  0)  cos  ^1 

Jo 


(10) 


(11) 
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/*■/* 

f'{u  sin  cosh  (Jcu  cos  4>)  d<l> 


or 


g(u)  —  /(O)  cosh  ku  +  u  f  sin  cosh  {ku  cos  d4> 

Jo 


(12) 


The  coefficients  are  evaluated  through  the  usual  equation  for  the  Fourier  co¬ 
efficients 


cu 


?/'.(«) 

T  Jo 


COS  mu  du 


which  leads  to  the  expression  for  the  coefficients 
2A:(— 1)"  sinh  fcx  w_. 


2  f'  f'^* 

+  -  /  sin  0)  cosh  (fcn  cos  0)  cos  mu  d4  du 

T  Jo  Jo 

1  to  the  form 

dm  =  -  I  fix)Cm(x,  k)  dx 

T  Jo 


This  result  may  be  changed  to  the  form 

2  r 

T  ^ 


(13) 


(14) 


(15) 


where  the  function  Cm  is  defined  by 

/  i\  (— cosh  k  vV®  —  x-  ,  f’mx  cosh  k  y/P  —  i?  s\n  mt  dt 

- - +  i. - 

One  property  of  this  function  is 

(17) 

The  validity  of  the  expansion  depends  primarily  on  that  of  the  change  in  the 
order  of  the  integrations  in  Eq.  (10),  on  that  of  the  change  of  the  order  of  inte¬ 
gration  and  summation  underlying  Eq.  (5),  and  on  that  of  the  Fourier  expansion 
Eq.  (3).  In  general,  the  requirements  for  validity  are  the  same  as  for  classical 
Schlomilch  series  of  zero  order  (Ref.  1,  Sect.  19.1).  It  is  sufficient  that  f{x)  has 
a  continuous  derivative  which  has  limited  total  fluctuation  in  the  closed  inter¬ 
val. 

As  with  the  classical  Schlomilch  series,  a  null  series  can  be  found  for  the  open 
interval.  This  series  is 

0  =  \Jo{kx)  -I-  E«-i  (-  D"  Jo{\/k?  -f  m»  x)  0  <  x  <  t  (18) 

The  method  of  showing  this  is  the  same  as  that  for  the  case  k  —  0  (Ref.  1,  Sect. 
19.41). 

The  parameter  k  may  have  any  complex  value,  although  cases  in  which  it  is 
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real  may  have  more  applications.  If  A:  is  imaginary  the  series  are  again  real  ones 
in  Jo ,  with  a  finite  number  of  terms  expressed  in  terms  of  the  modified  Bessel 
function  lo . 
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PERTURBATION  THEORY  OF  WAVE  PROPAGATION  BASED  ON 
THE  METHOD  OF  CHARACTERISTICS 


By  Phyllis  A.  Fox* 

1.  Introduction.  Attempts  to  solve  problems  in  hydrodynamics  using  the 
usual  perturbation  techniques  may,  in  certain  cases,  lead  to  unsatisfactory  solu¬ 
tions.  In  this  paper  an  altered  type  of  perturbation  procedure  is  advocated  and 
described  with  reference  to  the  simple  problem  of  plane  wave  propagation. 

It  is  well  known,  for  example,  that  a  perturbation  expansion  in  terms  of  a 
small  parameter,  c,  for  the  velocity  or  density  of  a  propagating  plane  wave  gives 
rise  to  higher  powers  of  the  distance  variable,  x,  in  successive  terms  of  the  series. 
(See  a  simamary  of  results  of  this  type  in  [1].)  Thus  at  large  distances  the  solution 
breaks  down,  and  in  fact  it  may  be  shown  that  the  breakdown  occurs  near  the 
point  where  a  shock  wave  would  be  expected  to  develop.  Indeed  such  a  solution 
in  terms  of  the  physical  variables  x  and  t  cannot  be  expected  to  be  satisfactory 
at  the  point  of  shock  wave  occurrence,  since  the  physical  solution  of  the  problem 
ceases  to  remain  isen tropic.  In  the  plane  of  the  characteristic  variables,  a  single¬ 
valued  solution  persists  uninfluenced  by  the  shock  formation.  The  mapping  of 
the  solution  into  the  physical  plane,  however,  produces  a  three-valued  solution, 
which  can  be  used  to  describe  the  physical  problem  with  proper  interpretation. 

This  suggests  that  a  perturbation  be  carried  out  in  terms  of  the  characteristic 
parameters  so  that  the  solution  for  both  the  previously  dependent  variables  and 
the  time  and  space  variables  is  expressed  parametrically  in  terms  of  the  charac¬ 
teristic  variables  of  the  problem.  It  turns  out  that  an  approach  of  this  type  is 
very  satisfactory  and  eliminates  certain  troubles  arising  in  the  usual  type  of 
perturbation  solution. 

The  method  cA  introducing  perturbations  in  the  independent  variables  has 
been  suggested  by  M.  J.  Lighthill  as  a  general  method  for  improving  perturbation 
solutions  and  is  described  by  him  in  some  detail  in  [2].  The  approach,  which  has 
been  used  by  others,  for  example  by  Poincar^  in  finding  the  limit  cycle  of  a  non¬ 
linear  oscillator  [3],  has  proved  applicable  in  many  cases.  Its  application  to  hyper¬ 
bolic  problems  has  been  explored  with  considerable  success  by  G.  B.  Whitham 
both  for  spherical  problems  [4]  and  cylindrical  ones  [5]. 

In  Whitham’s  work  correction  is  applied  to  only  one  set  of  characteristic  direc¬ 
tions — the  other  set  is  left  unchanged,  (in  the  plane  wave  case  this  would  amount 
to  considering  only  simple  waves  [6]),  whereas  to  allow  for  reflections  or  indeed 
for  a  complete  description  of  the  solution  the  entire  perturbation  in  terms  of  both 
sets  of  characteristics  must  be  considered.  In  the  next  section  the  procedure  is 
described  for  using  both  characteristic  parameters  and  for  carrying  out  the  ex¬ 
pansion  for  the  case  of  plane  wave  propagation.  A  result  is  derived  which  is  not 
limited  to  the  description  of  simple  waves,  and  the  solution,  evolved  in  terms  of 
characteristics,  has  the  further  advantage  of  describing  the  wave  up  to  and  even 
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a  little  beyond  the  point  of  shock  formation  since  the  convergence  oi  the  series  is 
proved  to  hold  even  after  this  point. 

A  proof  of  the  convergence  of  the  method  outlined  in  section  2  is  given  in  sec¬ 
tion  3,  and  the  behavior  of  the  solution  near  the  point  of  shock  development  is 
described  in  section  4.  In  the  next  two  sections  examples  are  given  illustrating 
the  procedure;  the  first  considers  the  development  of  shock  waves  from  an  initial 
sinusoidal  distribution  of  density  disturbance  in  a  closed  cylinder,  and  the  second 
discusses  an  improvement  in  determining  mass  flow  in  a  semi-infinite  cylinder 
bounded  by  an  oscillating  piston. 

Finally,  since  the  solution  to  the  problem  of  one-dimensional  isentropic  wave 
propagation  may  alwa)rs  be  given  in  the  form  of  an  integral  involving  the  Rie- 
mann  function  and  the  initial  and  boundary  conditions  of  the  problem,  in  section 
7  the  relation  between  this  integral  and  the  results  of  section  2  are  stated.  Though 
the  Riemann  solution  holds  for  any  situation,  the  perturbation  solution  is  con¬ 
siderably  more  tractable  and  }rields  much  more  easily  solutions  to  problems  of 
small  disturbance. 

Concurrently  with  this  work,  the  same  type  of  approach  was  applied  to  prob¬ 
lems  of  steady  supersonic  flow  [7].  In  that  case,  a  different  convergence  proof  is 
needed.  Although  that  proof  is  also  applicable  to  the  present  case,  the  special 
proof  given  here  is  capable  of  yielding  a  sharper  estimate  of  the  limit  of  the 
amplitude  of  the  perturbation.  In  that  paper,  there  is  also  given  a  more  complete 
discussion  of  the  earlier  literature  on  the  method  of  characteristics,  and  some  other 
comments  on  the  method  of  coordinate  perturbation. 

This  work  was  carried  out  under  the  sponsorship  of  the  Office  of  Naval  Re¬ 
search  through  contract  NSoriflO.  The  writer  wishes  to  express  her  appreciation 
to  Professor  C.  C.  Lin  for  suggesting  the  problem  and  for  his  help  throughout  the 
development  of  the  work. 

2.  Expansion  procedure  and  shock  wave  development.  The  procedure  for 
finding  a  perturbation  solution  to  the  problem  of  plane  wave  propagation  by 
perturbing  both  dependent  and  independent  variables  in  terms  of  the  charac¬ 
teristic  parameters  is  described  in  this  section. 

The  equations  govemihg  the  flow  for  the  adiabatic  case,  when  written  along 
the  characteristic  directions,  o  and  /3  of  the  problem  become 


X.  =  (a  -h  c)L  ^  =  0 

2  7-1 

*.  =  (»-  c)(,  I'  -  =  0 


(I) 


where  x  and  t  are  the  space  and  time  variables,  u  and  c  the  local  velocity  and 
speed  of  sound  respectively,  and  y  the  adiabatic  exponent.  A  perturbation  form 
of  the  solution  to  the  initial  value  problem  is  to  be  obtained,  and  so  the  initial 
conditions  must  be  given  as  disturbances  superimposed  on  some  prior  uniform 
state.  For  a  general  type  of  perturbation  the  initial  conditions  may  be  given  as 
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c(x,  0)  =  Ctt(l  +  tg{x)),  uix,  0)  =  €Ca/(x),  (2) 

where  e  is  the  perturbation  parameter,  and  where  the  functions  /  and  g  are  the 
initial  disturbances  to  the  velocity  and  speed  of  sound  respectively.  Then,  since 
the  choice  of  values  to  be  assigned  to  a  and  /3  on  the  initial  line  is  governed  only 
by  the  requirement  that  a  correct  parametric  (for  example  single-valued)  repre¬ 
sentation  of  the  initial  state  is  achieved,  the  initial  line,  <  =  0,  in  the  characteris¬ 
tic  plane  may  be  chosen  simply  as 

X  =  er  =  /8  (3) 


so  that  equations  (2)  become 

X  =  a  =  j8,  f  =  0, 

on  o  =  /3'  c  =  Co(l  -f  tgia))  =  co(l  +  (4) 

ti  =  «Cc/(a)  =  ec^fifi). 

A  solution  to  equations  (1)  imder  the  conditions  (4)  is  to  be  attempted  in  the 
form  of  the  perturbation  series 

X  =  x^'‘\a,  0)  +  fi)  +  «*x^®(a,  /3)  -f-  •  •  • 

t  =  |8)  -f  P)  -I-  €*<®(a,  /3)  +  •  •  • 

( 0/ 

U  =  0)  +  0)  +  e*u^®(a,  0)  +  •  •  • 

C  «“  c®\a,  0)  -f  «c“’(a,  0)  -b  /3)  +  *  •  • 

Substitution  of  the  series  (5) 'into  the  equations  (1)  and  use  of  the  initial  con¬ 
ditions  (4)  yields  the  fact  that  the  series  for  u  and  c  terminate,  becoming 

u  -  €(co/2)(/(a)  +  fi0)) 

c  *=*  Co  +  t(co/2)(g(a)  -b  flf(/3))J 

The  first  approximations  to  x  and  t  become 


(*) 


c<»  =  0;  *  >  1. 


(6) 


.<») 


§(«  •+•  0),  —  0)  (7) 

and  an  expression  for  the  general  term  of  the  series,  e.g.  will  be  shown  to  be 

=  E  m;  p.  yy(0W(a)  f  (8) 

where 


(9) 


and  where 

fi]  p,»)  *=  X;  v,  p)  =  constants 


such  that 
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m;  p,  y)  =  m,  p  —  1,  y)  ^ 

+  H'*’(X,  ti;p,v  —  1)  — j;—  —  -4^ 

M-l  I 

+  B  2Z  -3—,  i2‘*’(X,  M  —  1  —  ?;  P,  9)8r0 
,-09+1 

+  B  i:  «'*>(x  -  1  -  9,  m;  9,  |')«^  (10) 

»-o  9  +  1 


where 


Sij  =  kronecker  delta, 

A  =  (7  +  l)/4co ,  B  =  (3  -  7)/4co 


(11) 


and  where  the  arguments  of  R  are  to  be  all  non-negative. 

Equation  (8)  is  obtained  by  induction  using  the  relations  (c.f.  equation  (6)) 

,,(»)  I  ,,(i)  -d) 

“  -  AHe)  -  B,M,  “  ‘  =  Bros)  -  4.(«).  (12) 


2c 


2co 


in  the  equations  found  for  the  perturbation  functions  and  (from  substi¬ 
tution  of  (5)  into  (1)), 


dr' 


t 


(*) 


a/3 


d0 


dr*-» 

ad 


(13) 


dd. 


At  the  first  stage  of  the  induction,  for  X  +  p  +  p  +  r  =«  0,  evidently  (8)  holds 
since 

c<“  -  }(«  -  « 

From  (8):  ^ 

I- (cl'")-  E  R‘%,k-,P,q)T’(ff) 

da  y4*+»+*-» 


9«*-‘(a)  £  1“  rW(p)  dp  -h  s'^{a)T\a) 


(14) 


^(co<‘"')-  Z  R\j,k;p,q)8'(a) 

op  2+*+>+f— » 


■  ■  '•WW  -  '•'*'W*‘(»)] 

SO  that  equation  (13)  for  r"'*’**  becomes 
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cl”*"  -  /■  Z  .  t;  V,  «)>•’»)  r Bq>\i)  i‘  rV  d, 

+  B.'^‘({)r'(t)  -  ^  jf  ‘  rV  dp  -  Ar(d).*«(£)r’(£)]  d£ 

+  /  Z  P.  ?)»'(«)  r Ap>(cdT’~'(()  ^  f  r’»*  dp 

y-Hk+p+v—n  1_ 

-d.(.)r'*W(£)  -  Bpr'(£)  |  rV  dp  +  Br'*'«(£).*(£)]  d£. 
Then  use  is  made  of  the  formula, 

=  s^(a)  r-(M)«-(M)  dM  -  f‘  r”(n)8^i^) 


(15) 


(16) 


and  equation  (15)  must  be  integrated  using  (16)  to  give 

=  z  R'"0’.  *;  P.  t)r’(e)  r ••*■(«)  r  rV  dp 

y+*+p+«— »  L?  I  1  •'tf 

-  %  r  rV^‘  dn  -  Ar(fi)s^(a)  f  “  rV  dyi 

1 •'fl 


9  + 


+  Ar(d)  jT"  rV**  dp  +  B  jf*  dp  -  ArOS)  jf"  dp] 

+  Z  B”(y.  P.  ?)«•(«)  r '•»^"0S)  /'  rV  dp 

_  fr^+^VdM  -  A«(a)r'(/3)  [“rVdyi 

+  d4«(a)  J‘  r'+V  d^+  B  f‘  r^V  d/i  -  A«(a)  J"  r'^V  d,i  j . 


(17) 


This  expression  is  of  the  form  (8)  and  upon  proper  treatment  of  indices  yields 
the  recurrence  formula,  (10).  From  (10)  of  course  one  finds  that  the  rule  for 
symmetry  in  the  indices  (by  pairs,  (X,  p)  and  (m,  p))  holds  at  the  (n  +  l)8t 
stage  if  it  holds  at  the  nth. 

The  next  step  in  the  investigation,  the  proof  of  the  convergence  of  the  series 
for  t  from  the  expression  (8)  for  the  functions  is  given  in  the  following  section. 

3.  Convergence  of  the  perturbation  series.  To  prove  the  convergence  of  the 
series  for  t, 

t  =  -I-  -f.  «*<<»  +  . . .  (18) 
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a  dominating  series  is  used.  It  will  be  shown  that  if  the  functions  r  and  s  are 
bounded  for  the  entire  range  of  their  argument  by,  say,  a  constant,  M, 

1  r  1  ^  M,  \8\^M  (19) 

(which  means  of  course  from  (9)  that  the  original  perturbation  functions  /  and 
g  must  be  bounded),  then  the  following  geometric  series  may  be  shown  to  domi¬ 
nate  (18), 

i(a-/3)i:,_o*'(44)'M'.  (20) 

This  series  converges  if  e  is  chosen  such  that 

«  <  \AM.  (21) 

For  proof,  the  terms  in  the  series  for  co/  are  evaluated  from  (8): 

I  I  s  .■*’1  x;  P,  -  »)  \ 

or 

I  .•«»('*«’  I  S  I  p;  p.  ,)  \.  (22) 

The  problem  then  reeolvee  iteetf  into  estimating  the  expression 

rx«««l«'’'""(X,p;p,p)|.  (23) 

The  estimation  is  made  by  summing  the  recurrence  formula  (10)  in  terms  of 
absolute  values.  Furthermore  of  course  only  three  of  the  four  indices  X,  n,  p,  p 
are  independent  so  one  may  set 

X  =  n+1  —  /i  —  p—  (24) 

Finally,  to  make  use  of  the  delta  functions,  the  sum  is  broken  up  into  the  form 

Zii+l  m  /OR\ 

m— 0  0  *  ^  0 

which  represents  correctly  the  requirement 

0^M  +  p+  »'^n+l 

I 

where  no  arrangement  is  repeated.* 

Then  from  (10) 

•  To  prove  that  22b+»-i"  (n  -|-  1  —  /»  —  m,  n‘,  p,  p)  does  include 

every  type  of  R,  it  suffices  to  show  that  a  particular  £<*'*'»  {i,j;  k,  1),  (i,j,  k,  I  ^  definite 
values  such  that  i+j  +  k  +  l^n  +  l)  can  appear  in  one  and  only  one  way.  In  other  words 

m  can  only  equal  k  +  I 

p  can  only  equal  I  =>  p  ^  tn  em  required, 

and  M  can  only  equal  —  1  —  mas  required. 
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m+J  m  n-t-l— m 

53  22  1  +  I  —  li  —  m,  n]m  —  p,v)  \ 

m— 0  r— 0  |i— 0 

^  ^  S  ]C  f  I  +1  —  fi  —  m,  n;  m  —  V  —  l,p)  (b— - - - ^  —  4^ I 

iiM-o  »-o  «i-o  \  I  \  m  —  V  /  \ 

+  I  R^’*\n  +1  —  n  —  m,  n;  m  —  v,v  —  1)  ^  —  A 

n+l  »+l-m  /(»— 1  I  I 

+  53  53  (  53  ^  -  r~;  +1  —  H  —  m,n  —  1  —  q;m,q) 

^  I  B  — -  M  -  m  -  9,  M;g,m)  I  y  (26) 

«-o  I  9  +  1  I  / 

In  this  expression,  A  and  B  are  as  in  (11)  so  that  for  7  >  1,  ^  >  B  and 

B(1  -  p-‘)  ^A^A.  (27) 

Then,  by  replacing  I/9  +  1  by  1  in  (26),  and  by  showing  that  in  each  of  the  four 
sums,  expressions  of  the  type, 

53x+<i+#+»-»  I  f2‘"^(X,  m;  p,  y)  1  hold, 

(the  proof  in  each  case  is  the  same  as  that  at  the  bottom  of  page  12),  one  achieves 
an  evaluation  of  (23) 

I  »:  p,  .)  I  S  4X  2:»4,+,+„  I  S<"(X.  p;  P,  P  |.  (28) 

,  So  that  if  is  an  upper  bound  at  the  n  stage, 

I  p;  p,  p)  I  S  1*'*"  s  4Ar">  S  ■  ■ . 

S  (4A)*««®(0,  0;  0,  0)  -  (4A)**'}, 

Finally  then  from  (22) 

1  I  ^  €"‘^‘3f-+‘(a  -  /3)(444)"+‘i.  (29) 

so  that  (20)  does  represent  a  dominant  series  for  (18).  Thus  as  in  (21)  one  must 
have 

*  ^  Tam  “  (7  +  1)M  ' 

In  terms  of  the  size  of  density  disturbance  allowed  initially,  requirement  (30) 
gives  for  the  perturbation,  g(a),  of  equations  (6)  the  requirement 

«co  I  g  I  ^  y  -  1 

Co  7+1 

or,  for  7  «■  1.4,  in  terms  of  actual  density  disturbance,  p',  to  an  initial  density, 

Po, 


pVpo  <  1.16. 


(31) 
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Furthermore  a  comparison  of  requirement  (30)  with  a  similar  restriction  on  c 
derived  from  expanding  the  Riemann  solution  of  section  7  in  terms  of  this  small 
parameter  shows  that  the  requirement  can  be  considerably  weakened  and  in 
fact  specifies  only  that 


«  < 


Co 

(7  -  \)M' 


(32) 


In  other  words,  the  perturbation  solution  given  by  (5)  is  probably  good  for 
density  disturbances  even  much  higher  than  that  indicated  by  (31). 


4.  Shock  development.  As  a  plane  wave  propagates,  the  compression  waves 
will  steepen  and  develop  into  shock  fronts.  For  the  case  where  the  shock  develops 
in  a  simple  wave  region,  Friedrichs  has  shown  [8]  that  the  solution  may  be  con¬ 
tinued  with  second  order  accuracy  as  a  simple  wave  solution  through  the  shock, 
so  long  as  the  shock  is  weak,  since  the  neglected  change  in  entropy  is  of  the 
third  order  in  the  shock  strength.  For  the  case  under  consideration  here,  where 
both  sets  of  characteristics  are  taken  into  account,  similar  results  may  be  ob¬ 
tained,  but  a  limitation  appears  on  the  distance  along  the  shock  (from  the  point 
of  shock  formation)  that  the  solution  can  be  continued. 

In  general  the  development  of  a  shock  in  a  flow  is  characterized  by  the  fact 
that  the  mapping  from  the  characteristic  plane  to  the  ph}rsical  plane  ceases  to 
be  single- valued;  the  image  of  the  characteristic  plane  folds  over  to  form  a  three- 
sheeted  surface  in  the  (x,  f)-plane.  At  the  edges  of  the  fold  the  Jacobian, 


.7  —  X 


(33) 


is  equal  to  zero,  and  within  the  region  the  velocity  and  density  at  any  point 
(x,  t)  are  triple- valued.  This  paradox  is  resolved  by  the  introduction  of  a  shock, 
since  the  jump  in  the  values  of  velocity  or  density  between  the  outermost  sheets 
is  condoned  if  a  shock  wave  intervenes  [6]. 

General  descriptions  of  the  geometry  of  the  situation  are  to  be  found  in  Craggs 
[9]  and  in  Stocker  and  Meyer  [10]. 

The  second  problem,  that  of  introducing  a  shock  front  in  the  correct  way  to 
restore  the  right  solution,  has  been  studied  usually  for  specific  cases.  As  noted 
above,  Friedrichs  [6],  [8]  has  considered  the  simple  wave  case.  Stocker  [11] 
considered  a  particular  situation  involving  a  gas  of  adiabatic  exponent,  5/3. 
Whitham  [4],  [5]  studied  the  development  of  shocks  in  the  spherical  and  axi- 
symmetrical  cases  but  again  for  the  case  where  only  one  set  of  characteristics  is 
taken  into  account. 

The  region  where  a  shock  develops  may  be  found  by  finding  where  the  Jaco¬ 
bian  (33)  equals  zero,  and  the  behavior  of  the  perturbation  functions  of  (5)  is  of 
interest  near  such  a  point.  Assume  for  example  that  dx(a,  j8)/d/3  ^  0  at  some 
point,  and  then  also  from  equations  (1),  dt(a,  0)/d0  =«  0,  and  in  turn  J  =  0 
at  the  point.  This  requires 


dff  a/3  ‘  a/3  ‘  3/3 


(34) 
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which  can  hold  only  when  the  factor  dt^^^/d0,  of  e,  becomes  of  order  1/e  so  that 
the  second  term  of  the  series  can  balance  the  first.  To  see  what  this  means  in 
terms  of  the  variables  a  and  j3,  consider  the  perturbation  functions  given  by  the 
general  form  (8).  For  the  first  few  terms  one  finds 

Cot  =  i(«  -  0)+  «[(«  -/3)fl“’(O,O;l,O)(r03)  +  8(«))  +  0;0,0) 

•  r  (r(&  +  «(€)) 


+  e*(at  most  0((a  —  $)M*))  + 


where  the  functions  r  and  «  are  to  be  bounded  by  the  constant  M.  Then 
c|  =  -i  +  «[«‘”(0,0;  1,0)  ((a  -  ^  -  r(d)  -  «(«)) 

—  f2^‘^(l,  0;  0, 0)(r03)  +  «(a))1  +  t  (at  most  order  (a  —  $)SM) 


(36) 


where 


d8(n)/dfi,  dr(fi)/dn  ^  S  (37) 

is  required  for  some  constant,  S. 

So  if  the  initial  functions  have  derivatives  satisf}nng  (37),  Codt/d0  can  equal 
zero  only  for 

(a  -  /3)  -  0(l/€)  (38) 

and  a  shock  could  be  expect^  for  large  a  and/or  0  corresponding  to  large  t. 
The  crucial  fact  involved  here  is  that  the  perturbation  series  converges  beyond 
this  point.  If  the  power  of  (a  —  j8)  appearing  in  the  higher  order  terms  of  the 
perturbation  series  had  increased,  the  convergence  of  the  series  under  condition 
(38)  would  fail,  but  under  a  situation  of  properly  bounded  initial  functions, 
equation  (20)  shows  what  only  the  first  power  of  (a  —  /3)  enters  for  any  perturba¬ 
tion  function  and  the  convergence  persists. 

The  behavior  of  the  mapping  of  the  (a,  fi)  plane  onto  the  ph}rsical  plane  in  the 
vicinity  of  the  point,  (xo ,  ^),  of  shock  development  may  be  studied  by  expanding 
X  and  t  in  terms  of  a  and  in  this  neighborhood.  Since  the  earliest  point  of 
shock  development  along  the  envelope,  dt/dfi  =  0,  must  be  an  extremum  in  t, 


dt  =  -Pda+^d0^O  (39) 

da  dp 

or,  assuming  that  dt/da  9^  0  ao  that  there  is  no  shock  travelling  in  the  other 
direction,  the  extremum  is  given  by 

^  =  0.  (40) 

dp 

Then,  shifting  the  origin  to  the  point  of  shock  development,  the  envelope  in  the 
characteristic  plane  has  the  behavior 
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a  =  A/9*  +  009*)  +  •  •  •  , 


(41) 


for  some  constant,  A,  in  this  vicinity. 
From  (41)  one  may  show  that 


d/9* 


d/9* 


0 


(42) 


near  this  point  so  that  the  envelope  is  cusped  in  the  (x,  t)  plane.  In  other  words 
if  the  expansion 


—  —  Cia  +  Cj/9  +  C|0/9  +  C4OC*  +  C5/9*  +  Csa/9*  -!-••• 
dp 


is  evaluated  along  (41)  it  becomes 


(43) 


^  “  Cik^  +  CtP  +  CaA/9*  +  C|/9*  +  0(/9*).  (44) 

op 

If  (44)  is  to  represent  dt/dfi  correctly  for  small  finite  distances  in  /9  along  the 
locus  d^/d/9  =  0  then  the  coefficient  of  /9  must  vanish, 

C  =  0  (45) 

and  the  terms  in  /9*,  /9*,  etc.  must  balance,  e.g. 

Aci  “  —Cl. 


Thus  (42)  is  shown  to  hold. 

The  appearance  of  the  envelope  formed  by  the  characteristics  near  the  point 
of  shock  development  is  shown  in  Figure  IB  (where  the  point  of  shock  formation 
has  been  shifted  to  the  origin).  The  envelope  is  cusped  at  its  extremum,  and  then 
brackets  the  triple-fold  in  the  ph3rsical  plane  corresponding  to  the  single-valued 
r^on  in  the  characteristic  plane  (Figure  lA).  On  this  triple-fold  a  shock  front 
must  be  introduced  at  corresponding  (x,  t)  points  on  the  outer  sheets,  and  it 
must  be  located  in  such  a  way  that  the  jumps  of  the  values  of  the  velocity  and 
pressure  across  the  sheets  correspond  to  the  condition  given  by  the  shock  transi¬ 
tion  equations.  If  the  entropy  change,  which  is  of  third  order  in  the  shock 
strength,  is  neglected,  it  is  known  that  for  the  case  of  the  simple  wave  the  shock, 
to  a  first  approximation,  must  have  as  slope  the  average  of  that  of  the  charac¬ 
teristics  forming  the  envelbpe  enclosing  it.  The  same  rule  may  be  shown  to  hold 
true  in  this  case,  but  a  further  restriction  develops.  If  the  shock  transition 
equations  are  studied  by  expanding  the  pressure  and  so  on  in  terms  of  a  param¬ 
eter,  <r,  representing  distance  along  the  shock,  it  is  found  that  the  equations  are 
satisfied  only  through  order  ta*  across  the  shock  and  involve  an  error  of  order 
e<r*.  Then  since  x  is  of  order  <r*  an  error  of  order  w*  corresponds  to  an 

error  tx*‘*  (46) 

in  travelling  a  distance  x  along  the  shock.  This  restriction  evolves  from  the  fact 
that  the  a-characteristics  (which  are  the  set  not  forming  the  envelope)  behave 
like 

a  =*  constant  •  v*  -f  •  •  • 


along  the  shock  (fi  v)  and  serve  to  alter  the  simple  wave  case. 
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FOR  LINES  OF  CONSTANT  a 


FIG.  I  LOCUS  OF  THE  ENVELOPE- 

The  perturbation  solution  given  by  (5)  then  is  an  improvement  over  the  usual 
typie  of  perturbation  solution  (in  terms  of  x  and  t)  in  the  sense  that  the  flow  is 
described  up  to  and  a  little  beyond  the  point  of  shock  development;  the  solution 
(5)  reduces  to  the  simple  wave  solution  if  one  set  of  characteristics  do  not  change, 
and  finally  in  the  case  where  the  flow  is  not  a  simple  wave,  the  validity  of  the 
solution  persists  and  the  flow  is  described  correctly. 


6.  Example  1.  Motion  due  to  an  initial  periodic  density  distribution.  To  il¬ 
lustrate  the  procedure  for  carrying  out  the  perturbation  solution  described  in  the 
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previous  sections  an  example  involving  an  initial  periodic  density  distribution 
will  be  considered.  The  solution  would  be  appropriate  to  the  flow  in  a  closed 
cylinder  following  such  an  initial  sinusoidal  density  distribution.  Equations  (1) 
then  are  to  be  solved  subject  to  the  conditions 


atf  -  0 


tt  -  0 

[c  “  Co(l  +  e  cos  x). 

Then,  assuming  expansions  of  the  tjrpe  (5),  the  solutions  become 
u  ■=  e[co/(7  —  l)l(cos  (8  —  cos  a) 
c  —  Co  +  e(co/2)(c08  /5  +  cos  a) 

_  a  +  ^ 


(47) 


+  * 


+  .M(V  ^  + 


+  —  (2  cos  a  sin  /3  4-  2  COS  /3  sin  a  —  sin  2(8  —  sin  2a)l 

16(7  —  1)  J 


t  ( 


^  Q 

+  t  I  constant — jr-^  (cos  3/3  —  cos  3a)  + 


+ 


Cut 


a  —  /3 


+  VY)  (8“  «  —  “n  /3)  j  +  o(«*). 


(48) 


The  form  assumed  by  successive  terms  is  obvious.  In  particular  only  the  first 
power  of  (a  —  ff)  appears,  and  4(a  —  /3)  is  the  initial  approximation  to  i.  In  the 
case  for  the  usual  type  of  perturbation  solution  in  terms  of  x  and  t,  the  series  for 
u  and  c  do  not  terminate,  but  involve  terms  of  increasing  order  of  t,  so  that  for 
example  the  series  for  c  becomes 

c  =  Co  +  *lc"'  +  «<(  )  +  *V(  )  +  •••]  (49) 

and  for  t  =  0(l/«)  the  series  fails.  In  (48),  on  the  other  hand,  aa  (a  —  P)  be¬ 
comes  of  order  (1/c)  the  second  term  becomes  of  high  enough  order  that  the 
characteristics  cross  and  the  shock  region  appears,  but  the  convergence  of  the 
series  is  not  destroyed  and  the  flow  is  described  even  a  little  beyond  the  shock 
onset. 

In  Figure  2  is  shown  the  configuration  of  the  characteristics  for  the  solution 
(48)  for  different  values  of  c,  and  the  regions  of  intersection  of  the  compression 
and  expansion  waves  are  illustrated.  The  initial  distribution  of  c(z)  is  super¬ 
imposed  on  the  diagram.  For  the  case  where  c  is  small,  many  regions  of  interac- 
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FIG.  2  PATTERNS  OF  SHOCK  FORMATION  FOR 
DIFFERENT  VALUES  OF  t 

tion  of  the  compression  and  rarefaction  wayes  are  encountered  before  t  becomes 
of  order  (1/ c)  and  the  shock  develops.  Foi;  a  much  larger  e  as  shown  in  the  dia¬ 
gram  at  the  bottom  of  the  page  a  shock  forms  before  any  intersections  have 
occurred. 

Figure  3  shows  the  distortion  of  the  initial  sinusoidal  density  wave  at  a  time 
approaching  that  of  shock  formation.  The  steepening  of  the  compression  sections 
of  the  wave  are  evident,  and  the  location  of  the  wave  in  the  (x,  /)-plane  shows 
that  the  shock  itself  will  develop  almost  immediately. 
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FM.  3  DISTORTION  WAVC 


6.  Example  n.  Motion  caused  by  the  periodic  oscillation  of  a  piston.  As 
further  evidence  of  the  advantages  accruing  to  the  method  of  coordinate  perturba¬ 
tion,  another  example  will  be  considered. 

The  problem  concerns  a  piston  moving  back  and  forth  periodically  in  a  semi¬ 
infinite  cylinder.  The  velocity  of  the  piston  is  given  as  Up  =  €  sin  wt. 

Now  if  the  usual  type  of  perturbation  solution  for  u  and  c  is  obtained  through 
the  first  order  perturbations,  and  if  the  flux  of  mass  past  any  given  section  is 
integrated  over  an  integral  number  of  periods  of  the  motion, 

mass  flux  =  pu  dt,  (50) 

Jo 


it  will  be  found  that  there  is  a  net  mass  flux  outwards.  Obviously  this  is  in  error, 
since  there  cannot  be  a  continuous  flow  of  matter  away  from  the  piston. 

Actually,  for  one  period,  the  maw  flux  average  is: 


av.  pu 


t 

f  Po 
2coco  * 


where  po  “  av.  density 

Co  ■■  av.  speed  of  sound. 


(51) 


That  is,  the  quantity  is  of  second  order,  and  when  the  second  order  corrections 
to  u  and  c(p)  have  been  obtained  and  included,  the  mass  flux  reduces  correctly  to 
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zero.  However,  this  additional  computation  required  makes  the  task  consider¬ 
ably  more  arduous.  Also  often  in  practice  first  order  quantities  are  used  to  esti¬ 
mate  say  energy  flux  and  so  on  (c.f.  a  recent  discussion  and  justification  of  this 
practice  by  S.  Schoch  [12]),  and  in  this  problem  of  the  piston  the  energy  flux 
cannot  be  computed  correctly  from  first  order  quantities;  second  order  quan¬ 
tities  are  required  to  make  the  energy  flux  correctly  balance  the  work  done  at 
the  piston. 

However,  if  the  problem  is  described  in  terms  of  its  characteristic  variables, 
and  if  the  variables  x  and  t  are  also  considered  in  perturbation  form  by  the 
methods  of  this  investigation,  first  order  quantities  will  yield  correct  results 
for  both  mass  and  energy  flux. 

Briefly  the  results  of  the  calculations  are  as  follows. 

Case  i)  Ordinary  perturbation  aolviion 

A  solution  of  the  form 

M  =  «<«(*,  t)  +  t)  +  e‘u‘»(x,  /)  +  ••• 

C  =  C^®(x,  0  +  €C^‘^(x,  t)  +  0  +  •  •  * 

is  sought  for  the  equations  for  plane  wave  propagation  referred  to  x  and  t  as 
independent  variables, 

Ct  +  UC.  +  Ky  -  =  0,  cc,  +  -  !)(«<  +  Mw»)  “  0, 


under  the  boundary  conditions  that  the  velocity  of  the  fluid  at  the  piston  be 
u  =>  e  sin  ut,  and  that  the  solution  contain  only  outward  travelling  waves. 
The  solution  is: 


-  (^)[“* "  - 1)  ^  - 1) 

+  ^  —  xsm2<ii(t  —  — V 

4  Co  \  Co/ 


For  the  mass  flux,  from  (50) 

average  mass  flux  pudt  ^  f  (p*®’  +  +  tu^^)  dt  “ 

I  Jo  J  Jo  ZCoU 

where  p/po  ■»'  (c/co)*'^‘^^\ 
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If  second  order  terms  are  included: 

1 1’  (p™  +  +  .V”)(u“’  +  «.<”  +  cV”)  (ft  -  0  +  order 

For  the  flux  of  energy 

m  **>  /m  “  mass  flux  - 

e  =  internal  energy  =  C,T  =  1/(7  —  1)  (p/p)  (for  the  pol3rtropic  case) 
given  j 

C  =  yp/p 

p  “  pressure 

the  flux  of  energy  is 

mi^u  +  e)  +  up  m  Q  M*  +  ^  ^  -  p  p)  ”  •  (53) 

The  work  done  by  the  piston  is  the  product,  up,  at  the  piston. 

Then,  provided  the  second  order  terms  in  (52)  are  included,  one  may  prove 
that 


(average  energy  flux  at  any  point  average  work  done  by  piston 

Case  ii)  Coordinate  perturbation  aolution.  A  solution  of  the  form  (5)  is  sought  for 
equations  (1)  under  the  conditions,  on  the  piston  defined  as  t  ^  a  == 

-  0  -  a  -  /3  u'*’  -  0 


-  (1  —  cos  (d) 
<a 

0,  k  >  1 


r*’  -  0,  k  >  0 


J_(l) 

—3—  sin  (55) 
at 

0,  k  >  1, 


at  the  curve  /3  =  0  which  is  the  characteristic  forming  the  boundary  between  the 
disturbed  and  undisturbed  regions, 

-  cU  -  0,  all  k 


0,  k  >  0. 


The  solution  is 


=*  sin  wdj 

-  0, 

-  hcoia  -  0), 
“  ico(o  +  /3)» 
-U)  _  1  “y  +  1 


.(1)  _  7  4- 


4i[(.-d) 

-  ^-(a  -  P)  sii 


§(7  —  1)  sin  wd 
0,  k  >  1, 


1  7-71 

sm  - cos  wo  -|-  — ; — -  -  cos 

w  7  +  1  w 


sin  w/3 - cos  wo  + 


-  cos  U0 
w 


(57) 
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The  second  order  perturbations  are  not  required. 

(Incidentally  a  proof  of  the  convergence  of  the  perturbation  series  for  this 
case  has  been  worked  out,  but  will  not  be  given  since  the  details  follow  closely 
those  of  the  proof  for  the  initial  value  problem.  For  this  boundary  problem, 
given  a  case  where  the  perturbation  to  the  piston  motion  is  bounded  by  a  con¬ 
stant  M,  the  requirement  on  c  is  found  to  be 


0 


<  < 


4  1 

M7  -  y‘ 


(58) 


For  case  ii)  the  integration  for  mass  and  energy  flux  must  be  carried  out  along 
the  curve  in  the  (a,  jS) -plane  which  correctly  represents  a  constant  x  location. 
When  this  is  done,  only  the  first  order  solutions  of  (57)  need  be  used  to  predict 
zero  mass  flux  and  correct  energy  balance.  A  very  definite  saving  in  effort  is 
effected,  since  the  complexity  of  the  computation  greatly  increases  at  the  higher 
order  perturbations. 


7.  Solution  in  terms  of  Riemann’s  function.  The  solution  to  the  problem  of 
plane  wave  propagation  in  terms  of  Riemann’s  function  may  be  shown  to  be 
(c.f.  section  82  of  [6]) 

t(a,  /9)  -  f(|(o),  ri(fi))  =»  dx  (59) 

where 

c(X)  -  Coil  +  g(\))  (60) 


and  where  the  point 


-  m] 

\i  »  J(o)| 
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is  the  point,  P,  in  the  (f,  S)-plane  of  the  Sgure  corresponding  to  the  point  (a,  /3) 
in  the  (a,  /9)-plane.  The  functions  f  and  i  on  the  curve  T  are 


f(X)  -  +  6r(X),  8(X)  -  -54  +  *s(X)  (61) 

7-1  7-1 

SO  that  f  and  8  represent  the  result  of  restoring  the  terms  of  order  one  to  the 
perturbation  functions,  r  and  s,  of  equations  (9).  Then  similarly  for  uniformity, 
I  and  rj  are  written  as 


1(a)  “  -  --  -j  +  ‘^(“)*  v(0)  “  — +  <n05).  (62) 

7-1  7—1 

In  the  expression  for  t{a,  /3)  the  function  V (X)  is  Riemann’s  function,  and  for 
this  problem 


where  F  is  the  hypergeometric  function  and  where 

«_7  —  1  _ (*  —  !)(»'  —  v) 


7  +  1’ 


(8  +  f')(l  +  v) 


(63) 

(64) 


Then,  using  (61)  and  (62)  and  (9)  in  (60)  and  (63)  the  expression,  V/2c,  becomes 
+ «({(«)  +  n03))^  /  ,  ,  \ /,  *\ 


Y_ 

2c 


where 


(;7%I  +  +  '•W)) 

-«*(8(x)  -  f(«))(r(X)  -  n03)) 


/  2co 
\7-  1 


+  e(«(X)  +  r(X)) 


<  1  for  small  c.  (66) 


+  «({(«)  +  v(/3)) 


Thus  if  the  bound,  M,  on  the  functions  r  and  s  is  imposed,  the  quantity  V/2c 
may  be  expanded  in  terms  of  «  provided 


2Me  > 


2co 

7-1’ 


e  < 


Co 


(7  -  1)M 


as  given  in  (21).  (67) 


The  solution  to  the  problem,  being  unique,  will  be  that  given  by  the  previous 
method,  but  except  for  special  P’s  (for  example  in  the  cases  where  1/2m*  4s  an 
integer  and  P  terminates)  the  expansion  is  not  easy  to  carry  out  in  any  general 
scheme.  In  most  cases  it  is  undoubtedly  easier  to  carry  out  the  perturbation  using 
the  direct  procedure  of  section  2. 
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THE  80URIAU-FRAME  CHARACTERISTIC  EQUATION  ALGORITHM 
ON  A  DIGITAL  COMPUTER* 

By  Georoe  E.  Forsythe  and  Louise  W.  Straus 

1.  The  Souriau-Frame  algorithm.  Let  A  be  a  regular  square  matrix  of  order 
n.  Let  the  characteristic  polynomial  of  A,  F(\)  »  det(A  —  X/),  be  expressed 
in  the  form 

(1)  F(X)  -  (-1)“[X-  -  c,X-‘  -  cX"-* - Cnl 

Let  the  zeros  X*  of  F(X),  the  eigenvalues  of  A,  be  numbered  so  that 

(2)  0  <  1  Xi  1  ^  1  X,  I  S  ^  1  X,  |. 

It  is  often  desired  to  compute  the  c*  numerically,  usually  as  a  preliminary  either 
to  tabulating  F(X)  or  to  finding  the  X«  or  both.  Bodewig  [1,  2]t  strongly  prefers 
such  methods  of  computing  the  X*  to  iterative  methods.  In  the  late  1940’s 
Souriau  [12],  Frame  [6],  and  Faddeev  and  Sominskil  [4]  all  proposed  an  interest¬ 
ing  algorithm  for  computing  the  c*  successively.  It  is  described  in  books  by  Dwyer 

(3)  and  Householder  [7].  This  Souriau-Frame  algorithm  proceeds  as  follows: 
Let  Ai  “  A.  Compute  ci  —  trace  Ai  and  Bi  Ai  —  ej.  For  fc  =■  2,  3,  •  •  •  , 

compute  Ak  =  AB*_i ,  c*  *  trace  A*/fc,  and  B*  —  A*  —  c*/. 

The  reader  can  prove  inductively  that  with  exact  operations  the  algorithm 
determines  the  c*  of  (1)  for  A  ■=  1,  2,  •  •  •  ,  n,  while 

(3)  c*  «=  0  for  fc  ^  n  -H  1. 

2.  Prior  machine  experience.  Because  of  its  simple,  repetitive  nature,  the 
Souriau-Frame  algorithm  appears  a  priori  to  be  well  suited  to  an  automatic 
digital  computing  machine.  Iverson  [8]  adopted  the  method  on  the  Harvard 
Mark  IV  computer  for  Leontief  matrices  of  orders  up  to  21.  After  determining 
a  precise  but  large  bound  for  the  round-off  error,  he  remarks  [8;  p.  4-15]:  ‘Tor 
large  values  of  n  the  error  accumulation  may  therefore  be  very  severe  but  in  work 
with  matrices  the  maximuni  error  bounds  are  usually  found  to  be  too  pessimistic.” 
On  page  6-35  he  writes  that  the  method  worked  satisfactorily  with  single  word 
length  (16  significant  decimal  digits,  according  to  [11;  p.  43])  for  n  ^  10,  but 
seemed  to  require  double  precision  (i.e.,  32  significant  decimal  digits)  for  larger 
n.  We  know  of  no  other  prior  information  on  the  accuracy  of  the  algorithm. 

*  The  work  reported  here  was  begun  at  the  National  Bureau  of  Standards,  Los  Angeles, 
under  the  sponsorship  of  the  Wright  Air  Development  Center,  U.  8.  Air  Force,  and  the 
Office  of  Naval  Research.  It  was  concluded  at  the  University  of  California,  Los  Angeles, 
sponsored  jointly  by  the  Office  of  Naval  Research,  Project  NR-044-144,  and  the  Office  of 
Ordnance  Research,  Project  TB2-0001  (1210). 

The  results  were  abstracted  in  [9j. 

t  Brackets  refer  to  the  references  at  the  end  of  the  paper. 
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TABLE  1 


True 

Coaqmtad 

Cl 

2>  X  .52083  33333  33-H 

2>  X  .52083  33333  2 

e» 

-2-*  X  .50229  02494  33-H 

-2-«  X  .50229  02493  8 

fli 

2-‘»  X  .91912  32048  37+ 

2-u  X  .91912  32102  3 

e* 

-2-**  X  .63405  95616  02+ 

-2-“  X  .63395  79428  7 

Ct 

0 

2-**  X  .50319  68857  8 

e* 

0 

2-**  X  .66403  52557  0 

Oi 

0 

2-«  X  .93404  01772  0 

Cl 

0 

2-**  X  .68808  30417  2 

Cl 

0 

2-«  X  .52494  38497  1 

TABLE  2 


k 

1  ActI 

1  A«  l-X,-* 

1 

.92  X  2-*» 

.94  X  2-»» 

2 

.9  X  2-« 

.94  X  2-" 

3 

.72  X  2-« 

.77  X  2-« 

4 

.83  X  2-« 

.91  X 

5 

.50  X  2-«» 

.56  X  2-« 

6 

.66  X  2-« 

.76  X  2-« 

7 

.93  X  2-« 

.54  X  2-** 

8 

.69  X  2-« 

.83  X  2-» 

9 

.52  X  2-« 

.64  X  2-** 

3.  SWAC  code  and  experience.  Early  in  1954  we  coded  the  Souriau-Frame 
algorithm  for  SWAC.  In  the  code,  rows  of  all  matrices  are  represented  in  floating 
vector  form ;  i.e.,  the  largest  component  has  36  significant  binary  digits  ( —  SWAC 
word  length)  while  a  separate  scale  factor  common  to  the  whole  row  indicates 
the  magnitude.  To  avoid  loss  of  significant  digits  in  inner  products  of  form 
^*-1  n,hi ,  the  products  a,hi  are  retained  and  accumulated  in  double  precision, 
being  rounded  to  36  or  less  significant  digits  only  at  the  end.  The  code  as 
now  available  works  for  n  ^  14,  and  could  easily  be  modified  to  deal  with  n  ^  30. 
The  Ck  are  typed  out  after  a  few  seconds  of  computation  for  each.  As  a  control, 
the  computed  c^+i  should  be  close  to  0,  since  by  (3)  the  true  Cn+i  is  exactly  0. 
Further  details  can  be  found  in  [10]  under  Code  05450. 

It  seemed  necessary  to  learn  from  experience  how  round-off  errors  might  con¬ 
taminate  the  Souriau-Frame  algorithm  on  SWAC.  To  gain  such  experience, 
about  a  dozen  test  matrices  of  orders  up  to  7  were  run.  The  round-off  errors  with 
the  fourth  order  matrix  defined  by  an  -=  (t  -h  y)~‘  are  typical,  and  are  sum¬ 
marized  in  Table  1.  For  this  matrix  Xi  ^  .00002131,  Xj  *  .001821,  X*  *  .0623, 
X4  ^  .9776.  Although  of  low  order,  the  matrix  is  so  “ill-conditioned”  that  £4 
is  obtained  only  to  one  part  in  10,000. 

In  Table  2  are  listed  the  absolute  errors  |  Ac*  |  in  the  computed  c*  and,  for  a 
later  purpose,  |  Ac*  |*X7*: 
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The  ordinary  behavior  of  the  round-off  error  in  the  test  matrices  run  on  SWAC 
is  that  I  Ac*  |  •  1  X»  |“*  grows  from  a  value  near  2~*‘  for  A:  =  1  to  around  2“^  for 
k  =  n,  and  remains  constant  near  2~**  for  k  >  n.  The  pattern  is  observed  in  all 
cases  checked,  although  the  exponents  of  2  vary  by  one  or  two  from  case  to  case. 

Other  SWAC  experiments  show  that  the  absolute  differences  between  the  value 
of  c*  computed  from  A  and  that  from  its  transpose  A*"  is  a  very  low  estimate  of 
the  error  |  Ac*  |.  Use  of  A*"  is  therefore  valueless  as  an  indicator  of  round-off 
error. 

4.  Assumed  form  of  rotmd-off  error.  We  now  combine  heuristic  reasoning  with 
our  SWAC  experience  to  arrive  at  an  assumed  round-off  error  to  be  expected 
with  the  Souriau-Frame  algorithm  on  a  machine  carrying  a  significant  binary 
digits.  The  elements  of  Ai  have  rounding  errors  of  magnitude  2~*“‘.  If  we  ignore 
the  subtraction  of  c*/  from  A*  for  the  moment,  the  algorithm  consists  in  re- 
I>eated  left  multiplication  by  A.  The  asymptotic  effect  of  this  would  be  to  mul¬ 
tiply  the  absolute  errors  by  |  X„  |  at  each  step.  Such  asymptotic  starts  are  usually 
reached  quickly  in  practice,  and  one  might  expect  trace  A*  to  have  errors  like 
2— ‘  I  X.  1*.  _ 

Now  altering  A*  to  B*  in  each  cycle  should  cause  the  error  1  Ac*  ]  to  be  some¬ 
what  less  that  2~*~‘  |  X»  1*.  Assuming  that  the  SWAC  experiments  are  fairly 
typical  in  indicating  a  reduction  factor  of  2~‘  (==  2~*‘/2~*‘),  we  might  expect  a 
formula  like 

(4)  1  Ac*  I  =  2-*-‘|  K  1* 
to  be  valid,  at  least  for  k  near  to  n. 

We  assume  henceforth  that  (4)  is  an  adequate  representation  of  the  round-off 
error  in  the  Souriau-Frame  algorithm. 

In  applying  (4)  to  a  particular  calculation  one  can  first  estimate  |  X.  |  from 
the  relations 

(5)  ^\K\  ^  n  -t-  1) 

I  c*  I 

for  the  calculated  values  of  c*  .  Having  an  estimate  of  |  X,,  |,  the  estimate  of 
I  Ac*  I  for  A:  =  1,  2,  •  •  •  ,  n  is  then  computed  from  (4). 

6.  Influence  of  matrix  “condition’*.  For  a  range  of  values  including  the  roots 
X* ,  the  different  terms  of  F(X)  in  (1)  are  likely  to  be  of  comparable  magnitude. 
But  by  (4)  the  relative  error  in  the  computed  c*  grows  with  k.  Hence  the  rela¬ 
tive  error  in  the  value  of  F(\)  computed  by  the  Souriau-Frame  algorithm  is 
likely  to  be  essentially  equal  to  the  relative  error  in  the  computed  value  of  c»  . 

Suppose  we  retain  s  significant  binary  digits  in  all  matrices,  and  suppose  that 
(4)  is  correct.  Then 

I  Ac,  1  2— ‘I  X,  1". 

Since  c,  =  det  A  =  XiX*  •  •  •  X,  ,  we  have  the  following  approximate  relative 
error  E  in  the  computed  c,  : 
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(6)  .  •nix.xri- 

Now,  for  a  rough  analysis,  let  us  assume  henceforward  that 


(7) 


\k 


\k-i 


b  a  constant  r, 


independent  of  k.  Then  r"  ‘  |  X*Xi‘  |  =  P  =»  P(A),  the  P-condition  number  of 

A  defined  by  Todd  [13].  Then  from  (6) 

E  dk  2~*~‘n  r"~*  = 


or 


E  2  P"' . 


Suppose,  now,  that  it  is  desired  to  compute  Cn  (and  hence  P(X))  to  b  binary  places 
of  relative  accuracy.  Then  it  is  necessary  to  have  E  =  2  *  ‘P*'*  ^  2~*.  This 
requires  that 

(8)  P  ^ 

In  summary,  under  the  assumptions  (4)  and  (7),  inequality  (8)  is  necessary 
and  sufficient  for  c«  (and  hence  probably  also  P(X))  to  have  an  accuracy  of  b 
significant  binary  digits  in  a  computation  carrying  the  matrices  to  a  significant 
digits. 


6.  Implications  of  the  analysis.  In  applied  mathematics  a  relative  accuracy  of 
0.001  in  P(X)  is  often  acceptable;  this  corresponds  to  6  =  10  in  the  above.  Con¬ 
dition  (8)  then  states  that  for  such  accuracy  it  is  necessary  and  sufficient  that 

(9)  e  ^  5  +  §n  log*  P. 

Table  3  shows  the  maximum  value  of  P  satisfying  (9)  for  selected  values  of  n 
and  s.  It  is  observed  that  (9)  is  quite  a  severe  restriction  on  the  matrices.  Recall 
that  PiA)  «=  1  only  for  orthogonal  matrices  A  and  their  multiples,  while  P(A) 

«>  as  a  matrix  approaches  singularity.  Ordinary  and  p>artial  difference  equations 
with  10  or  20  net  points  may  lead  to  P  values  between  about  10  and  perhaps 
20,000.  The  notorious  Wilson  matrix  of  order  4  has  P  «  2984;  see  [13].  For  the 
matrix  of  section  3  above,  P  *  46,000. 


TABLE  3 

n 

s 

nua  P 

Remarks 

4 

36 

46340 

See  section  2 

10 

36 

73 

Single  precision  SWAC 

10 

72 

10610 

Double  precision  SWAC 

20 

72 

104 

Double  precision  SWAC 

10 

63 

776 

Single  precision  Mark  IV 

21 

106 

786 

Double  precision  Mark  IV 
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The  second  statement  from  [8]  mentioned  in  section  2  above  is  consistent 
with  Table  3  provided  that  Iverson’s  matrices  had  P  condition  numbers  ranging 
up  to  about  780. 

It  appears  from  Table  3  that  the  Frame-Souriau  method  requires  relatively 
well  conditioned  matrices  (small  P)  or  use  of  many  significant  digits  (large  s) 
or  both.  Where  these  conditions  are  not  met,  the  user  receives  less  accuracy 
(smaller  h)  than  he  needs.  And  there  seems,  incidentally,  to  be  no  ready  way  to 
improve  such  inaccurate  values  of  Ck ,  except  to  start  over  with  more  significant 
digits  or  a  different  algorithm. 

The  authors  wonder  whether  these  observations  apply  to  many  methods  of 
computing  the  characteristic  equation,  or  whether  they  are  relevant  mainly  to 
the  Souriau-Frame  method.  If  they  are  generally  applicable,  they  weigh  against 
the  use  of  direct  methods  to  compute  eigenvalues,  in  contrast  to  the  arguments 
of  Bodewig  [2]. 
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A  SYMMETRIC  GENERALIZATION  OF  THE  LAGRANGE 
INTERPOLATION  FORMULAf 

By  Berthold  Schweizer 


Introduction.  In  the  classical  interpolation  problem  the  values  of  a  function 
/  at  n  distinct  points,  Oi ,  Oj ,  •  •  ■  ,  a,  ,  are  known  and  it  is  required  to  construct 
the  polynomial  of  degree  n  —  1  which  at  the  point  a,-  takes  on  the  value  /(a,-),  i  » 
1,  •  •  •  ,  n.  The  classical  answers  to  this  problem  are  contained  in  the  well  known 
interpolation  formulae  of  Newton  and  Lagrange;  of  these,  Lagrange’s  formula 
is  symmetric  in  the  points  Ui ,  whereas  Newton’s  is  not  [1]. 

A  direct  generalization  is:  The  values  of  the  function  /  and  of  all  derivatives 
of  /,  to  order  k,  at  the  n  distinct  points,  01,02,  ’  *  *  ,  On  ,  are  known  and  it  is  re¬ 
quired  to  construct  the  polynomial,  G,  of  degree  n(k  -1-  1)  —  1  for  which, 

G(o.)  =/(o0 
(?'(o,)  =  r(o,) 

(1)  •  •  i  =  1, 2,  •  •  •  ,  n. 


G*(o,)  =  /*(o,), 

This  problem  has  been  solved  directly  by  means  of  a  slight  extension  of  New¬ 
ton’s  formula  [1].  However,  the  extension  of  the  symmetric  formula  of  Lagrange 
has,  to  the  writer’s  knowledge^  been  carried  out  only  for  the  case  A:  =  1  and  is 
usually  referred  to  as  the  Lagrange-Hermite  Interpolation  Formula  [2].* 

In  this  note  we  will  derive  an  expression  for  G,  symmetric  in  the  points  a,- . 
In  doing  so,  we  make  use  of  some  old — but  not  too  widely  known — results  on 
Jacobi  Series.  These  will  be  presented  briefly  in  the  next  section. 


Jacobi  series.  Let  P(z)  =  (z  —  Oi)(z  —  02)  •  •  •  (z  —  a„),  where  o,-  9^  oy , 
i  ^  j,  C  the  curve  in  the  complex  plane  |  P(z)  \  =*  n,  where  fiisa.  constant  >  0, 
and  D  the  closed,  finite,  (in  general  not  simply  connected)  region  bounded  by 
C — ^i.e.,  the  set  of  all  z  for  which  |  P(z)  \  ^  m-  Let  /(z)  be  analytic  in  D.  Then, 
in  D,  f(z)  can  be  represented  by  the  so-called  Jacobi  Series  [4],  i.e., 

(2)  /(z)  =  Qo(z)  -b  Qdz)P(z)  +  Q2(z)[Piz)]'  +  . . . 

where  Q,(z)  is  a  polynomial  of  degree  n  —  1,  p  =  0,  1,  2,  •  •  •  .  This  series  con¬ 
verges  to  /(z)  at  every  interior  point  of  D,  and  moreover,  the  convergence  is 
uniform  in  every  region  D'  of  the  form  |  P(z)  |  ^  yi'  <  M-  Furthermore,  the  co¬ 
efficients  Qp(z)  may  be  expressed  in  the  form. 


(3) 


Qpiz) 


J_  f /(fMf.ri  .. 

2inJc 


t  This  work  sponsored  by  the  Office  of  Ordnance  Research  under  Contract  DA-1 1-022- 
ORD-1494. 

*  The  formula  given  in  Montel  [3,  p.  50]  is  incorrect,  as  a  single  differentiation  shows. 
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where 


(4) 


vQ:,z) 


pg-)  -  P(z)  * 

f  -  z 


Let  Sk(z)  denote  the  sum  of  the  first  1;  +  1  terms  of  the  series  (2).  In 

(5)  /»-s.w-o.«w(Pwr‘  +  e.«wiPwi‘-”  +  ---, 

the  right  side  contains  the  factor  [P(z)]*'''‘.  Consequently,  the  difference  on  the 
left  side  as  well  as  its  first  k  derivatives  must  vanish  at  each  of  the  points  Oi ,  •  •  •  , 
an  .  It  follows  that, 

SkiOi)  =  /(o.) 

Sl(a,)  =  fiai) 


stw  =  /(o,), 

The  degree  of  S*(z)  is  nfc  +  (n  —  1)  =»  n(A:  +•  1)  —  1.  Hence,  /S*(z)  is  the 
poljmomial  [6]  which  interpolates  to  /(z)  with  multiplicity  fc  -1-  1  at  the  points 
Oj .  Or,  in  short,  S*(z)  =»  Cr(z). 


(7) 


The  generalized  interpolation  formula.  From  (4)  we  have, 

P(f)  -  P(a.)  _  P(f) 


v(f,  o.) 


f  -  a,  f  -  a. 

Therefore,  setting  z  »  a,  and  substituting  the  above  in  (3),  we  obtain. 


Qp(a<) 


2iri 


(8) 


L(f:  -  oi)'  •••(!•- 


/(f) 


df 


C  (f  -  ai)'  •  •  •  (f  -  Oi-O'Cr  -  a.)’^‘(f  -  a*+i)'  •  *  •  (f  -  o*)” 

^  p  «=  0, 1,  2,  •  •  • . 

But,  this  integral  is  the  divided  difference  of  order  np, 

(9)  [of ,  •  •  • ,  o?-i ,  .  of+i ,  •  *  •  ,  of] 

in  which  the  arguments  ui ,  •  •  •  ,  a,_i ,  a,>i ,  •  •  •  ,  a,  are  repeated  p  times  and 
the  argument  o<  is  repeated  p  +  1  times  [Ij.t  Consequently  we  may  write. 


(10) 


Qp(o,)  =  [af. 


t  o»— 1 1  o«  » o?+i  I 


t 


*  A  simple  proof  of  the  above  theorem  may  be  found  in  Montel  [3,  pp.  47-48].  The  curves 
I  P(t)  I  M,  where  /i  >  0.  are  called  lemniscates  of  degree  n.  These  have  been  extensively 
studied,  [5],  [8]. 

t  The  notation  used  here  for  divided  differences  with  repeated  arguments  is  not  stand¬ 
ard. 
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Since  Q,{z)  is  a  polynomial  of  degree  n  —  1  whose  value  is  known  at  n  distinct 
points,  we  have,  using  the  ordinary  Lagrange  Interpolation  Formula, 


(11)  =  =  t 

Z  CL%  1  \®i/  •■“1 


[af 


I  Oi^i  f  di  I  f 


al]  P(z) 


z  —  o. 


This  yields  as  our  final  result. 


(12) 


(?(*)  -SM  - 

P-0 


p— 0  (»■— 1  Z  ~  Oi  ■* 


an  expression  symmetric  in  the  a,- .  , 

This  result  is  valid  whenever  /  possesses  derivatives  of  order  k.  It  is  true  that 
in  the  theorem  on  Jacobi  Series  /  must  be  analytic,  but  for  the  purposes  of  ob¬ 
taining  the  polynomials  Qo,  Qi,  •  •  •  ,  Q* ,  we  may  substitute  G  for /  —  in  view 
of  (1)  and  (6).  Then  G,  being  a  pol3momial  and,  consequently,  analytic,  may  be 
expanded  in  a  Jacobi  Series. 
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IMPEDANCE  SYNTHESIS  WITHOUT  MINIMIZATION 


By  Aahon  Fialkow  and  Irvino  Gerst 

1.  Introduction.  Let  Z(p)  be  a  rational  positive  real  function  (p.ri.)  of  the 
complex  frequency  variable  p.  At  the  present  time,  the  synthesis  procedure  for 
realizing  Z(p)  by  means  of  a  network  containing  no  mutual  inductance  involves 
the  following  three  processes:  (I)  The  successive  elimination  of  poles  and  zeros 
on  the  imaginary  axis  to  obtain  a  reduced  p.r.f.  Zi(p)  which  is  analytic  and 
non-zero  there.  (II)  The  Brune  [2]  minimization  procedure  in  which  Zj(p)  = 
Zi(p)  —  a  is  formed,  where  a  is  the  minimum  of  Re  [Zi(p)]  on  the  imaginary 
axis  p  =  ici).  (Ill)  The  application  of  the  Bott-Duffin  [1]  algorithm  or  its  modifi- 
cationf  to  Zs(p)  (if  (I)  is  not  applicable)  to  obtain  further  reduced  functions 
Z|(p)  and  1/Z|(p)  upon  which  the  s3rnthesis  of  Zi(p)  depends. 

Now  step  (II)  while  theoretically  simple  to  describe  is  computationally 
difficult  to  perform  because  of  the  minimization  process  required.  It  is  the  pur¬ 
pose  of  the  present  paper  to  provide  a  new  synthesis  procedure  which  eliminates 
this  process  completely.  The  new  method  replaces  (II)  and  (III)  by  the  follow¬ 
ing:  (II)'  The  equation  Zi(p)  +  Zi(—p)  =  0  is  solved.  (HI)'  A  procedure 
utilizing  the  roots  of  this  equation  is  given  which  yields  reduced  functions  Z% 
and  1/Zt  upon  which  the  synthesis  of  Zi  depends. 

It  will  be  seen  that  (II)'  need  be  performed  just  once  and  that  therefore  the 
solution  of  the  single  equation  in  (II)'  now  takes  the  place  of  all  the  required 
minimizations  of  the  previous  method.  As  for  (III)',  corresponding  to  a  pair  of 
conjugate  pure  imaginary  roots  in  (II)',  the  Bott-Duffin  procedure  (or  its 
modification)  is  used  to  effect  the  reduction.  For  the  more  general  case  of  roots 
other  than  pure  imaginary  in  (II)',  new  reduction  algorithms  are  given.  These 
are  based  on  a  theorem,  proved  here,  which  bears  the  same  relation  to  a  gen¬ 
eralized  form  of  Schwarz’  Lemma  that  Richards’  Theorem  [8,  Thm  6,  p.  779] 
does  to  the  original  simple  form  of  this  lemma. 

To  accomplish  the  reduction,  the  calculation  of  a  single  positive  root  of  an 
algebraic  equation  may  be  required.  This  is  analogous  to  the  situation  in  (III) 
where  such  a  calculation  i^  always  necessary.  If  Re  [Zi(tu)]  0  for  all  real  w, 
the  same  will  be  true  of  the  successive  reduced  functions  at  each  stage  of  the 
synthesis.  Finally,  we  note  that,  at  present,  the  increased  simplicity  of  computa¬ 
tion  of  our  method  is  achieved  at  the  expense  of  an  increase  in  the  number  of 
network  elements  in  the  general  case. 

2.  A  Theorem  on  Positive  Real  Functions.  The  following  result  is  basic  to 
our  method. 

*  Presented  to  the  American  Mathematical  Society,  January  18,  1954.  (Cf.  Bull.  Amer. 
Math.  Soc.,  eO.  256-257  (1954)). 

t  Recently  Pantell  (5),  Resa  [7]  and  ourselves  [4|,  independently,  arrived  at  a  variant 
of  the  original  Bott-Duffin  procedure  which  requires  slightly  fewer  network  elements. 
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Theorem  1:  Let  Z(p)  be  a  p.r.f.  of  degree*  n.  Further  let  pi, pt, ‘-‘f  p,  bea 
aet  of  complex  numbers  having  Re  [p,]  >  0,  (t  =*  1,  2,  •  •  •  ,  «),  and  such  that  non- 
real  Pi  occur  in  conjugate  complex  pairs.  Then 
(t)  (he  function 


n  (p  +  p.)  +  n  (P  -  P.) 

Up)  =  - 

fi  (p  +  p<)  -  n  (p  -  p.) 


is  a  reactance; 

(it)  if  c>  0  and  Z(pi)  »  c(i  =  1, 2,  •  •  •  , «),  the  function 


Up) 


Zi(p)Z(p)  —  c 
cZiip)  -  Zip) 


is  a  p.ri.  of  degree  not  exceeding  n. 
Proof.  We  apply  the  transformations 


P  -  1 

p+  r 


fiz) 


Zip)  -  1 
Zip)  +  1 


(1) 


to  Zip)  to  obtain  /(«).  As  is  well-known  [Cf.  8,  p.  778],  (1)  converts  the  domain 
oi  rational  p.r.f.’8  Zip)  bi-uniquely  into  the  domain  of  real,  rational,  unimodular 
bounded  functions /(z),  i.e./(z)  anal}rtic  and  |  / 1  ^  1  in  the  unit  circle  |  z  |  <  1. 
The  degree  of  Zip)  is  invariant  under  transformations  (1). 

Now  a  non-constant  p.r.f.,  Z*ip)  is  a  reactance  if  and  only  if  it  maps  the 
imaginary  axis  p  iu  onto  itwlf.  By  (1)  the  corresponding  function /*(z)  must 
be  such  that  \f*iz)  |  »  1  for  |  z  |  ~  1.  Such  bounded  functions  have  been  ex¬ 
plicitly  determined,  [3,  p.  12).  If  the  further  condition  of  reality  is  imposed 
upon  them,  it  follows  that  they  are  of  the  form 

i*,i < i,« - 1,2, •••  .0  (2) 

»-l  1  —  z,z 

where,  of  course,  non-real  z<  occur  in  congugate  complex  pairs.  Thus  the  uni¬ 
modular  bounded  functions  given  by  (2)  are  in  one-to-one  correspondence  with 
the  reactance  functions. 

Applying  (1)  to  the  function  Zi(p)  of  (i),  we  get  a  function  /i(z)  of  the  form 
(2)  with  the  plus  sign,  and  where  t  ==  s  and 


Zi 


Pi  —  I 

P.  +  r 


(t-  1,2,  ...  ,«)  (3) 


Since  Re  [p<]  >  0,  we  have  |  Z{  |  <  1.  This  provesf  (t). 

*  We  recall  that  if  Z(p)  is  written  as  the  quotient  of  two  relatively  prime  polynomials 
of  degrees  q  and  r  respectively,  then  the  degree  of  Z(p)  is  Max  (q,  r). 

t  The  function  1/Zi  corresponds  to  — /i(z).  Hence  we  have  also  proved  that  every  re¬ 
actance  function  is  of  the  form  Z,  or  1/Z,  with  Z,  as  in  (t). 
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Now  consider  Zo(p)  =•  Z(j))/c.  By  hypothesis  Zo(p<)  “  l(t  ■=  1,  2,  •  •  •  ,  «). 
This  implies  that  /o(zt)  =  0,  where  /o  is  the  unimodular  bounded  function  cor¬ 
responding  to  Zo  under  (1)  and  the  Zi  are  given  by  (3).  We  may  therefore  apply 
a  well-known  generalization  of  Schwarz’  Lemma*  [Cf.  6]  to  /o(2)  and  conclude 
that  if 

m  =  m/m, 

where  fi{z)  as  above  corresponds  to  Zi(p),  then  f{z)  is  real  and  unimodular 
bounded.  Clearly  f{z)  is  of  degree  not  exceeding  n.  If  Z'(p)  corresponds  to  f'{z) 
under  (1),  then 


But 


Z'ip) 


1  +r(g)  /i(g)  +  /e(g) 

1  -/'(«)  fi{z)-Mz)' 


(4) 


Mz)  =  [Z(p)/c  -  l]/[Z(p)/c  +  1]  and  Mz)  =  [Zi(p)  -  l]/(Zi(p)  +  1]. 


Making  these  replacements  in  (4)  we  get  (n).  This  completes  the  proof  of  The¬ 
orem  1. 

The  following  results  connected  with  Theorem  1  will  find  frequent  use  in  the 
sequel. 

(a)  In  Theorem  1,  if«  =  1,  pi  =  A:>0,  c  =  Z(k),  we  have  Richards’  Theorem 
(in  the  form  used  by  Bott-Duffin). 

(b)  In  (it),  solving  for  Z(p)  gives 


Zip) 


,Z,ip)Z'ip)  +  1 
Zx(p)  +  Z\p)  • 


t 


Thus  Z(p)  M  realized  by  a  balanced  bridge  network  whose  opposite  pairs  of  arms 
are  cZi(p),  c/Zi(p)  and  cZ'(p),  c/Z'(p)  respectively. 

(c)  We  shall  use  the  notation  Z(p)  =  Q(p)/Rip)  where  Q  and  R  are  relatively 
prime  real  polynomials  (and  similarly  for  other  impedances  occurring  in  the 
paper).  Then  for  Zi(p)  of  (i),  we  may  write  Zi  =  Qi/Ri  where  Qi  and  Ri  are 
respectively  the  numerator  and  denominator  of  the  fraction  in  (i).  Thus  (ii) 
may  be  rewritten  as  , 


Z'(p) 


QiQ  —  cRiR 
cQiR  —  RiQ 


(5) 


Denote  the  numerator  and  denominator  in  (5)  by  M(p)  and  N(p)  respectively. 
It  is  clear  that  the  maximum  of  the  degrees  of  M  and  N  equals  n  +  s.  We  now 
investigate  the  common  factors  of  M  and  N. 

Let  D(p)  represent  any  such  common  polynomial  divisor  of  M  and  N.  Then 
D  divides  both  RiM  -f-  QiN  =  c(Qi  —  Ri)R  and  QiM  -H  RiN  *=  (Q\  —  R\)Q. 
Since  Q  and  R  are  relatively  prime  there  exist  two  polynomials  U  and  V  such 
that  UQ+VR=1.  Thus  D  divides  UQ(Q\  -  Ri)  +  VR(Qi  -  Ri)  ^Qi-Ri. 

•  This  states:  If  /(*)  is  unimodular  bounded  and  /(f<)  —  0(t  “  1,  2,  •  •  •  ,  fc)  where 
I  I  <  1,  then/(z)n(l  —  fiz)/n(2  —  f<)  is  also  unimodular  bounded. 
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Replacing  Qi  and  Ri  by  their  expressions  from  (t),  we  conclude  that  D  must 
divide  IlKp  +  p<)(p  -  p,). 

Now  since  Qiijti)  =  Riipi)  and  Q(p,)  =  cR(pi),  (  i  =»  1,  2,  •  •  •  ,  s),  we  see 
that  ITUp  ~  Pi)  is  actually  a  common  factor  of  M  and  N.  This  again  verifies 
that  the  degree  of  Z'(p)  is  at  most  n.  It  will  be  of  lower  degree  than  n  if  there 
are  additional  common  factors  of  M  and  N.  For  this  to  be  so,  it  is  necessary 
and  sufficient  that  M{—pi)  =>  N(—pi)  =»  0  for  some  t  =  1,  2,  As 

Qi(-P.)  =  -Ri(-Pi)  ^  0, 

this  condition  on  M  and  N  implies  that  Q(— p.)  +  cR(—pi)  =  cR(—pi)  + 
Qi—Pi)  "  0.  Recalling  that  Z(p,)  =  c,  these  last  conditions  are  equivalent  to 
the  equation  Z(p<)  +  Z{—pi)  =  0.  We  have  therefore  proved  the  following 
result*:  In  Theorem  1,  the  degree  of  Z*  ian  —  u  if  and  only  if  u  of  the  pi  are  roots 
of  the  equation 

Zip)  +  Z(-p)  =  0.  (6) 

3.  The  Reduction  Procedure.  In  accordance  with  the  conclusion  (c)  just 
obtained,  we  are  led  to  define  a  polynomial  P[Z],  depending  on  Z  ^  Q/R,  by 
means  of  the  formula 

P[Z\  =  u{Q(p)fl(-p)  +  Q(-P)R(P)},  (7) 

wheref  i;  is  a  constant  making  the  leading  coefficient  of  P  equal  to  one.  Evi~ 
dently  P(l/Z]  =  P[Z]  =»  P[kZ\  where  A:  is  a  positive  constant. 

Now  suppose  that  Z(p)  of  degree  n  >  0  is  given  and  that  Z(p)  has  no  poles 
or  zeros  on  the  imaginary  axis.  Then  P[Z]  is  an  even  polynomial  of  degree  2n 
whose  zeros  are  exactly  the  roots  of  equation  (6).  We  may  write  these  zeros  as 

»  Xj ,  •  •  •  I  “  Xi ,  —  X2 ,  •  •  •  ,  —  X»  (8) 

where  Re  [X<]  ^  0,  X<  0  and  where  non-real  X<  occur  in  conjugate  complex 
pairs.  It  follows  from  (6)  that  a  X,-  is  pure  imaginary,  say  ia>o ,  if  and  only  if 
Re  [Z(iwo)]  =  0. 

Our  object  is  now  twofold.  In  this  section  we  show  that  corresponding  to  any 
zero  X{  (or  possibly  set  of  zeros  X,)  the  synthesis  of  Z(p)  can  be  made  to  depend 
upon  certain  reduced  p.r.f.’s  Z'(p)  and  1/Z'(p)  whose  construction  depends  upon 
these  X, .  In  the  next  section  we  show  that  the  zeros  of  P[Z']  are  the  zeros  (8) 
with  the  zeros  X{  used  above  (and  their  negatives)  deleted.  A  consequence  of  this 
last  result  is  that  equation  (6)  need  be  solved  only  for  the  initial  p.r.f.  Z(p). 

Let  X,H  be  one  of  the  zeros  (8).  The  discussion  now  divides  into  three  cases. 

Case  1.  Z(X„)  =*  c  with  c  real  (and  therefore  positive). 

This  is  alwa3rs  true  if  Xm  is  real.  Let  Piij  —  1,2,  •  •  •  ,t)  denote  all  those  X,(t  “  1, 
2,  •  •  •  ,  n)  for  which  Z(X,)  =  c.  Thus  /  is  at  least  one.  Then  evidently  the  non- 
real  py  will  occur  in  conjugate  complex  pairs  and  Re  [py]  >  0,  (j  =  1, 2,  •  •  •  ,  /). 

*  A  very  special  case  of  this  result  had  been  noted  by  Richards  [8,  Cor.  6.1(b),  p.  779]. 

t  The  constant  s  i>  not  essential  to  the  argument.  It  is  introduced  solely  to  make  P[Z1 
unique. 
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We  may  therefore  apply  Theorem  1  to  Z(p)  with  c  *=  Z(X*),  to  get  a  reactance 
Zi  and  a  p.ri.  Z'  given  in  Theorem  1  (t)  and  (tt)  respectively. 

The  functions  Z'  and  1/Z'  are  the  required  reduced  functions.  For  by  §2(c), 
Z'(p)  will  be  of  degree  n  —  <  ^  n  —  1 ;  and  by  §2(b),  the  synthesis  of  Z(p)  de¬ 
pends  on  the  synthesis  of  Z'  and  1/Z'. 

Cose  2.  Z(X«)  -  A  4-  fit ,  A  >  0,  B  reoZ  and  ?^0. 

Then  X»  =  a  W  with  a  >  0,  6  real  and  ?^0.  Since  Z(X»)  is  not  real,  we  can¬ 
not  apply  Theorem  1  here  directly.  Instead,  we  first  determine  p.r.f.’s  Zi(p)  and 
l/Ziip)  upon  which  the  synthesis  of  Zip)  depends  and  for  which  Zs(Xm)  is  real. 

Let  A;  >  0  and  consider  the  p.r.f. 


Zi(p,  k) 


pZjj))  —  kZjk) 
pZik)  —  kZijp) 


(9) 


(This  is  the  case  mentioned  in  §2(a)).  When  A:  =  0,  Zj(X«  ,  0)  =  (A  -f-  fit)/Z(0); 
and  when  A:  =  «,  Zj(X« ,  «)  =  Z(oo)/(A  -t-  fit).  Thus  since  both  Z(0)  and 
Z(  00 )  are  positive,  one  of  Zt(X«  ,  0)  and  Zj(X«, ,  oo )  is  in  the  upper-half  plane  and 
the  other  is  in  the  lower-half  plane.  Now  Zi(Xm ,  A;)  is  a  continuous  function  of 
A;  for  0  A;  ^  oo .  Hence  a  value  k  ko  ,0  <  kn  <  oo,  exists  for  which  Zi(X« , 
ko)  =  c  ia  real  and  therefore  positive.  We  note  that  setting  Im  [Zi(Xm  ,  A;)]  <=  0 
in  (9),  gives  the  equation 

bkZ*ik)  +  Bia'  +  b'  -  k')Z{k)  -  6A:(A*  -|-  fi*)  =  0  (10) 

for  actually  determining  Ano . 

Ziip,  ko)  is  the  required  function  Zj(p),  for  by  §2(b)  the  synthesis  of  Zip)  de¬ 
pends  on  that  of  Zt  and  l/Z* .  By  the  result  (c)  of  §2,  Zt(p,  ko)  will  be  of  degree 
n  except  when  Ziko)  +  Zi—ko)  ^  0,  i.e.  when  ko  is  one  of  the  X, ,  in  which  case 
Ziip,  ko)  will  be  of  degree  n  —  1.  Also,  it  follows  from  (9)  and  §2(c)  that,  except 
when  Zj(p)  is  of  degree  n  —  1,  all  the  X<  of  (8)  are  roots  of  the  equation  Zj(p)  + 
Zii—  p)  ~  0.  In  the  exceptional  case,  the  term  ko  of  the  X,-  is  not  a  root  of  this 
equation  and  is  to  be  excluded  from  the  X{  in  what  follows. 

We  may  now  apply  the  procedure  of  Case  1  to  Zt(p,  A^).  Thus  again  denote  by 
PiU  “  If  2,  •  •  •  ,  0  those  X,(t  =  1,  2,  •  •  •  ,  n)  for  which  Zj(X<  ,ko)  —  c.  Then  t  is 
at  least  two,  for  X«  and  Xa  are  among  the  p> .  Now  Re  [p>]  >  0,  for  otherwise  p/ 
and  Z(py)  would  both  be  pure  imaginary.  But  then  Zt(py ,  ko)  in  (9)  could  not 
be  a  real  finite,  positive  number  c  which  is  a  contradiction.  We  may  therefora 
apply  Theorem  1  to  Zi(p,  ko),  with  c  =  ZtiXm  ,  ko),  to  get  a  reactance  Zi  and  a 
p.r.f.  Z\ 

By  §2(c),  Z'  is  of  degree  not  exceeding*  n  —  t  ^  n  —  2.  By  §2(b)  the  syn¬ 
thesis  of  Zi(p,  A^)  depends  on  that  of  Z'  and  1/Z'.  Clearly  the  synthesis  of  IfZtip, 
ko)  is  accomplished  along  with  that  of  Zt .  Thus  the  synthesis  of  Zip)  depends  on 
that  of  Z'  and  l/Z'  so  that  these  are  the  required  reduced  functions. 

Case  3.  Z(X„)  =  fit ,  fi  real  and  s^O. 

Then  Xm  =>  ht ,  b  real  and  9^0.  In  this  case,  we  use  the  Bott-Duffin  s}mthesis 

*  The  degree  of  Z'  ia  exactly  n  —  (— lorn  —  (  according  as  Jbt  is  or  is  not  one  of  the 
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or  its  modiiioation.  For  later  purposes  we  recall  how  a  reduced  p.ri.  Z'  is  ob¬ 
tained  here.* 

We  may  consider  the  present  situation  as  a  limiting  case  of  Case  2  correspond¬ 
ing  to  a  “  A  =»  0.  The  function  Zj(p,  k)  given  by  (9)  is  again  used  and  a  value 
kt  sought.  It  may  easily  be  verified  that  equation  (10)  with  a  =>  ==  0  factors 

into 


[bZik)  -  kB][kZ{k)  +  bB\  =  0, 

so  that  we  get  the  famihar  equations  Z(k)/k  =  B/b  or  kZ(k)  =  —bB  for  de¬ 
termining  ko ,  depending  on  whether  >  0  or  <  0  respectively.  This  results 
in  c  =  Zi(X« ,  ko)  being  respectively  «  or  0.  Considering  just  the  case  of  the 
pole  (to  which  the  other  is  reducible)  we  have 

Zo(p,  ko)  =  +  Z'(P)  (11) 

where  Z'(p)  is  the  required  reduced  p.r.f.  of  degree  not  exceeding  n  —  2  and 
Z'(X«)  5*^  «. 

We  have  now  given  reduced  functions  for  each  of  the  three  cases. 

4.  Invariance  of  the  zeros  of  P[Z].  We  next  investigate  the  zeros  of  the  poly¬ 
nomial  P,  defined  by  (7),  for  the  reduced  functions  obtained  above.  To  do  this 
we  will  first  compare  P[Z]  and  P[Z'],  where  Z'  is  a  new  function  constructed 
from  Z  in  a  manner  suggested  by  the  reduction  procedures  of  the  preceding 
section.  We  consider  three  cases. 

Ccue  (a).  Z'  is  defined  by  Theorem  1,  (w)  and  all  the  pj  are  roots  of  (6). 

*  Here  the  greatest  common  divisor  G(p)  of  numerator  and  denominator  in  (5) 
is  IIKp  ~  pdip  +  pi)-  Thenf  Z'  =  Q'/R'  where 

Q'  =  [QiQ  -  cRiR]/G,  R'  =  [cQiR  -  RxQ\/G. 

Forming  the  right  member  of  (7)  with  Q'  and  R'  but  without  the  constant  »j  and 
noting  that 

Q.(-P)  =  (-l)*Qi(p),  Ri{-P)  =  i-iy^^Rxip), 


we  get 

(-l)*c(Q?  -  fii)  .  [Q(p)fl(_p)  4-  Q(_p)R(p)] 

=  •  [Q(p)R(-p)  +  Qi-p)Ri.p)\. 

Hence  P[Z']  -  P[Z]/n*i(p  -  pO(p  +  pi)- 
Case  (/S).  Z'  is  defined  by  Th&>rem  1,  (n)  and  no  pi  is  a  root  of  (6). 

*  Both  the  Bott-Duffin  method  and  its  modification  depend  upon  the  same  reduced 
functions.  Only  the  network  realisations  differ, 
t  The  notation  is  that  of  §2  (c). 
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Here  the  greatest  common  divisor  G(p)  of  numerator  and  denominator  in 
(5)  is  ni(p  ~  P<)-  Performing  the  same  calculation  as  in  Case  (a)  we  now  get 

=  (-l)*-4c{Q(p)/e(-p)  +  Q(-p)Rip)]. 

Thus  here  P[Z']  =  P[Z]. 

Case  (7).  Z'  is  the  reduced  function  after  removal  of  a  pair  of  conjugate  imaginary 
poles  from  Z. 

For  example  in  (11)  where  the  poles  at  ±iXm  were  removed  from  Z*  =  Qt/Rt , 
we  have  Z'  =  Q'/R'  where 

nt  _  (p*  +  ~  otpRi  0/  _ 

^  +  '  P*  +  xi‘ 

Then  here  the  right  member  of  (7)  up  to  the  constant  »j  is  found  to  be 

mp)Ri(-p)  +  Q,(-p)ft.(p)]/(p*  + 

Thus  P[Z'\  =  P[Z,]/(p*  +  xl)*. 

Similarly,  since  P[l/Z]  =  P[Z],  the  removal  of  zeros  at  ±iX«,  from  Z  would 
cause  the  removal  of  the  factor  (p*  +  Xi)*  from  P[Z]. 

It  is  seen  that  in  all  three  cases,  P[Z]  and  P[Z']  have  the  same  zeros  except  for 
those  zeros  of  P[Z]  which  are  used  in  the  construction  of  Z'.  In  this  sense  the 
zeros  of  P(Z]  are  invariant  under  the  processes  given  in  (a),  (jS),  (7). 

Coming  back  to  the  reduced  functions  obtained  in  Cases  1-3  of  §2,  it  may  be 
verified  that  we  have  used  (a)  in  Case  1 ;  in  Case  2,  (/3)  and  (a)  (or,  in  the  special 
situation  where  ko  is  one  of  the  X’s,  (a)  and  (a)) ;  in  Case  3,  (0)  and  (7)  (or  again 
exceptionally  (a)  and  (7)).  Thus  in  every  case  the  effect  is  to  remove  from  (8)  those 
X<  (and  their  negatives)  which  have  been  involved  in  the  formation  of  the  re¬ 
duced  functions.  The  same  is  also  true  by  (7)  for  any  further  reductions  which 
might  be  necessary  in  appl3dng  step  I  of  the  introduction  to  the  reduced  func¬ 
tions.  This  completes  the  proof  of  the  statement  that  equation  (6)  need  by  solved 
only  for  the  initial  function  Z(p). 

We  have  incidentally  shown  as  a  result  of  (7)  that  pure  imaginary  X’s  in  (8) 
are  multiple  roots  of  even  order.  Also  if  Re  [Z(tw)]  ^  0  for  w  real,  then  (8)  will 
have  no  pure  imaginary  X’s,  so  that  this  will  be  true  of  all  the  successive  reduced 
functions. 

We  conclude  this  section  with  some  remarks  bearing  on  the  computational 
aspects  of  the  method.  It  is  immaterial  in  which  order  the  X{  of  (8)  are  utilized 
in  the  reduction  procedure.  However,  it  is  easiest  to  start  by  taking  a  Case  1  X, , 
if  such  exists,  as  here  there  is  no  need  for  solving  an  auxiliary  algebraic  equation. 
This  is  to  be  done  for  as  many  successive  reductions  as  is  possible. 

In  Cases  2  and  3  we  must  solve  for  one  positive  root  of  (10).  But  as  we  have 
noted  this  equation  is  factorable  in  Case  3  so  that  for  a  Z(p)  of  degree  n,  an 
equation  of  decree  n  1  results.  In  Case  2,  (10)  is  of  degree  2n  -f  2.  However 
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as  we  may  easily  verify,  ±X»  and  ±X«  are  roots  of  (10)  so  that  the  equation 
reduces  to  one  of  degree  2n  —  2.  A  similar  reduction  occurs  in  Case  3,  where 
±\m  are  roots,  yielding  an  equation  of  degree  n  —  1.  Hence  where  there  is  a 
choice,  Case  3  X’s  should  be  treated  before  Case  2  X’s. 

5.  An  Example.  The  following  example  will  illustrate  the  new  reduction  pro¬ 
cedures  of  the  method.  Consider 

7M  =  -I-  15p*  -h  59p  -f  20 

op* -h  21p* -I- 20p -h  50* 

Calculating  P[Z]  in  (7)  and  setting  it  equal  to  zero,  we  get  the  equation 
p*  -H  2p*  +  p*  -  100  =  0. 

The  roots  of  this  equation  are  found  to  be  ±2,  1  ±  2i  and  —  1  ±  2t,  so  that  we 
may  take 

Xi  =  2,  Xj  =  1  "h  2t,  Xj  =  Xj 

in  (8).  The  nature  of  these  X’s  shows  us  that  Z(p)  has  no  poles  or  zeros  on  the 
imaginary  axis. 

We  have  Z(Xi)  =  1  while  Z(Xj)  is  not  real.  Thus  we  start  with  Xi  =  2  in  Case  1. 
Here  pi  =  Xi  ==  2.  Applying  Theorem  1  with  s  =  1  and  c  =  Z(2)  =  1,  we  find 
that  Zi  =  p/2  and  that 

_  pZ/2  -  1  _  2p*  -h  5p  -t-  25 
p/2  -  Z  5p*  -1-  17p  -t-  10’ 

*  after  dividing  out  the  common  factor  p*  —  4. 

Next  proceeding  with  Z',  we  have  Z'(Xj)  *  (7  —  6t)/17  so  that  here  we  are  in 
Case  2  with  a  =  1,  6  =  2,  A  =  7/17,  B  =  —6/17.  Substituting  these  values  in 
(10)  with  Z  replaced  by  Z'  yields 

2k[Z'{k)]'‘  -  (5  -  fc*)Z'(A)  -  ^  =  0. 

.\fter  some  simplification  this  becomes 

/b*  +  4A:‘  +  k*  24fc*  -  -|-  100*  -  125  =  0. 

As  noted  at  the  end  of  §3,  this  equation  has  d:Xi  and  d:Xi  as  roots  and  hence 
may  be  divided  by  the  corresponding  factor  k*  -1-  6**  -f  25  to  give 

**  +  4*  -  5  =  0. 

Thus  *0=1.  Now  using  (9)  with  Z  =  Z',  *  =  *o  =  1,  Z'(*)  =  Z'(l)  =  1  gives 

7  =  ^  =  2p*  -1-  2p  -HO 

*  p  —  Z'  5p*  -}-  20p  -|-  25’ 

Since  Z|(X2)  =  i,  we  may  apply  Theorem  1  to  Z*  taking  pi  =  Xj ,  p*  =  Xi  and 
c  =  i.  Then  the  reactance  Z\  in  (t)  simplifies  to  (p*  -|-  5)/2p;  and  the  new  re¬ 
duced  function  Z"  in  («)  is  given  by 
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yit  _  Z\Zi  —  e 
cZi-  Zt' 

Since  (p  —  Xj)(p  —  \i)(p  +  Xi)(p  +  X*)  is  a  common  factor  of  the  numerator  and 
denominator  of  this  fraction,  we  find  that  Z"  =  2.  This  completes  the  reduction 
process.  _ 

The  network  realization  is  obtained  by  applying  §2(b)  three  times,  and  in 
form  consists  of  a  set  of  iterated  balanced  bridges. 
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TABLES  OF  /  Jo(t)  dt  FOR  LARGE  X 
Jo 


'ff- 


The  function 


Paul  W.  Schmidt 


Joix)  =  f  Jo(0  dt 
Jo 


has  been  tabulated  by  Lowan  and  Abramovvitz  [1]  for  the  interval  0  ^  x  ^  10. 
The  tables  that  give  Joix)  for  larger  x  values  (such  as  those  of  Jaeger  [2],  Hagen 
[3]  and  the  National  Physical  Laboratory  [4])  do  not  list  the  function  at  in- 
terv'als  small  enough  for  interpolation. 

As  shown  by  Watson  [5],  Joix)  can  be  expressed  in  ternvs  of  Joix),  JJx),  and 
the  Struve  functions  Hoix)  and  H'oix)  by  the  relation 


(1) 


Joix)  =  ^rx[Hoix)Jiix)  +  Hoix)Joix)] 


From  the  recurrence  relation 

JUx)  =  W,-iix)  -  /.+i(x)) 

one  cati  show  that 

(2)  f  JfiO  dt  =  2^2  J»+u+iix) 

Jo  a-.O 

Hagen’s  tables  were  computed, using  equations  (1)  and  (2).  The  former  equation 
is  useful  only  for  the  interval  0  ^  x  ^  15,  since  the  Struve  functions  have  not 
been  tabulated  for  larger  x  values.  Struve  function  tables  are  given  by  Watson  [5]. 

The  results  of  the  author’s  calculations  of  Joix)  for  10  ^  x  ^  40  are  given  in 
Table  I.  A  desk  computer  and  an  IBM  602-A  calculating  punch  were  used  for 
computing  the  table.  The  error  should  be  no  greater  than  two  units  in  the  sixth 
decimal  place.  Interpolation  using  Everett’s  formula  with  second  differences 
gives  results  of  the  same  accuracy  as  the  tabulated  values.  Table  I  agrees  with 
the  National  Physical  Laboratory  tables  at  places  where  the  tables  coincide. 

In  the  interval  10  ^  x  ^  20,  Joix)  was  found  by  numerical  integration  of 
tables  of  Joix).  For  20  <  x  ^  40,  Joix)  was  obtained  from  the  asymptotic  ex¬ 
pansion 


(3) 

where 


Joix)  =  1  +  SUx)Jiix)  -  S",(x)x-‘Jo(x)  -  «,(x) 


<S»(x) 


L 

0 


(-i)'fe)’ 


_  -  (MJ 

I®  ’  '  jOl 

i~0  X*' 

R.(x)  = 


ftn+t 
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TABLE  I 

Values  of  /.(i)  -  dl 


Aateritkt  Denote  Negative  Second  Differences 


s 

7*(s) 

9 

JtiM) 

p 

10.0 

1.067011 

.001736* 

18.0 

0.813306 

.007494 

10.2 

1.017289 

.000260 

18.2 

0.814386 

.007370 

10.4 

0.967827 

.002209 

18.4 

0.822836 

.006954 

10.6 

0.920674 

.004033 

18.6 

0.838240 

.006269 

10.8 

0.877354 

.006665 

18.8 

0.859913 

.005343 

11.0 

0.839799 

.007046 

19.0 

0.886929 

.004215 

11.2 

0.809290 

.008127 

19.2 

0.918160 

.002932 

11.4 

0.786908 

.008867 

19.4 

0.952323 

.001548 

11.6 

0.773393 

.009249 

19.6 

0.988034 

.000115 

11.8 

0.769127 

.009261 

19.8 

1.023860 

.001307* 

12.0 

0.774122 

.006909 

20.0 

1.058379 

.002664* 

12.2 

0.788026 

.008214 

20.2 

1.090234 

.003900* 

12.4 

0.810144 

.007205 

20.4 

1.118189 

.004972* 

12.6 

0.839467 

.005933 

20.6 

1.141172 

.005835* 

12.8 

0.874723 

.004443 

20.8 

1.158320 

.006459* 

13.0 

0.914422 

.002807 

21.0 

1.169009 

.006822* 

13.2 

0.956928 

.001081 

21.2 

1.172876 

.006911* 

13.4 

1.000515 

.000660* 

21.4 

1.169832 

,006725* 

13.6 

1.043442 

.002349* 

21.6 

1.160063 

.006277* 

13.8 

1.084020 

.003920* 

21.8 

1.144017 

,005580* 

14.0 

1.120678 

.005316* 

22.0 

1.122391 

.004672* 

14.2 

1.152020 

.006482* 

22.2 

1.096093 

.003588* 

14.4 

1.176880 

.007376* 

22.4 

1.066207 

.002367* 

14.6 

1.194364 

.007967* 

22.6 

1.033954 

.001068* 

14.8 

1.203881 

.008236* 

22.8 

1.0006.33 

.000265 

15.0 

1.205162 

.008178* 

23.0 

0.967677 

.001574 

16.2 

1.198265 

'  -.007795* 

23.2 

0.936095 

.002811 

15.4 

1.183573 

.007116* 

23.4 

0.907424 

.003926 

15.6 

1.161766 

.006167* 

23.6 

0.882679 

.004873 

15.8 

1.133802 

.004973* 

23.8 

0.862807 

.005622 

16.0 

1.100865 

.003605* 

24.0 

0.848557 

.006139 

16.2 

1.064323 

.002113* 

24.2 

0.840446 

.006414 

16.4 

1.025668 

.000566* 

24.4 

0.838749 

.006428 

16.6 

0.986457 

.001005 

24.6 

0.843480 

.006185 

16.8 

0.948251 

.002507 

24.8 

0.854396 

.005703 

17.0 

0.912562 

.003893 

25.0 

0.871015 

.004999 

17.2 

0.880746 

.006106 

25.2 

0.892633 

.004098 

17.4 

0.854048 

.006107 

25.4 

0.918349 

.003048 

17.6 

0.833457 

.006854 

25.6 

0.947113 

.001880 

17.8 

0.819720 

,007323 

25.8 

0.977757 

.000649 
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t 

/»(») 

a> 

26.0 

1.000050 

.000600* 

26.2 

1.030743 

.001813* 

26.4 

1.068623 

.002046* 

26.6 

1.004567 

.003055* 

26.8 

1.116636 

.004708* 

27.0 

1.133717 

.005445* 

27.2 

1.145453 

.005872* 

27.4 

1.151317 

.006060* 

27.6 

1.151121 

.006010* 

27.8 

1.144015 

.005710* 

28.0 

1.132000 

.005206* 

28.2 

1.115850 

.004487* 

28.4 

1.004241 

.003507* 

28.6 

1.060026 

.002570* 

28.8 

1.041241 

.001450* 

20.0 

1.012006 

.000275* 

20.2 

0.082406 

.000805 

20.4 

0.053881 

.002020 

20.6 

0.027205 

.003071 

20.8 

0.003780 

.003084 

30.0 

0.884240 

.004734 

30.2 

0.860452 

.005201 

30.4 

0.850046 

.005632 

30.6 

0.856072 

.005751 

30.8 

0.857040 

.005640 

31.0 

0.865466 

i  .005303 

31.2 

0.878286 

.004750 

31.4 

0.805865 

.004032 

31.6 

0.017476 

.003147 

31.8 

0.042234 

.002142 

32.0 

0.060134 

.001062 

32.2 

0.007006 

.000050* 

32.4 

1.024000 

.001165* 

32.6 

1.051737 

.002221* 

32.8 

1.076254 

.003183* 

s 

yi(«) 

«> 

33.0 

1.007588 

.004010* 

33.2 

1.114012 

.004676* 

33.4 

1.127560 

.005152* 

33.6 

1.135056 

.005414* 

33.8 

1.137138 

.005470* 

34.0 

1.133750 

.005302* 

34.2 

1.125060 

.004024* 

34.4 

1.111446 

.004354* 

34.6 

1.003478 

.003618* 

34.8 

1.071802 

.002735* 

35.0 

1.047571 

.001755* 

35.2 

1.021405 

.000707* 

35.4 

0.004712 

.000360 

35.6 

0.068280 

.001410 

35.8 

0.043276 

.002305 

36.0 

0.020658 

.003284 

36.2 

0.001324 

.004031 

36.4 

0.886021 

.004620 

36.6 

0.875338 

.005017 

36.8 

0.860672 

.005215 

37.0 

0.860221 

.005208 

37.2 

0.873078 

.004088 

37.4 

0.883723 

.004575 

37.6 

0.808043 

.003080 

37.8 

0.016343 

.003233 

38.0 

0.037876 

.002350 

38.2 

0.061768 

.001306 

38.4 

0.087056 

.000385 

38.6 

1.012720 

.000640* 

38.8 

1.037762 

.001630* 

30.0 

1.061165 

.002554* 

30.2 

1.082014 

.003370* 

30.4 

1.000403 

.004047* 

30.6 

1.112025 

.004560* 

30.8 

1.121707 

.004803* 

40.0 

1.125776 

.006023* 

The  expansion  is  derived  by  repeated  partial  integration  of  the  right  hand  term 
of  the  equation 


Joix) 


dt 


and  can  be  verified  by  differentiation. 
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When  equation  (3)  is  used  to  calculate  Jo(*)»  the  remainder  term  Rnix)  is 
neglected.  An  upper  limit  on  the  error  in  the  expansion  is  then  given  by 

For  X  =  20,  an  n  value  of  5  gives  six  place  accuracy,  while  when  x  has  increased 
to  40,  six  place  accuracy  can  be  obtained  with  n  equal  to  2. 

REFERENCES 

1.  Lowan,  a.  N.,  and  Abramowitz,  M.,  J.  Math  Phys.  22,  2-12  (1943). 

2.  Jaxobb,  J.  C.,  J.  Math.  Phys.  27,  210-11  (1948). 

3.  Haoxn,  G.  B.,  Zeit.  Angew.  Math.  Mech.  82,  27-30  (1952). 

4.  National  Physical  Laboratory  (Great  Britain),  Integrals  of  Bessel  Functions — Unpub¬ 

lished  table  deposited  with  the  Royal  Society  (No.  17). 

5.  Watson,  G.  N.,  A  Treatise  on  Bessel  Functions  pp.  666-697;  752;  Cambridge  University 

Press,  2nd  Edition  (1944). 

Dbpabtmbnt  op  Phtsics 
Univbbsitt  of  Missoubi 
Columbia,  Mo. 

(Received  January  24,  1955) 


ON  PERIODIC  SOLUTIONS  OF  BUFFING’S  EQUATION 
WITH  DAMPING* 

Bt  W.  S.  Loud 

1.  In  this  paper  we  consider  special  cases  of  the  differential  equation 

(1.1)  .  £  +  /(x)x  +  g(x)  =  p(0. 

where  f(x)  is  an  even  function,  g(x)  is  an  odd  function,  and  p(t)  is  periodic  with 
period  T,  and  odd-harmonic. 

If  there  is  sufficient  damping,  the  solutions  of  (1.1)  often  tend  to  a  periodic 
steady  state,  whose  period  is  T  or  a  multiple  of  T.  When  p(t)  is  odd-harmonic, 
it  is  not  unreasonable  to  expect  that  the  steady  state  periodic  response  is  also 
odd-harmonic.  However,  this  is  not  always  the  case.  The  main  result  of  this 
paper  is  that  under  certain  restrictions,  Buffing’s  equation  with  damping  does 
have  an  odd-harmonic  steady  state  response  to  an  odd-harmonic  forcing  term. 
Young  and  others  ([2]*  section  III)  in  studying  the  equation 

(1.2)  £  -H  0.2±  +  X  +  lOar*  =  sin  t, 

found  a  steady  state  which  was  not  odd-harmonic  using  an  analogue  computer. 
Although  this  does  not  rigorously  prove  that  the  observed  response  was  periodic, 
or  that  periodic  responses  which  are  not  odd-harmonic  even  exist,  it  certainly 
suggests  the  fact  strongly. 

Turrittin  and  Culmer  ([2]  Section  VI),  using  an  elhptic  function  as  an  odd- 
harmonic  forcing  term  with  Buffing’s  equation,  have  proved  the  existence  of  a 
periodic  response  which  is  not  odd-harmonic  in  a  special  case. 

2.  The  results  of  this  paper  are  in  the  opposite  direction.  They  are  conditions 
under  which  the  steady  state  response  to  an  odd-harmonic  forcing  term  must  be 
odd-harmonic. 

Theorem  1.  Let  f{x),  g(x),  and  p(l)  be  continuous  functions.  Let  f(x)  be  an 
even  function,  g(x)  be  an  odd  function,  and  p(t)  be  periodic  of  period  T,  and 
odd-harmonic.  Let  xo(0  be  a  solution  of 

(2.1)  i  -H  fix)±  -h  g{x)  =  p(0 

having  period  T,  and  let  it  be  the  only  such  solution  of  (2.1).  Then,  Xo{t)  is 
odd-harmonic. 

Proof.  Define  yoit)  by  the  identity  yoit)  ^  —  xo(f  -|-  T/2).  yo(t)  is  periodic 
with  ijeriod  T.  Also,  because  of  the  assumed  properties  of  /(x),  g{x),  and  p{t), 
yoit)  is  a  solution  of  (2.1).  Therefore,  because  of  the  uniqueness  of  xo(0,  Voit)  = 
Xo(0*  l  e.,  Xo(0  is  odd-harmonic. 

Remark.  For  the  linear  case 

(2.2)  i  +  cx  +  k^x  =  pit) 

‘  Work  for  this  paper  was  supported  by  the  United  States  Air  Force,  Contract  No.  ' 
AF33(038)-22893. 

>  Numbers  in  brackets  refer  to  the  bibliography. 
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with  c  and  k  constants,  and  p(t)  periodic  with  period  T,  it  is  readily  verified 
that  (2.2)  has  a  unique  periodic  solution  except  in  the  case  that  c  =  0  and 
T  2nT/k  for  some  integer  n.  Thus  the  result  of  theorem  1  almost  always  holds 
in  the  linear  case. 

Even  though  a  periodic  response  is  unique,  it  is  not  called  a  steady  state 
unless  it  is  stable.  Additional  hypotheses  about  damping  are  necessary  to  ensure 
stability. 

Two  solutions,  Xi(0  and  Xt(t)  of  a  second-order  differential  equation  are  said 
to  converge  (to  each  other)  if 

limH.+«  1  xi(0  -  xt(t)  I  *=  limH.-H.  I  MO  “  *»(0  I  =  0. 

A  steady  state  will  mean  a  solution,  Xo(Of  such  that  there  is  a  family  of  solutions 
including  xo(0  such  that  any  other  solution,  x(t),  of  the  family  converges  to 
x$(t)  in  the  above  sense.  A  very  impcHtant  case  is  that  for  which  the  above 
family  includes  all  solutions  of  the  differential  equation. 

We  quote  a  theorem  and  corollary  of  Cartwright  [1],  the  principal  tool  for 
the  next  theorem.  The  notation  is  modified  somewhat. 

Theorem.  Let  the  differential  equation 

(2.3)  £  +  f(x)±  -I-  gix)  =  p(0 

satisfy  the  following  conditions: 

1.  There  exists  a  positive  constant,  bi ,  such  that  /(x)  ^  for  all  x. 

2.  There  exists  a  positive  constant,  bj ,  such  that  g'(x)  ^  b:  for  all  x;  g{0)  =  0. 
Denote  by  Cr({)  the  least  upper  bound  of  |  g^'ix)  |  for  |  x  |  ^  f. 

3.  p(t)  is  periodic  in  f,  and  both  p(t)  and  /  p(u)  du  are  bounded. 

Jo 

Then  all  solutions  of  (2.3)  which  satisfy  |  x  |  ^  {o ,  |  ^  I  ^  for  all  f  ^  ^  for 
some  ^  ,  converge,  provided  that  <  bibi . 

Corollary.  There  exists  a  periodic  solution  x*{t)  to  which  all  solutions  of 
(2.3)  satisfying  the  conditions  in  the  last  sentence  converge. 

3.  The  main  result  of  this  paper  is  that  under  certain  restrictions,  Duffing’s 
equation  with  positive  damping  and  odd-harmonic  periodic  forcing  term  has  a 
unique  steady  state  response,  which  is  odd-harmonic. 

Theorem  2.  In  the  differential  equation 

(3.1)  £  -\-  c£  +  X  /3x*  =  p(0, 

let  c  and  be  positive  constants.  Let  pit)  be  continuous,  periodic  of  period  7', 
and  odd-harmonic.  Let  max  ]  pit)  1  “  1.  Let  A  denote  the  minimum  of  the  three 
quantities 

1  -h  4/c  I  +  4/c*  +  4/c*. 

Then  if  c*  >  48Aj8,  there  exists  a  unique  periodic  solution,  xoit),  of  (3.1)  to 

which  all  other  solutions  converge.  Moreover,  xo(0  is  odd-harmonic. 

Remark.  There  is  no  loss  of  generality  entailed  in  the  requirement  that 

max  I  pit)  I  —  1,  or  in  the  fact  that  the  coefficient  of  x  in  the  left  member  of 


SOLUTIONS  OF  DUFFINO’S  EQUATION 


176 


(3.1)  is  taken  to  be  1.  These  conditions  can  both  be  achieved  from  the  general 
case  by  multiplication  of  x  and  i  by  appropriate  constants. 

Lemma  1.  Under  the  conditions  of  the  theorem,  for  every  solution  of  (3.1) 
there  exists  a  number  U  (depending  on  the  solution  in  question)  such  that  for 
/  ^  <0, 

I  X  I  and  |  i  |  ^  4/c. 

The  proof  of  lemma  1  is  lengthy,  and  will  be  deferred  to  section  4  of  this 
paper. 

Proof  of  Theorem  2.  Conditions  1  and  2  of  Cartwright’s  theorem  are  satisfied 
by  (3.1)  with  61  =  c,  6j  =  1,  and  G(()  =  6/3(.  p(t)  is  bounded,  being  continuous 
and  periodic.  Since  p(()  is  odd-harmonic,  its  integral  over  a  period  is  zero,  and 
thus 

p(u)  dtij  ^  ^  |p(m)  I  du. 

Condition  3  of  Cartwright’s  theorem  is  satisfied.  If  we  set  ^  and  no  =  4/c, 
the  requirement  2iw(f({o)  <  bibt  becomes  480A/c  <  c,  which  is  the  requirement 
of  the  theorem.  By  lemma  1,  the  family  of  solutions  satisfying  ultimately  the 
inequalities  |  x  |  ^  ^4  and  |  i  |  ^  4/c  is  the  family  of  all  solutions.  Therefore 
by  Cartwright’s  theorem  and  its  corollary  all  solutions  of  (3.1)  converge  to  a 
periodic  solution  Xo(0-  ^o(0  is  necessarily  unique,  since  any  periodic  solution 
converges  to  itself.  The  fact  that  .xo(0  is  odd-harmonic  now  follows  from  theorem 
1. 

An  interpretation  of  the  result  of  theorem  2  is  that  if  Duffing’s  equation  is 
not  too  far  from  linear,  or  if  there  is  sufficient  damping,  the  unique  odd-harmonic 
steady  state  response,  characteristic  of  a  damped  linear  equation,  continues  to 
be  present.  From  a  quantitative  point  of  view,  the  condition  48A0  <  c*  is  very 
restrictive.  As  an  example,  taking  c  =>=  0.2,  the  case  considered  by  Young,  we 
find  A  =  21  for  small  /8,  so  that  the  requirement  48A/3  <  c*  becomes  /3  <  1/25,200. 
.4nalogue  computer  studies  suggest,  however,  that  the  steady  state  is  odd- 
harmonic  for  0  <  4. 

4.  Proof  of  Lemma  1.  The  proof  of  lemma  1  contains  lemmas  2  and  3  as 
parts.  We  consider  the  phase  plane  with  coordinates  x  and  j/  =»  x.  (A  time- 
dependent  equation  like  (3.1)  might  be  studied  in  a  three-dimensional  phase 
space,  but  two  dimensions  are  sufficient  here.)  A  diagram  of  the  phase  plane 
will  be  of  assistance  to  the  reader.  In  the  phase  plane  equation  (3.1)  becomes 
the  system 

X  =  j/  y  =  -cy  -  X  -  jSx*  +  p(0 
which  becomes  on  division 

(4.1)  ^  -  X  -  fix*  +  pit). 

Let  xo  be  the  real  root  <rf  the  equation  x  +  fix*  =  1.  We  note  that  0  <  Xo  <  1. 
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Lemma  2.  Every  solution  of 

(4^)  ~  -  X-  fix'  +  I 

has  the  following  behavior  in  the  half-plane  y  >  0. 

(a)  It  has  positive  slope  to  the  left  of  the  curve  —cy  =  x-]rfix'  —  1,  negative 
slope  to  the  right  of  this  curve,  and  reaches  a  maximum  of  y  when  crossing. 

(b)  A  solution  starting  with  x  <  Xo  must  cross  the  line  x  =  Xo  for  positive  y. 

(c)  To  the  right  of  x  =  xo  the  solution  is  concave  downward.  It  must  leave 
the  half-plane  y  >  0  as  f  increases,  with  x  >  xo . 

Proof  op  Lemma  2.  Statement  (a)  follows  immediately  from  equation  (4.2). 
As  t  increases,  a  solution  starting  to  the  left  of  x  =  xo  can  not  descend  to  the 
x-axis  without  going  to  the  right  of  the  curve  —cy  =  x-\-fix'—\.  Once  to  the 
right  of  this  curve  it  can  not  return  to  the  left,  since  at  all  points  of  this  curve 
in  the  half-plane  y  >  0,  x  >  _0.  But  the  curve  meets  the  x-axis  at  x  =  xo .  There¬ 
fore  the  solution  must  cross  the  line  x  =  xo  for  positive  y.  This  proves  (b). 
Differentiate  (4.2)  with  respect  to  x.  We  obtain 

(4^)  =  -(1  -  X  -  /9x*)  ^  -  (1  -h  ^fix')y. 

In  the  region  with  x  >  xo ,  y  >  0  we  have  dy/dx  <  0,  1  -f  ^fix'  >  0  and  1  — 
X  —  |8x*  <  0.  Hence  d^yfdx'  <  0,  and  the  solution  is  concave  downward.  This 
fact  implies  the  second  statement  of  (c)  as  well. 

Remark.  A  similar  statement,  with  appropriate  changes,  holds  in  the  half¬ 
plane  y  <  0  for  solutions  of 

(4.4)  ^  ^  —  X  —  fix'  — 

Now  let  yi  denote  any  number  not  less  than  4/c.  Let  Ct  be  the  arc  made  up 
from  the  solution  of  (4.2)  beginning  at  (xo  ,  2/i)  to  its  next  intersection  with  the 
x-axis,  (xi ,  0),  together  with  the  solution  of  (4.4)  from  the  point  (xi ,  0)  to  its 
next  intersection  with  the  line  x  =  —  xo  .  The  intersections  just  mentioned  are 
guaranteed  by  lemma  2. 

Lemma  3.  At  all  points  o/  Ci  other  than  (xo ,  yi),  we  have 

I  y  1  <  2/1  • 

Proof  of  Lemma  3.  Int^rate  equation  (4.2)  along  C\  from  (xo ,  yi)  to  (xi ,  0). 
We  obtain 

-2/i/2  =  —c  f  ydx  —  4(x?  -  xj)  —  fi/4(x{  —  xj)  -f  (xi  —  Xo). 

Now  the  integral  represents  the  area  in  the  phase  plane  bounded  by  Ci ,  the 
line  X  =  Xo ,  and  the  x-axis,  and  since  Ci  is  concave  downward,  the  integral 
exceeds  the  area  obtained  by  replacing  this  portion  of  Ci  by  a  straight  line. 
Thus  we  have 

(4.5)  -y\/2  ^  (1  -  cyi/2)(xi  -  xo)  -  \{x\  -  xj)  —  fi/4{x\  -  xj). 
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The  minimum  point  on  the  lower  portion  of  Ci  occurs  at  its  intersection  with 
the  curve  cy  ■=  — x  —  j8x*  —  1.  Let  ((,  v)  be  this  minimum  point.  If  — x*  ^ 
(  ^  x« ,  we  have  n  ^  — 2/c,  so  that  \ii\  <  yi .  If  (  >  xo ,  int^rate  (4.4)  along 
the  lower  part  of  C\  from  (xi ,  0)  to  (^,  ij).  We  have 

ijV2  -  -c  /  2/  dx  -  §({*  -  xi)  -  /3/4({*  -  xi)  -  (|  -  Xi). 

The  integral  is  positive,  so  we  have 

(4.6)  nV2  ^  -hit-  x\)  -  pm*  -  xi)  -  ({  -  X,) 

Combining  (4.5)  and  (4.6),  we  have 

(n*  -  y\)/2  ^  -  xl)  -  -  xS)  +  (1  -  cyx/2)(xi  -  Xo) 

-  ({  -  a:i)  <  (1  -  cyi/2)ixi  -  Xo)  -j-  (xi  -  Xo) 

*  (2  -  cy i/2){xi  -  Xo)  ^  0 

since  Xo  <  (  <  Xi  and  j/i  ^  4/c.  Therefore  ]  i;  |  <  in  this  case  also.  This  com¬ 
pletes  the  proof  of  lemma  3^: 

Let  R  be  the  r^on  bounded  as  follows.  Starting  at  (xo ,  4/c),  the  boundary 
is  the  solution  of  (4.2)  to  its  intersection  with  the  x-axis,  (B,  0).  Then  the 
boundary  is  the  solution  of  (4.4)  from  (B,  0)  to  its  intersection  with  the  hne 
X  *=  —  Xo .  Call  this  point  (— Xo ,  —  j/o).  By  lemma  3,  yo  <  4/c.  The  next  section 
of  the  boundary  of  A  is  the  segment  of  the  line  x  ■■  — xo  from  (— xo ,  —  yo)  to 
(— Xo ,  —4/c).  The  rest  of  the  boundary  of  iZ  is  symmetric  to  what  has  been 
already  described,  so  that  R  is'  symmetric  with  respect  to  the  origin.  We  show 
that  all  solutions  of  (4.1)  must  ultimately  enter  R,  and  that  they  can  never 
leave  R. 

Let  (xo ,  yi)  be  the  starting  point  of  Ct  lenuna  3,  and  copsider  the  spiral 
constructed  as  follows.  It  begins  with  Ci ,  and  is  a  continuous  curve.  In  the 
half-plane  y  >  0  it  is  a  solution  of  (4.2),  and  in  the  half-plane  y  <  0  it  is  a 
solution  of  (4.4).  Let  the  upper  half-turns  intersect  the  line  x  «  xo  at  y  » 
1/1  >  ya  >  y»  I  •  ’  •  »  wid  let  the  lower  half-turns  intersect  the  line  x  *  — xo  at 
y  *  — y* ,  —yi ,  -y# ,  •  •  •  .  By  lemma  3  the  sequence  yi ,  y* ,  yi ,  •  •  •  is  strictly 
decreasing  so  long  as  its  members  are  not  less  than  4/c.  This  implies  that  in  a 
finite  number  of  steps  one  of  the  y*  will  be  less  than  4/c.  At  this  point  the  spiral 
enters  R.  The  spiral  can  never  leave  R.  It  can  never  cross  the  parts  of  the  bound¬ 
ary  of  R  made  up  from  solutions  of  (4.2)  and  (4.4)  since  these  equations  do  not 
involve  t  explicitly.  It  can  only  enter  R  on  the  vertical  line  segments  on  the 
boundary  of  R  because  of  the  sign  of  x. 

Now  consider  a  solution  of  (4.1).  Since  for  y  >  0, 

— cy  —  X  —  /Sx*  -I-  p(0  ^  — cy  —  x  —  0x*  +  1 

a  solution  of  (4.1)  can  intersect  the  upper  half-turns  of  the  above  spiral  only 
from  above  to  below.  Similarly  a  solution  of  (4.1)  can  intersect  the  lower  half, 
turns  of  the  spiral  only  from  below  to  above.  Hence  since  the  spiral  ultimately 
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enters  R  and  remains  in  R,  any  solution  of  (4.1)  must  also  ultimately  enter  R 
and  remain  in  R. 

To  complete  the  proof  of  lemma  1,  we  show  that  the  region  R  is  contained  in 
the  rectangle  \  x\  ^  A\y\  ^  4/c  where  A  is  defined  in  the  statement  of  theorem 
2. 

By  lemma  3,  the  entire  boundary  of  R  satisfies  |  y  |  ^  4/e,  so  every  point  of 
R  does  also. 

The  number  A  is  defined  as  the  minimum  of  three  quantities.  We  show  that 
B,  the  maximum  (^  |  a:  |  on  the  boundary  oi  R,  does  not  exceed  any  of  these 
three.  From  the  definition  of  Xo ,  it  follows  that  Xo  <  1  and  Xo  <  The  slope 
of  the  boundary  of  A  at  (xo ,  4/c)  is  — c,  and  the  boundary  is  concave  downward. 
Therefore  it  can  not  move  more  than  4/c*  to  the  right  before  reaching  the  point 
(B,  0).  Hence 

B  <  1  +  4/c*  and  B  <  /T*'*  +  4/c*. 

If  c  ^  1»  we  have  also 

B  <  1  +  4/c^  ^  1  +  4/c. 

If  c  <  1,  considtf  the  solution  (A 

(4.7)  y^.-cy-x  +  l 

passing  through  (1, 4/c).  Since  —cy  —  x  +  1  ^  —cy  —  x  —  /8x*  +  1  for  x  >  0, 
and  Xo  <  1,  the  above  solution  of  (4.7)  will  remain  outside  R  while  y  remains 
positive.  But  this  solution  intersects  the  x-axis  at 

X  -  1  +  4/ce‘^'*^’‘“'*’  <  1  +  4/c 

since  c  <  1.  Hence  B  ^  I  +  4/c.  This  completes  the  proof  oi  lemma  1. 
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ON  CERTAIN  INFINITE  INTEGRALS  INVOLVING 
BESSEL  FUNCTIONS* 

Bt  G.  M.  Mxtller 

1.  A  Method  and  a  Theorem.  Watson  [1,  pp.  387-388]  remarks,  with  refer¬ 
ence  to  various  formulae  by  which  certain  infinite  integrals  are  expressed  in 
terms  of  hypergeometric  functions,  ‘Tt  is  obvious  that  interesting  special  cases 
. . .  may  be  obtained”  by  choosing  the  parameters  occurring  in  the  integrands 
“so  that  the  hypergeometric  functions  reduce  to  elementary  functions.”  An 
almost  equally  obvious  but  somewhat  more  general  method  for  the  discovery  of 
such  special  cases  depends  on  the  following  well-known  result  from  the  theory 
of  hypergeometric  functions  [2,  p.  58] : 

Lemma.  If  I,  m,  n  are  int^ers,  then  F{a  +  I,  b  -{■  m;  c  +  n;  z)  can  be  ex¬ 
pressed  by  repeated  application  of  the  relations  of  Gauss  [2,  pp.  103-104]  as  a 
linear  combination  of  F(a,  b;  c;  z)  and  one  of  its  contiguous  functions,  with 
coefiicients  which  are  rational  functions  of  z.* 

To  illustrate  the  method,  we  shall  prove  a  simple  theorem  concerning  a  class 
of  integrals  expressible  in  terms  of  complete  elliptic  integrals  and,  out  of  this 
class,  discuss  two  particular  examples. 

Theorem.  If  the  numbers  q,  g  =  Hq  +  r  -{■  p)  and  h  =  Hq  +  r  —  p)  are 
positive  integers  or  zero,  and  if  |  z  |  <  1,  the  integral 

•f  K^(t)I,(tz)t' dt 

Jo 

may  be  expressed  as  a  linear  combination  of  the  complete  elliptic  integrals  of 
the  first  and  of  the  second  kind  (of  i>arameter  z),  with  coefficients  which  are 
rational  functions  of  z. 

Proof.  We  have  [3,  p.  93,  equation  (35)] 

(1)  z-«  K^(t)i,{tz)f  dt  -  2'-*  r(f+ 1)"*"  9 + 

with 

9  =  hiq  +  r  -{■  p),h  =  ^(q  -{■  r  -  p),for  |  Re(z)  ]  <  1,  Re(p)  >  -§,  Re(/i)  > 

On  the  other  hand,  the  complete  elliptic  integrals  K(z)  and  E(z)  are  contiguous 
hypergeometric  functions  [3,  p.  318]: 

(2)  Kfe)  -  I  nj,  };  1;  2*).  Efe)  -  I  «-},  J;  1;  2*) 

>  This  work  was  performed  under  contract  W-31-109-£ng-52  with  the  Atomic  Energy 
Commission. 

*  We  must  assume,  of  course,  that  c  and  c  -f-  n  are  not  negative  integers  or  zero. 
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for  I  z  I  <  1.  By  the  preceding  lemma,  the  theorem  becomes  an  immediate 
consequence  of  (1)  and  (2);  the  conditions  which  the  theorem  imposes  on  q,  g 
and  h  insure  the  validity  of  the  lemma  and  of  equation  (1). 

2.  Examples.  I)  The  formula 

(3)  Ko(t)Ioitz)  dt  ••  K(z) 

follows  from  (1)  and  (2)  on  letting  p  m  ^  =  r  ■*  0.  Equation  (3)  is  thus  really 
an  illustration  of  Watson’s  remark  referred  to  above*;  we  consider  it  here  as  a 
special  case  of  our  theorem  which  happens  to  have  a  rather  useful  application. 

In  certain  physical  investigations  of  transport  phenomena  in  cylindrical 
geometry,  it  becomes  necessary  to  evaluate  integrals  of  the  form 

(4)  A  -  £/(x)  |^j[  Ko(t)h(tx)  dt^  dx 

where /(x)  is  continuous  on  [a,  1],  0  ^  a  <  1.  Since  the  expression  in  brackets 
becomes  infinite  at  x  »  1,  the  direct  numerical  evaluation  of  A  is  impossible. 
On  the  other  hand,  the  identification  (3)  allows  us  to  make  use  of  the  expansion 
of  K(z)  in  the  neighborhood  of  z  1  [4,  p.  171];  it  is  easy  to  show,  then,  that 
the  function 

(5)  L(x)  -  K(x)  +  i  log  (1  -  x) 

is  continuous  and  bounded  on  [0,  1]  and,  in  fact,  decreases  monotonically  from 
t/2  to  i  log  8  as  X  goes  from  0  to  1.  Defining  another  function 

(6)  Fix)  -  [‘fix')  dx-, 

1  —  X  J# 


the  integral  A  may  now  be  evaluated  in  the  form 

A  ••  j  /(x)L(x)  dx  —  i  J  fix)  log  (1  —  x)  dx 


(7) 


J  [/(x)L(x)  +  \Fix)]  dx  -  J(1  -  a)F(o)  log  (1  -  o). 


II)  As  a  somewhat  more  recondite  (and,  as  is  so  often  the  case,  not  necessarily 
useful)  example,  we  find  an  alternative  expression  for  the  integral 

(8)  f  Ko(t)Io(tz)f  dt  -  hrFil  f ;  1;  z*). 

Jo 

The  relations  of  Gauss*  give  us 

*  Equation  (3)  could  also  be  derived,  after  some  formal  manipulation,  from  a  formula 
discovered  by  Kirchhoff  in  1853  [1,  p.  389). 

*  In  [2,  p.  103],  let  o  ■■  J,  5  "  i,  c  “  1  in  equation  (36);  let  o  —  J,  5  —  |,  e  —  1  in  equa¬ 
tion  (33). 


INFINITE  INTBORALB  INVOLVINO  BESSEL  FUNCTIONS 


181 


F(h  I;  1;  **)  =  (1  -  z'r^Fi-h,  h  1;  **) 

^  F(l  I;  1;  z')  -  2(1  -  1;  z')  -  (1  -  zWCJ,  i;  1;  z*) 

Combining  equations  (8),  (9)  and  (2),  we  obtain 

(10)  Ko(t)Ioitz)f  -  2(1  -  **)“*E(2)  -  (1  -  «*)"‘K(z). 
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NOTE  ON  THE  SUMMATION  OF  FINITE  SERIES 
Bt  Albert  D.  Whbblon 

Introduction.  A  previous  publication'  described  a  rather  general  technique 
for  summing  infinite  series  in  closed  form.  The  essential  content  of  that  method 
was  to  introduce  integral  and  differential  representations  for  the  series’  general 
term  until  but  one  of  two  simple  series  remained.  The  summation  is  thus  exe¬ 
cuted  easily,  and  the  result  presented  as  a  combination  of  hnear  operations  on 
a  known  function  of  the  parametric  variables.  It  was  immediately  recognized 
that  the  same  techniques  could  be  extended  to  the  more  difficult  problem  of 
summing  finite  series.  The  density  of  finite  series  in  the  literature  has  grown 
sufficiently  in  the  interim  to  encourage  a  brief  description  of  the  computational 
techniques  developed.  The  present  note  puts  forward  a  general  method  of  at¬ 
tack  for  finite  series  based  on  the  two  fundamental  results: 


K  .  W+I 

0  1  —  X 

(I) 

r  N+i  (.1  -| 

E- 

0  n! 

(II) 

The  second  expression  may  be  deduced  from  the  first  if  one  takes  the  Laplace 
transform  of  (II)  with  respect  to  (x)  and  then  sets  p  =  1/x.  We  shall  give  a 
concise  exposition  of  the  summation  program  and  illustrate  the  procedure  with  , 
several  examples. 

1.  Exposition.  The  class  of  finite  series  most  frequently  encountered  in  the 
literature  seems  to  originate  in  statistical  and  probabihstic  calculations,  and  we 
shall  direct  our  attention  primarily  to  this  group.  Such  series  are  characterized 
by  binominal  coefficients  and  multiple  factorials,  so  that  some  extensions  of  the 
previous  techniques'  are  required.  The  summation  program  may  be  condensed 
to  the  following  guide: 

1.  Reduce  all  binomial  coefficients  to  factorial  form. 

2.  Represent  factorials,  in  the  numerator  by  means  of  the  integral  formula, 

n!  =  f  du  e~“u".  (1.1) 

3.  Eliminate  excess  factorials  in  the  denominator  by  introducing  artificial 
variables  in  the  numerator  and  taking  the  Laplace  transform  with  respect  to 
these  variables. 

4.  Represent  other  functions  of  the  summation  index  (n)  with  the  techniques 
of  Reference  (1). 

5.  Sum  the  resulting  series  by  means  of  either  (I)  or  (II). 

6.  Calculate  the  required  integrals  and  differentials,  and  pass  to  the  inverse 
transforms,  setting  the  artificial  variables  equal  to  unity  only  at  the  conclusion. 

I  A.  D.  Wheelon,  Journal  of  Applied  Physics,  25,  113,  1954. 

182 


SUMMATION  or  FINITE  SERIES 


183 


This  prescription  is  best  illustrated  with  a  cast  of  increasingly  difficult  ex¬ 
amples.  A  finite  series  which  occurs  in  the  Banach  Match-box  Problem*  illustrates 
the  first  proposals. 


]_/2N  -n\  J_  y'  _ 
N  /  “  iV!  V  (2) 


(N  -  n)I 


1 

ur-K 


(2iV  -  n)! 
(N  -  n)! 


(1^) 


One  makes  the  transformations  z  =  ^u,m  =  N  —  n,  and  applies  the  result  (II) 
to  find: 


The  first  moment  of  this  distribution  illustrates  the  union  of  other  parameteriza- 
tions  with  this  approach. 


<Si  "  ^ 


(2)* 


(2N  -  n\ 

\  N 


^  (ey~^  {2N  -  n)l  1 
V  2**^-  N\{N  -  n)U 


The' enclosed  series  is  now  of  the  form  treated  above  and  patient  calculation 
yields: 


5i 


2iNr  -b  1  (2N\ 
"  V"  \N ) 


1. 


(1.4) 


Higher  moments  prove  increasingly  difficult  to  compute,  although  the  present 
technique  is  apparently  devoid  of  formal  barriers. 

As  second  example  illustrates  the  method  of  removing  excess  factorials  in  the 
denominator. 


Upon  taking  the  Laplace  transform  of  the  function  J{y),  enclosed  in  square 
brackets,  one  finds 

?  (n-DKiV-nxi' 


P 

0 

(n  -  1)1 

1 

1 

v"  1 

1 

« 

*  W.  Feller,  An  Introduction  to  Probability  Theory  and  Its  Applications,  John  l^ey, 
ISW,  p.  126. 
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The  function  J(y)  may  be  calculated  from  this  expression  with  standard  tables 
of  inverse  Laplace  transforms.* 

Jiy)  ^  N  +  1)"“*  —  +  1  —  ») 

Since  we  anticipate  the  limit  y  — ^  1,  the  delta  function  precludes  a  contribution 
in  the  integration  (0  <  v  <  1)  and  one  obtains  from  (1.5), 

R  =  (1.6) 

These  examples  are  sufficient  to  illustrate  the  general  method  of  attack.  Let  us 
now  turn  our  attention  to  several  applications  of  the  system. 

2.  Applications.  We  may  employ  the  preceding  techniques  to  deduce  sums 
for  a  wide  variety  of  statistical  series.  The  organization  of  such  results  poses  a 
formidable  problem  in  itself.  We  shall  simply  indicate  some  results  which  have 
been  computed  in  the  course  of  this  development,  while  pausmg  to  note  special 
artifices  which  were  required  for  particularly  troublesome  examples.  All  of  the 
sums: 

?(”)-■" 

^(A+n)!_  1  .f  A\  (A+W+Dll 

V  (B  +  n)l  “  B  -  A  -  1  L(^  -  1)1  {B  +  N)l  J’ 

may  be  verihed  with  the  foregoing  techniques  and  provide  interesting 
in  summation.  -  ,  . 

requires  additional  devices.  One  must  use  the  double  argument  relation  for 
Gamma  functions,  >' 

*  Actually,  the  inverse  is  not  so  glibly  taken  (although  the  result  (1.6)  is  correct).  The 
summation  (II)  has  here  served  to  separate  two  terms  with  essential  singularities  at  p  ~ 
00 ;  to  proceed  more  cautiously  consider  the  transform  as  a  product  of  s'  and  a  function, 

ATI  f* 

5(p)  “  ^  ~  ^ 

The  latter  certainly  has  an  inverse /(y).  The  standard  contour  integral  for  the  inverse  of 
this  product, 

■  iii  I  «'‘»*»5(p)  -  /(y  +  1), 

conSrms  the  expression  for  Jiy)  employed  above. 


(2.1) 

(2.2) 

(2.3) 
exercise 

(2.4) 
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•  (2n)l  -  .  (n)I(n  -  i)I  (2^) 

so  as  to  rewrite  (2.4)  in  the  form: 

e,_2"  ^(n-i)l(N-n-i)l 
ir  *  V  nl  (N-n)l  • 

’  ^  r'‘  g~*  r"  rfy  g~»  A  X*  y"~* 

,  •  T  Jo  Vx  Jo  "n/v  on!  (iV  —  n)r 

The  series  to  be  summed  in  this  last  expression  is  just  the  binomial  expansion 
for  (Ar!)~*(x  +  yf. 


S 


Tim 


2!1 

riVI 

2^ 

TivI  X_^) 


[{-ijc 

[i-mi 


r  -x(^) 

y/x  Jo  y/y 


(2.6) 


A  problem  similar  to  (2.4)  which  includes  a  factor  (1  +  n)  in  the  denominator 
can  be  discussed  with  the  identity: 

•i  -  f  (2.7) 

A  t/o 

This  relation  permits  one  to  lift  such  factors  into  exponential  form  and  proceed 
as  before. 

The  basic  series  result  (II)  .does  not  provide  a  panacea  for  all  problems.  In 
the  example, 

«-?(n)/(n)- 

the  second  step  only  serves  to  isolate  two  divergent  integrals,  the  difference  of 
which  is  finite.  To  remedy  this  situation,  we  make  the  substitution  vw  =  t, 
and  replace  the  upper  (w)  limit  by  a  parameter  {K),  which  may  go  to  infinity 
when  the  situation  has  been  clarified. 


« -  ir  -  if,  r  r  ‘"‘■'“""i  »•»> 

The  order  of  integration  may  be  reversed  in  the  double  integral  if  suitable  ad¬ 
justment  of  the  limits  is  made.  A  divergent  integral  is  thus  separated  which 
exactly  cancels  the  first  term  in  (2.9). 


«  -^irU'^V+i  -  mi 


1 


Lim 


m!(m- 


M  -f  1 
Af+l-iV 


(2.10) 


I 

I 
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Further  calculation  is  best  deferred  to  particular  applications.  The  present  note 
simply  points  up  a  general  summation  scheme  which  may  be  employed  to 
deduce  results  which  formerly  relied  on  more  sophisticated  manipulations  of  the 
Gamma  function  and  its  variations.  The  problem  of  summation  has  thus  been 
converted  to  an  integration  task. 

Admowledgments.  The  writer  wishes  to  thank  Mr.  R.  C.  Stillinger  for  stimu¬ 
lating  his  inter^  in  this  class  of  series  and  for  many  interesting  discussions  of 
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ON  THE  CALCULATION  OF  THE  ROOTS  OF  EQUATIONS* 

By  Evelyn  Frank 

1.  Introduction.  A  problem  of  great  importance  in  applied  mathematics  is  the 

calculation  of  the  roots  of  equations.  For  this  purpose  successive  approximations 
are  used,  where  one  begins  with  a  first  approximation  and  successively  improves 
it.  In  the  method  presented  here,  the  simultaneous  solution  of  n  equations  in  n 
unknowns  can  be  found  correct  to  as  many  decimal  places 'as  desired.  The 
method  is  an  extension  of  Newton’s  method  (cf.,  for  example,  [2],  pp.  49-51,*  and 
[5]),  which  consists  essentially  of  a  Taylor  series  expansion  about  a  point  in  the 
neighborhood  of  the  desired  root.  This  series  is  broken  off  with  the  linear  term. 
The  novel  feature  of  the  method  presented  here,  however,  is  that  as  many 
additional  terms  in  the  Taylor  series  development  are  used  as  the  required 
accuracy  demands,  and  numerous  successive  approximations  are  unnecessary. 
The  formulas  for  computational  purposes  are  found  to  be  remarkably  simple. 
The  most  frequent  case  is  that  of  two  equations  in  two  variables,  and  conse¬ 
quently  these  formulas  are  shown  in  detail  in  §2.  If  x  =  Xi ,  y  =  ,  is  sn  ap¬ 

proximation  of  the  desired  solution  of  /(x,  y)  =  0,  g(x,  y)  =  0,  by  the  use  of 
additional  terms  in  the  Taylor  series,  geometrically  the  curves  /(x,  y)  =  0, 

y)  =  0,  are  replaced,  not  by  the  tangents,  but  by  curves  of  higher  degree 
which  at  the  point  x  =  Xi ,  y  =  j/i ,  have  a  higher  number  of  derivatives  in 
common  with  the  given  curves.  The  convergence  of  the  method  to  the  values 
,  of  the  solution  is  also  consider^,  and  an  estimate  of  the  error  involved  in  the 
use  of  only  a  certain  number  of  terms  is  indicated. 

This  method  is  exceptionally  convenient  for  use  in  the  computation  of  the 
complex  roots  of  an  equation  F{z)  =  0.  The  function  F(z)  is  broken  up  into  its 
real  and  imaginary  parts /(x,  y)  and  g(x,  y),  respectively,  and  the  solution  of  the 
corresponding  equations  is  calculated  for  the  two  variables.  This  method  is 
illustrated  in  §3,  example  2.  In  this  connection,  a  novel  variation  of  Homer’s 
method  for  the  computation  of  partial  derivatives  of  rational  integral  functions 
is  presented. 

In  §4,  the  extension  of  the  method  to  n  equations  in  n  variables  is  indicated. 
In  §5,  the  computation  of  bounds  for  the  roots  of  a  polynomial  equation  is 
shown. 

The  method  presented  here  is  especially  applicable  where  the  computation 
of  the  roots  of  equations  is  to  be  carried  out  on  an  ordinary  calculating  machine 
and  very  accurate  results  are  required. 

2.  The  method  for  two  variables  x  and  y.  Let  (xi ,  j/i)  be  an  approximation  to 
the  solution  (x* ,  yo)  of  two  given  equations /(x,  y)  =  0,  p(x,  y)  =  0.  The  Taylor 
series  expansions  of  /(x,  y)  and  g(x,  y)  about  a  point  (xi ,  yi)  are 

*  Presented  to  the  American  Mathematical  Society  August  31,  1954. 

'  Numbers  in  brackets  refer  to  the  bibliography  at  the  end  of  the  paper. 

187 


188 


EVELYN  FRANK 


/(*o,  yo)  -  /(xi,  yi)  +  [/.(xi,  yi)Axi  +  /,(xi,  yOAyJ 

+  [/.*(xi,  yO^i*  +  2/„(ii,  yi)Axi  Ayi  +  /*i(xi ,  yO^i*! 


+  •  •  •  +  ^  |^/^(xi ,  yx)Axi*  +  U-hixt ,  yi)Axi""‘Ayi 

+  *  •  •  +  I  yi)Ayi*J  +  •  •  •  “  0, 

(2.1)  ‘  _  _ 
y(xo,  yo)  -  y(xi,  yi)  +  |y,(xi,  yi)Axi  +  y,(xi,  yOAyJ 


+  ;r,  [y.*(xi,  yOAxi*  +  2y^(xi,  yi)Axi  Ay,  +  y,t(x,,  yi)A^ 


21 


+  •  •  •  +  ^  »  yi)Axi"  +  y«»“‘»(xi ,  yi)Axi"^^  Ay, 

+  •  *  *  +  y»«(xi ,  yi)Ayi*J  +  •  •  •  "0. 


For  the  computation  of  convenient  formulas  for  a  better  approximation  (xt ,  ys) 
to  the  solution  (xo ,  yo)  of  /(x,  y)  ■«  0,  g(x,  y)  ■■  0,  let  Ax,  •»  xj  —  x,  and 
Ayi  »  ys  —  yi  be  expanded  in  power  series  in  /(x, ,  y,)  and  y(xi ,  y,), 


Xf  =  x,  +  (oio/  +  Oiiy)  +  (ok/*  +  Oti/y  +  Oay*) 

+  (<hof*  +  "I"  <Wy*  ®iiy*)  +  •  •  • 

(2.2)  “  X,  +  Alixi ,  yi)  +  i4s(xi ,  yO  +  ili(xi ,  yO  +  •  •  •  , 

yi  “  yi  +  {bvtf  +  biiO)  +  {btaf  +  bfifg  +  bnff*) 

+  {btaf  +  g  +  bnfg*  +  bug*)  +  *  •  • 

“  yi  +  fii(xi ,  yi)  +  5i(xi ,  yi)  +  J5|(xi ,  yi)  +  •  •  •  . 


When  these  values  are  substituted  in  (2.1)  and  the  method  of  undetermined 
coeflBcients  is  used,  the  following  remarkably  simple  recurrence  formulas  for  the 
coefficients  in  (2.2)  are  found,  where  for  brevity  the  arguments  Xi ,  yi  of  f,  g,  /> , 
y» ,  /» f  y» »  •  *  •  fOre  omitted: 
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(2^) 


Ai  ■  Oio/  +  o,\i9  " 


Bi  ■  6x0/  +  hu.g  "  — ^ 


/i  A 

gi  gt 

/-  A 

S'- 


/.  A 


,  provided!)  ^  0, 


■  a*o/*  +  OmA  +  On 


Bt  ■  6jo/*  +  bnfg  hng* 


A  "A  ■  g; 

A  A 

(^2 

A  A 


A  -  UJ/.*  +  24iBi/^  +  B\f^), 

gt  ■»  {A\g^  + 

■  om/*  +  On/V  +  ®«*A*  + 


D 


Bt  *  bio/*  +  &»i/V  +  ^»fg*  +  ^*g*  “ 


A  A 

(7s  (7ii 

A  A 

9*  9s 


A  ■  .d.|A*As  "I"  (-^i-Ss  "H  BiAt)fa^  +  BiBtfy* 

+  iA\f.*  +  SAlBiU,  +  3A,Bj/«.  +  B\fy*), 
gt  ■*  jr,t  +  (AiBj  +  BiA^g^^  +  BiBtg^t 

+  {A\g,t  +  ZA\B\g,t^  +  ZAiB*^,^  +  B\g^t)\  •••  ; 

A  A 

(7i  9» 


An  “  a«oA*  +  Onlf^^g  +  •  •  •  +  On.n-lfg''  *  +  Onng*  “  ”  ^ 


Bn  ■  6*0/"  +  bnlf^^g  +  •••  +  hn,n-lfg*~^  +  Kn  9*  ^ 


A  A 

9>  9- 


A  ■  5-,  £  +  2  -d.BiA*  +  2  BiBif^ 

21  <.>—1  \*/  <.i— 1  ».y— 1 


1  r  *“* 

ri  2: 

_(<+i+*— ») 


AiAjAhfa*  + 


(?)  E  A,A,B,U, 

\l/  ma-i 
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+  f o)  Z  Ai  Bi  +  "i!  Bi  B,  +  • . . 

+  [aiV^  + 

+  Ar‘Bl/^-V  +  •  •  •  +  Bi>] , 

<^i  (l)  A<By^,»  +  _Z 

«+/-i»)  «+>-■•)  J 

+  ^,  r  Z  AyAyAt^.i  +  Z  AtAiBkg,%y 

ol  t.jA-1  \i/  U.*-l 

L(»+>+*-»)  «+i+*-«i) 

+  f Z  AiBfBkga^  A"  Z  B<ByB*(^,il  +  •  •  • 

V/  i,;.t-l  .jA-l  I 

(•+>+*—«)  <<+;+*—*)  J 

+  (2)  Af-Bij,-.,.  +  •  •  •  +  Bf,^]  i  •  •  •  . 

Formulas  (2.2)  and  (2.3)  yield  a  second  approximation  {xt ,  yt)  to  the  solution 
(xo  ,  1/0)  of  fix,  y)  »=  0,  gix,  y)  “  0  from  a  first  approximation  (xi ,  j/i),  provided 
D  9^  0,  where  it  is  understood  that  in  formulas  (2.2)  and  (2.3)  the  functions 
ft9>f»t0*tftt9yt  •  •  *  >  evaluated  at  (xi ,  yi).  The  requirement  D(xi ,  yi)  9^ 
0  is  easily  fulfilled  since,  if  D(xi ,  yi)  =  0,  one  uses  a  different  first  approximation 
(*i ,  yi)- 

By  (2.2)  the  values  Xi  and  y*  are  expressed  as  power  series  in  /(xi ,  yi)  and 
9(xi ,  yi).  The  rapid  convergence  of  the  method  consequently  depends  on  a 
'choice  of  (xi ,  yO  very  close  to  the  value  of  the  solution  (xo ,  yo),  so  that/(xi ,  yO 
and  y(xi ,  yi)  are  relatively  small.  The  first  terms  A,-  and  B,-  omitted  in  (2.2) 
give  an  estinuite  of  the  eitor  involved  in  stopping  with  the  terms  A<_i  and  B<_i 
in  the  computation  of  Xt  and  yt ,  respectively. 

After  one  has  computed  a  number  of  coefficients  Ai ,  Aj ,  A< ,  •  •  •  ,  Bi ,  Bi , 
Bt ,  *  ■  *  ,  of  (2.2)  with  (xi ,  yi)  as  an  initial  approximation,  it  is  advantageous  to 
compute  (x» ,  yi)  and  reapply  the  entire  process  with  (xj ,  yi)  as  an  initial  ap¬ 
proximation.  Then  one  computes 

xi  -  xj  -I*  Ai(x» ,  yi)  -f  A,(x» ,  yi)  -+■  A,(xi ,  yi)  +  •  •  •  , 

y»  “  y*  +  Bi(x* ,  yi)  +  Bj(xj ,  yi)  -h  Bi(xj ,  y*)  +  •  •  •  • 

These  series  converge  very  rapidly  since  (xi ,  yi)  is  already  correct  to  a  number 
of  decimal  places  (cf.  §3,  example  1). 

In  the  computation  of  the  roots  of  polynomial  equations,  to  obtain  rapidly 
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the  values  of  the  partial  derivatives  for  use  in  formulas  (2.3),  one  compares  the 
expansion  of  the  poljmomial  f(x)  in  powers  of  x  —  Xi , 

do  +  di(x  “■  *1)  +  Oj(*  —  Xi)*  +  •  •  •  +  o,(x  —  Xi)* 
with  the  Taylor  expansion 

f(xi)  +  /'(xi)(x  -  xi)  +  (x  -  xO’  +  •  •  •  +  LJ^  (x  -  Xi)". 

zi  ni 

Then 

(2.4)  /(xi)=*ao,  /'(xi)-oi,  /'(xj)-21a,,  •••  ,  /‘"^(xi)  -  nl o, . 

By  means  of  a  variation  of  the  Homer  scheme,  the  required  values  of  /(xi ,  yO, 
fx(xi ,  yi),  /,(xi ,  yi),  •  •  •  can  be  rapidly  found,  as  shown  in  §3,  example  2. 

3.  Examples.  Example  1.  The  computation  of  the  roots  of  two  simultaneous 
equations  in  two  unknowns  x  and  y.  Consider  the  pair  of  equations* 

fix,  y)  ■  X*  -  2y*  -  1  -  0, 

y(x,  y)  »  5y‘  -  X*  —  2xy  —  4  -  0. 

Form 

/.  “  3x*  -  4y 

y,  =  2x  —  2y  =  15y*  —  2x 

fxs  ~  6x  fgy  “  0  fyy  =  4 

Qxs  —  2  y^y  =  2  Qyy  —  30y 

fxs*  ~  6  fxay  “  0  fxyy  ~  0  f»yv  “  9 

Qxxx  ~  0  ffxxy  ~  0  ~  9  Otyy  ~  39 

The  calculation  of  the  coefficients  of  series  (2.2)  is  shown  in  table  1*: 

The  first  estimate  xi  *  —  .6,  yi  »*  .8,  is  obtained  from  a  graph  (cf.  [4]).  The 
value  of  Xi  is  correct  to  four  decimal  places  since  the  correction  Atixi ,  yi)  does 
not  affect  the  first  three  decimal  places  and  Atixi ,  yi)  has  zeros  in  the  first  four 
decimal  places.  Similarly,  the  value  of  yt  is  correct  to  five  decimal  places. 

In  this  example,  the  process  is  repeated  with  xj  and  y>  as  the  arguments  in 
equations  (2.2).  The  values  of 

Xi  ^  xt  +  Aiixi ,  yt)  +  Aiixt ,  yt), 

(3.1) 

yi  =  y*  +  BiiXi ,  yt)  +  Biixi ,  yt) 

are  correct  to  at  least  nine  and  eleven  decimal  places,  respectively.  In  fact,  they 
are  correct  to  at  least  thirteen  decimal  places,  since  the  corrections  i4i(xt ,  yt) 
and  Bt(xi ,  yt)  do  not  affect  these  places. 

As  a  matter  pf  interest,  x»  =  —.649416,  yi  =  .798987,  hae  been  used  to 
compute  X4  x»  -f  i4i(xt ,  y*)  =  —.649415969998254,  y4  y»  +  Bi(xi ,  yi)  = 

*  Presented  in  [4],  p.  88.  Roots  x  —.649416,  v  **  -798067  are  found  there. 

*  An  ordinary  ten-place  computing  machine  was  used  for  these  computations. 
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TABLE  1 


X  »  —.6,  jn  —  4  ■ 

SI  -  -.6494,  y,  -  .79806 

f 

.064 

-.000001828984 

9 

-.12 

-.00012113469 

U 

1.06 

1.26616108 

9* 

-2.8 

-2.89496 

u 

3.2 

3.19232 

9w 

10.8 

10.862776296 

U 

-3.6 

-3.8964 

/.» 

0 

0 

/». 

4. 

4. 

9- 

2. 

2. 

9*w 

-2. 

-2. 

9wt 

24. 

23.9424 

D 

20.624 

22.97214763 

A.I 

-  .0621334368 

-.00001696937421 

Bi 

-.002404966089 

.00000690181896 

At 

.002949368646 

.0000000003360267704 

Bt 

.000629792648 

-.00000000000698692198 

A% 

-.0002646967471 

Bt 

-.00004114861030 

*1  ~  *1  +  Ai(xi  ,  yi)  Xt  Xt  +  At(xt ,  yt)  +  Ai(xt ,  yt) 

+  Atixi ,  y,)  +  A,(x, ,  y,)«  -  -  .emtsBeomis 

-  -  .ejt9438T740 

yt  ~  Vi  +  Bi(xi ,  yi)  yi  yt  +  Bi(*t ,  yt)  +  Bt(*t  >  yt) 

+  B,(x,  ,  y,)  +  B,(x,  ,  y,)  -  .7980869018197 

-  .79808X78949 

.7980869018087994.  However,  with  the  use  of  the  method  described  here,  the 
computation  of  Xt  and  yt  from  (3.1)  gives  the  roots  correct  to  many  more  decimal 
places  and  gives  more  information  concerning  accuracy  with  less  computation 
than  is  involved  in  the  usual  Newton  repetitive  process,  even  if  the  extended 
process  of  $2  is  repeated.^  • 

The  rapid  convergence  of  the  series 

xi  =  xj  +  Ai(xi ,  Vi)  +  Atixt ,  yt)  +  •  •  •  , 

yi  =  yt  +  Biixi ,  yt)  +  Biixt ,  yt)  +  •  •  •  , 
with  xt  and  yi  correct  to  four  and  five  decimal  places,  respectively,  is  also  clearly 
demonstrated  in  this  example. 

Example  S.  The  computation  of  the  complex  roots  of  an  equation  with  complex 
coefficiently.  The  problem  is  the  determination  of  the  root  near  Xi  =*  —  .2,  yi  = 
2.5,  of 

*  The  symbol  designates  an  approximation. 

*  This  method  is  also  applicable  to  a  real  equation  F{x)  —  0.  Here  one  applies  the 
formulas  of  §2  to  P{t)  -  0,  *  —  x  +  iy. 
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(3.2)  2*  +  (.4  -  »>*  +  (6.67  -  .2i)z  +  (.0667  -  6.67t)  *  0 
(cf.  [11,  p.  897.  Here 

fix,  y)mx*  -  Zxy'  +  .4x*  -  .4y*  +  2x2/  +  6.67x  +  .2y  +  .0667  =  0, 

(3.3) 

. ''gixiv)  ■  3x*2/  -  2/*  +  .8xy  -  x*  +  1/*  +  6.672/  -  .2x  -  6.67  =  0. 

Homer’s  scheme  (formulas  (2.4))  is  used  for  the  determination  of  the  partial 
derivatives  evaluated  at  (xi ,  2/1),  as  illustrated  for  the  partial  derivatives  of  / 
in  table  2: . 


TABLE  2 


- 

3i  -  .4 

2*  -J- 

.2 

*»  +  .4**  +  6.67*  +  .0667 

|2J 

-7.6*  - 

1, 

-  13.76*  -  2. 

- 

a*  —  .4 

-5.6*  - 

.8  — 

*»  +  .4**  -  7.08*  -  1.9333 

-7.6*  - 

1. 

f(x,  ,  Vl)  -  (-.2)*  +  .4(-.2)* 

-  7.08(-.2)  - 

-  1.9333 

- 

3x  -  .4 

-13.0*  - 

1.8 

-  -.6093 

A 

f(*i ,  Vl)  -  • 

-13(-.2) 

-  1.8 

_  . 

8 

/.*(*!  ,  Vl)  -  - 

-13. 

V\) 

-  -3*  -  .4 

/»»(Z|  ,  Vi) 

-  .4 

>  y>) 

0  1 

1 

>  Vi) 

-  -6. 

1 

.4 

-Zy* 

+  21/  +  6.67  _.4y*+.2y  + 

.0667 

1^.2 

-.2 

-  .04  .6y»  -  Ay  - 

1.326 

1 

.2 

-3y* 

■h2y-t-  6.63  .2v*  -  .2y  - 

1.2593 

-.2 

0  f(x, ,  yi)  -  .2(2. 

5)*  -  .2(2.6)  - 

-  1.2693 

1 

0 

-3y* 

+  2y  +  6.63  --.5093 

-.2 

/.(*!  1 

,  y,)  -  -3(2.6)»  +  2(2.6)  +  6 

.63 

1 

-.2  - 

iA.(*i ,  Vl) 

-  -7.12 

/•*(*! 

,  y)  -  -6y  -  2 

/w(*I  1 

Vl)  -  -.4 

/•»(*! 

,  Vl)  -  -6(2.6)  -  2 

fmwiXl 

.  Vl)  -  0 

-  -13. 

SmmiXl  ,  yi)/6  -  1 

/•»*(*! 

1 ,  Vl)  -  -6. 

/- 

miXi  ,  Vl) 

-  6. 

In  a  similar  manner,  one  may  obtain  all  the  partial  derivatives  given  in  table  3. 
Also  shown  iP  table  3  is  the  calculation  of  the  coefficients  of  series  (2.2). 
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TABLE  3 


*  ■  -J,  yt  ■•'2.S 

M  -  -  JSS,  yt  -  2.571 

/ 

-.5093 

.001919285 

9 

.530 

.000705798 

f. 

-7.12 

-8.121177 

-.8 

-1.57194 

ft 

•8 

1.57194 

9t 

-7.12 

-8.121177 

U 

-.4 

-.73 

f» 

-13. 

-13.468 

/** 

.4 

.73 

Fu 

13. 

13.468 

9*t 

-.4 

-.73 

9tt 

-13. 

-13.468 

/«. 

6. 

6. 

/»*» 

0 

0 

ftw 

-6. 

-6. 

/»»» 

0 

0 

0 

0 

Far* 

6. 

6. 

Fay* 

0 

0 

F**» 

-6. 

-6. 

D 

51.3344 

68.424511228929 

A.\ 

-.062379535 

.000244010681 

Bi 

.0614471388 

.0000396774426 

At 

.008990733894 

-  .00000000918208545 

Bt 

-.003228388828 

.0000000489726889 

A,  -.001588186338 

Bt  -.000360260209 

*1  ~  *1  +  Ai(xt  ,  Vi) 

+  At(xi  ,  ifi)  +  A»(xi  ,  yi) 

-  -.«54970991444 

V*  ~  Vj  +  Bi(xi  ,  vi)  • 

+  Bi(*i  ,  Vi)  +  Btixi  ,  yi) 

-  F.577858489763 


*1  ~  +  Ai(xt ,  yt)  +  At(xt ,  yt) 

-  -  .«547550883O1O6545 
Vi  »i  +  Bi(rt ,  yt)  +  Bt(xt ,  yt) 
-F.5780S97264152889 


After  a  first  estimate  is  obtained,  the  computation  is  made  the  same  as  in 
Example  1.  The  values  of  xj  and  yt  are  found  correct  to  three  decimal  places. 
Then  the  process  is  repeated  and  the  series  (3.1)  give  x%  correct  to  at  least  8 
decimal  places  and  yt  to  at  least  7  decimal  places. 

Example  S.  The  computation  of  the  roots  of  a  transcendental  equation.  The 
problem  is  the  computation  of  a  particular  root  of  the  equation 

2*  -  4u*  -  3€'  -  0 

(cf.  [3]).  Here 

fix,  y)  m  X*  —  lOkrV  +  5xy*  +  Sxy  —  Ze’  cos  y  -  0, 
gix,  y)  m  5x*y  —  lOx'y*  +  y*  —  4x*  +  4y*  —  3e'  sin  y  ■=  0. 
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Fo/xi  ■■  —.53,  I/i  ~  —.36,  the  following  values  are  obtained: 


f  - 

-.0196053465 

g  - 

i)l  192575632 

/.  - 

-5.1462549152 

gt  " 

5.4394118927 

ft  = 

-5.4394118927 

gy  = 

-5.1462549152 

u  - 

-8.7514405652 

gt  = 

-12.5122689073 

ft  “ 

12.5122689073 

gt  = 

-8.7514405652 

ft  “ 

8.7514405652 

gt  “ 

12.5122689073 

/«» 

7.4253794348 

“  gt 

/«.- 

-23.51805109272 

gxyy 

ft  " 

-7.4253794348 

”  gty 

fwt  " 

23.51805109272 

“  gta 

D  -  56.0711413918715 
ill  “  -.00295630172 
Bi  -  -.00080734174 
i4,  -  .0000064275890i 

Bt  -  -.00000709725230 

•  'x*  ~  xi  -f  ^i(xi ,  yi)  +  At(xi ,  —  .5S294ffS74l3 

yi'^yi  +  yi)  4-  Biixi ,  yi)  =  —B6081443S99 

The  values  of  Xt  and  yt  are  correct  to  at  least  6  decimal  places. 

i.  Extension  of  the  method  to  n  equations  in  n  variables.  Formulas  (2.1), 
(2.2),  and  (2.3)  of  §2  can  be  readily  extended  to  n  equations  in  n  variables.  For 
example,  by  the  same  method  as  in  §2,  one  can  easily  verify  the  following 
formulas  for  three  equations  in  three  unknowns, 

(4.1)  /(x,  y,  z)  =»  0,  gix,  y,  z)  »  0,  h{x,  y,  z)  -  0. 

From  a  first  approximation  (xi ,  yi ,  Zi),  a  second  approximation  (xj ,  yt,  Zt) 
can  be  obtained  by  the  formulas 

x»  «“  xi  +  ili(xi ,  yi ,  zi)  +  At{x\ ,  yt ,  Zi)  +  At{xt ,  yt,  zi)  +  •  • «  , 

(4.2)  yt  ^  yt  +  Bi(xt ,  yt ,  zt)  +  Btixi ,  yt ,  zt)  +  B»(xi  ,yt,zt)  +  •”  , 

Zt  =  zt-\-  Ct(xt ,  yt ,  Zt)  4-  C'*(xi ,  yt ,  zt)  4-  C7i(xi  ,yi,zt)  +  •  •  •  , 

where 


ft 

fy 

/. 

f. 

fy 

fy 

gt 

gy 

,  Dm 

g> 

gy 

gy 

ht 

hy 

h. 

K 

K 

K 

provided  D  9^  0, 


i4 1  as  0|r  f  +  011  (7  4"  Oij  h 
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/.  /.  /. 

Bi  ■  buf  +  hug  +  huh  “  ”  ^  9^  0*  » 

ha  hi  h, 

/.  /.  /. 

Cl  ■  Cuf  +  Cuff  +  Cuh  ^  ~  0»  8»  8i  t  fi  ^  ft  Pi  “  P»  hi  *  h; 

ha  ha  hi 


/. 

fy 

U 

1 

gy 

p* 

hr 

hy 

K 

fa 

u 

U 

1 

Pi 

p* 

ha 

hi 

K 

f. 

fy 

U 

1 

gy 

Pi 

ha 

hy 

U 

/,  *  i  +  B'if„  +  C*if„  +  2AiBifa,  +  2BiCifa.  +  2AiCif„), 

Qt  ■  (A\gax  +  B\gaa  +  C^„  +  2AiBigay  +  2BiCigy,  +  2AiCiga^^ 

hi  m  (Aihaa  +  Blhyy  4*  CiAi,  +  2AiBihay  +  2BiCihy,  +  2AiCihaa)i 


It  is  understood  that  in  formulas  (4.3)  the  functions  f,  g,  h,  fm  t  g*  t  ha ,  fy ,  gy , 
hy,f,,g,,ha,  •  •  •  ,  are  evaluated  at  (xi ,  yi ,  zi). 

6.  Bowinds  for  the  roots  of  a  polynomial  equation.  The  method  of  this  paper 
depends  on  a  first  approximation  to  the  root  desired.  The  following  procedure 
leads  to  a  first  approximation  to  the  root  of  largest  or  smallest  modulus  of  a 
polyncHnial  equation. 

Let  ■ 

(5.1)  P(z)  -  z"  +  (a,  +  ah)z*"‘  +  (o,  +  ib,)z-*  +  •  •  •  +  (o»  +  *«)  “  0 
be  the  polynomial  equation  of  which  the  roots  are  desired.  Form 

(5.2)  Q(z)  ■*  Oiz"  ’  +  i6jz"  *  +  o»z"  *  +  +  •  •  • 

(cf.  [1]),  and  the  continued  fraction 

/c  o\  ^  ^  _L  ^  _i_ _ _ ^ _ 


riiqi  1  I  ^  I  ^  I 

P(z)  Ciz  +  ifi  +  1  Cjz  +  kt  c%z  4"  kt 


Cat  4-  ka 
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The  constants  c,  are  real  and  the  are  pure  imaginary  or  zero.  Each  root  of 
P(z)  >■  0  must  lie  within  at  least  one  of  the  Cassmian  ovals 

I  (cjz  +  fci  +  l)(cjz  +  fc,)  I  -  L  I  (cz  +  fc,)(ci*  +  fcO  I  -  7^ — • 

Qx  -  .  (1  -  g\)(h  » 

(5.4) 

•  *  *  » I  (c*-iZ  i)(ciiF  *!■  fc«)  I  “  "Tz  Zi  vl  » 

where  ,  (7i ,  *  ■  *  ,  g,t-\  are  numbers  such  that  0  <  <  1,  p  ■■  1, 2,  *  •  •  ,  n  —  1. 

Consequently,  an  upper  bound  for  the  moduli  of  the  roots  is  obtained  from  the 
point  (rf  maximum  modulus  of  all  these  ovals.  The  point  with  largest  modulus 
on  each  oval  is  on  the  line  joining  its  two  fixed  points.  From  this  modulus  ri  «■ 
(x*  +  yi)^  the  corresponding  (xi ,  j/i)  value  can  be  estimated  as  a  first  approxi¬ 
mation  to  the  root.  By  the  transformation  z'  »  1/z,  the  root  of  smallest  modulus 
can  be  estimated  by  the  same  process. 

For  example,  for  the  equation  of  example  2,  §3,  f(Mr  gi  **  56/59,  g»  »  160/168, 
the  ovals  (5.4)  are 

I  (z  +  ^  -  M)(z  +  ^•)  I  -  y  , 

I  (z  +  .60(-*  +  01- 

The  points  of  maximum  modulus  are  (— 1.213, 2.531)  and  (0, 2.86),  respectively, 
so  that  the  maximum  modulus  of  the  roots  is  2.866.  In  example  2,  the  first 
estimate  (—.2,  2.5)  was  used  in  the  computation  of  the  root  of  largest  modulus. 
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i  . 

A  DERIVATION  OF  GENERALIZED  MACROSCOPIC 
P  ELECTRODYNAMIC  EQUATIONS 

'  I.  NON-RELATIVISTIC 

Bt  Boris  Podolskt  and  Harry  Denman* 

Introduction.  If  macroscopic  electrodynamic  quantities  and  laws  are  regarded 
as  averages  ol  corresponding  microscopic  quantities  and  laws,  and  if  Maxwell’s 
field  equations  and  the  constitutive  relations  are  accepted  in  macroscopic  electro¬ 
dynamics,  one  must  impose  upon  the  microscopic  electrodynamic  theory  the 
condition  that  averaging  its  field  quantities  and  equations  produce  these  ac¬ 
cepted  macroscopic  results.  The  imposition  of  this  condition  on  the  classical 
microBcopic  electrodynamics  seems  to  have  been  first  considered  by  Lorentz*. 
In  this  work  he  assumes  that  the  basic  particles  of  matter  are  separated  into 
three  types  according  to  the  fields  that  they  produce  (the  “conduction  electrons”, 
“polarization  electrons”,  and  the  “magnetization  electrons”).  Certain  further 
stipulations  are  made  concerning  the  total  charge,  its  distribution,  and  the 
motions  of  the  parts  of  each.  The  averaging  process  used  is  integration  over  a 
“ph3r8ically  infinitely  small”  space-fixed  volume  element.  In  order  to  account 
properly  for  the  macrosropic  effects,  he  must,  in  computing  certain  averages, 
consider  contributions  from  parts  of  some  of  these  particles  cut  by  the  sides  of 
the  volume  element;  in  other  cases  these  contributions  are  neglected.  The  final 
result,  however,  is  a  set  of  macroscopic  equations  which  have  the  form  of  Max¬ 
well’s  equations  and  the  constitutive  relations,  but  which  do  not  contain  magnetic 
or  electric  effects  of  higher  order  than  the  magnetization  and  the  polarization. 

Van  Vleck*  has  considered  this  problem  from  a  different  point  of  view.  He 
calculates  both  the  microscopic  and  macroscopic  retarded  potentials  from  the 
field  equations  and  the  constitutive  relations,  and  assumes  that  the  space 
averages  of  the  microscopic  potentials  are  the  macroscopic  potentials  (which  is 
equivalent  to  the  assumption  that  the  space  averages  of  the  microscopic  field 
intensities  e  and  h  are  the  macroscopic  field  intensities  E  and  B  respectively). 
Then,  introducing  molecules,  he  first  averages  the  contribution  to  the  micro¬ 
scopic  potentials  over  a  single  molecule  (this  involves  an  expansion  of  l/A  in  a 
Laurent  series  of  which  only  terms  to  order  l/Rl  are  retained).  Further  ma¬ 
nipulations,  which  include  interchanging  the  order  of  integration  and  retardation 
and  replacing  space  averages  by  time  averages,  and  a  second  integration  over  a 
“phjrsically  small”  volume  element,  finally  3rield  expressions  for  the  averages  of 
the  microscopic  potentials  which  have  the  forms  of  the  macroscopic  potentials; 
by  equating  these  forms,  he  obtains  relationships  between  the  macroscopic 
charge,  current,  polarization,  and  magnetization  densities  and  the  microscopic 
properties  of  the  molecules.  Here  also  the  results  do  not  contain  the  higher 
order  electric  and  magnetic  moments  of  the  molecules. 

As  several  authors*’  *  have  pointed  out,  these  methods  either  explicitly  or 

*  Now  st  the  Department  of  Ph)niic8,  Wayne  University. 
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implicitly  ignore  higher  order  effects  due  to  the  electric  and  magnetic  quadrupole, 
octopole,  and  higher  moments,  but,  as  they  have  also  pointed  out,  these  effects 
are  not  always  negligible.  In  this  paper,  Maxwell’s  eqiiations  and  the  constitutive 
relations  are  derived  from  the  classical  microscopic  theory  without  extensive  ox 
unwarranted  assumptions,  and  in  so  doing  the  effects  of  the  higher  order  electric 
and  magnetic  moments  shall  be  retained  in  the  equations. 

Theory.  The  action  function  IF  of  a  classical  system  of  point  charges  and 
microscopic  field  may  be  written  in  the  form 

W^W,+  Wf+  W,f,  (1) 

where  W,  is  the  action  function  of  the  charges  alone,  IF/  is  the  action  function 
of  the  field  alone,  and  W,/  is  the  interaction  between  the  particles  and  the  field. 
W/  may  be  expressed  in  the  form 

Wf  -  (l/8ir)  II  (e*  -  h*)  dV  dt,  (2) 

where  e  and  h  are  the  microscopic  field  intensities  and  the  volume  integration 
is  over  the  entire  three-space.  IF,/  may  be  expressed  by 

IF,/  =  I  H.e,  [(v,/c)  •  a(r, ,  t)  -  ^(r, ,  0]  dt,  (3) 


where  a(r. ,  t)  and  0(r, ,  0  are  the  microscopic  field  potentials  evaluated  at  the 
position  of  the  s*^  charge  and  v.  is  the  velocity  of  the  s*‘‘  charge.  The  summation 
extends  over  all  the  charges.  The  microscopic  field  vectors  are  related  to  the 
vector  and  scalar  potentials  by 


e  — 


c  at 


(4) 


and 

h  =  V  X  a.  (5) 

A  macroscopic  medium  is  characterized  by  the  presence  of  groups  of  charged 
particles  which  remain  stable  in  time,  i.e.,  the  charges  of  a  group  remain  in  a 
snudl  region  about  their  center  of  gravity.  Let  such  groupings,  which  might  be 
atoms,  ions,  or  molecules  (they  shall  hereafter  be  called  molecules)  be  introduced 
into  the  microscopic  description  of  the  medium.  Then  the  charges  may  be 
separated  into  two  types — those  which  are  in  the  molecules  and  those  which 
are  not  (the  latter  are  called  conduction  or  free  charges).  This  separation  of  the 
charges  into  two  types  does  not  change  the  values  of  IF  and  its  parts,  but  IF,/ 
may  be  rewritten  as 


W^,/=  (6) 

where  IF«/  is  the  interaction  between  the  field  and  the  molecular  charges  and 
IF(/  is  the  interaction  between  the  field  and  the  conduction  charges.  Both  IF./ 
and  We/  will  have  the  form  given  in  (3)  except  that  the  summation  for  Wm/ 
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extends  over  the  molecular  charges  only,  and  for  IT,/  over  the  conduction 
charges  only. 

Since  the  charges  of  any  molecule  are  grouped  in  a  small  region,  the  inter¬ 
action  W^f,*  between  the  charges  of  the  n***  molecule  and  the  field  may  be  ex¬ 
pressed  by  expanding  the  expressions  for  the  potentials  at  the  charges  about  an 
arbitrary  point  r,  in  the  molecule.  For  definiteness,  the  center  of  gravity  of  the 
'midecule  is  chosen.*  Thus  it  follows  that 

r..,..  -  /  L.,..  t)  +  (r„  -  r.),  +  ■  •  •] 

r  '  Ti 

-  ,0  +  ^  (r.«  -  r,)<  +  •  •  •  J|  d/, 

where  Lm/.n  is  the  Lagrangian  function  for  the  interaction  of  the  field  and  the 
chargee  of  the  n***  molecule,  Th,  is  the  position  vector  of  the  charge  in  the 
n**‘  molecule,  Vm  is  its  velocity  measured  in  the  inertial  coordinate  system  of  the 
observer,  and  all  partial  derivatives  are  to  be  evaluated  at  r.  .  W^/  will  be  ob¬ 
tained  later  by  summing  Wm/.n  over  n.  The  summation  index  «  now  runs  over 
the  charges  of  the  n*^  molecule. 

.  Letting  R,  =■  r,„  —  r,  =  (Xj ,  Xj ,  Xj),  then  v,„  -  v,  -f  R, ,  where  the  dot 
represents  differentiation  with  respect  to  time.  Also  define 


(8) 

=  Pi 

(9) 

il/2\)'£^.X*,Xi  =  Q*J  ,  etc.. 

(10) 

where  9.  is  the  net  charge  of  the  molecule,  P. 

is  its  dipole  moment,  Qn  is 

its  quadrupole  moment,  etc.  Thus  the  dipole  moment  Pa  is  a  three-vector,  Qn 
is  a  symmetric  second  rank  tensor  in  three-space  (a  self -con jugate  dyadic),  etc. 
Since  only  inertial  rectangular  coordinate  systems  are  treated  in  this  paper,  it 
is  not  necessary  to  distinguish  between  covariant  and  contravariant  tensor 
components.  The  Einstein  summation  convention  will  be  used  except  for  sum¬ 
mations  over  n  and  s,  and  the  Roman  indices  t,  j,  k  run  from  1  to  3.  Thus,  L^/.n 
may  be  rewritten  '  • 

Iw.*  -  +  j^’-l  + 

(11) 

+ - [♦(!., 0«.  +  +  •••]• 

*  From  the  results  of  microscopic  electrodynamics,  we  know  that  singularities  of  the 
potentials  exist  at  the  charges.  If  the  center  of  gravity  of  a  molecule  were  at  one  of  the 
charges,  the  potentials  would  be  infinite  at  that  point  and  the  expansions  of  the  potentials 
in  power  series  about  this  point  would  not  be  valid.  We  therefore  stipulate  that  Tm  H  r» 
for  any  s.  Formally,  however,  we  obtain  the  same  results  without  this  stipulation. 
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From  the  identity 


the  relation 


•  -  (P.  X>J-(V  X  •)  +  Pv‘.K  (12) 

OXi  OXi 

is  obtained,  where  V  X  a  is  evaluated  at  r. . 

If  the  magnetic  moments  of  the  n**‘  molecule  are  defined  by 

-  (1/^)E^(X.  X  i.)' ,  (13) 

M'J  -  (l/3c)i:^^;(X.  X  t,y,  etc.,  (14) 

vvhere  is  the  magnetic  dipole  moment  (A  the  n***  mcriecule,  is  its  mag¬ 
netic  quadrupole  moment,  etc.,  it  follows  that 


“  E  (- a.(r«,  <)»!.?.  +-[0,(1,,  <)ii;  Pi]  . 

■  »  (c  c  L  .  oXt  j  ' 

+  i  (P»  X  ▼.)-(V  X  a)  +  -  ^  0-  +  -  (Tnvi  +  M..V  x'a 
c  c  dxj  c  dXi  dXk 

•  ...  .  (15) 

+  of  E  «.  Xt(X.  X  v«)‘  A  (V  X  a)<  +  Mil  ^  (V  X  ah  +  •  •  • 

A I  C  •  vXjh  OXi 


Let  the  following  microscopic  quantities  be  defined  by 


Pc.  “  E»9»*(r  -  r,) 

(16) 

jc  =  E«9-(v«/c)«(r  -  *■«) 

(17) 

p  »  E»P-.*(r  -  r,) 

(18) 

9ii  =  E-QV *(r  -  r,) 

(19) 

f  «  (l/c)E»(P»  X  v;)«(r  -  r.)  •  " 

(20) 

m  =  53jM,«(r  -  r,) 

(21) 

Qa  =  (l/2c)X)n..e^!(X,  X  v,)^«(r  -  r«) 

(22) 

mu  =  Y,nMil6{t  -  tn),  etc.. 

(23) 

where  p,,  is  the  microscopic  convection  charge  density  due  to  the  net  chargee 
of  the  molecules,  j„  is  the  microscopic  convection  current  density  due  to  the 
motion  of  the  molecules,  p  is  the  microscopic  dipole  moment  density,  etc. 

Integrating  over  the  entire  three-space  and  using  the  properties  of  3(r  —  r,), 
it  follows  that 
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S  0  -  j  p,Mr,  t)  dV 
(1/c)  ^  ri?,o<(r„  0  -  J  0  dV 

-  -  /  «(r,<)V«pdF,  etc. 


Also,  since 


$  -  -  r J  -  2  P»vi  ^  8(r  -  rj, 

Ot  m  f»  &Xi 


it  also  follows  that 


.  E  [Pl  o.<r. ,  0  +  ^  i>l  j  -  f  a.^  dF.  (24) 

By  means  of  such  transformations,  Lm/  may  be  written  in  the  form 

-  J  a(r,  0  .  +  V  X  m  +  V  X  f 

4s  X  (^r «')-"  X 

-  /  ♦(r,  t)  -  V.p  +  - ]  <IK,  , 

• 

where  U{  is  a  unit  vector  along  the  t***  axis. 

To  obtain  the  field  equations,  the  principle  of  least  action  is  applied,  i.e.,  IF 
is  minimized  with  respect  to  variation  of  the  field,  holding  the  trajectories  of 
the  charged  particles  fixed.  Thus,  iW,  —  0,  and  in  the  usual  way  one  obtains 
the  equations 


iv..-p;+.:.-v.p+3^+ 


Then  if  the  definitions 


j.  +  j-  -  y 


'  J.  '  t 

Pe  +  P..  -  P 
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are  made,  where  j'  is  the  total  microscopic  conduction  and  convection  current 
density  and  p'  is  the  total  microscopic  conduction  and  convection  charge  den¬ 
sity,  and  if  the  microscopic  held  vectors  b  and  d  are  defined  by 

b  —  h  —  4T(m  +  f)  4ir  Oy  “•  •  *  •  (29) 

and 

d  ■*  e  +  4irp  —  4ir  Uy  +  •  •  • ,  (30) 

03Ci 

then  the  field  equations 

VXb-i|f-4Tr  (31) 

C  01 
and 

V*d  -  4V  (32) 

are  obtained  from  (25)  and  (26).  From  the  definitions  of  e  and  h  in  Eq.  (4)  and 
(5),  it  follows  that 

'VXe+~-0  (33) 

C  0t 

and 


V-h  -  0.  (34) 

Eq.  (31)  to  (34)  are  the  microscopic  field  equations.  If  any  kind  of  linear  aver¬ 
aging  process  which  commutes  with  the  operators  d/dXi  and  d/dt  is  applied  to 
the  above  equations.  Maxwell’s  macroscopic  field  equations 

V*D  -  4irp  (36) 

VXE+~-0  (37) 

c  dt 

V-B  -  0  (38) 

are  obtained,  where  the  following  identifications  are  made: 


«  ->  E 

(39) 

0*1 

1 

(40) 

h  -  B 

(41) 

d  -  D 

(42) 

r  “  j. 

(43) 

P'  “  P. 

(44) 

(The  bar  above  a  microscopic  quantity  indicates  the  average  of  that  quantity.) 
When  the  microscopic  constitutive  equations  (29)  and  (30)  are  averaged,  the 
generalized  macroscopic  constitutive  equations' 
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H  -  B  -  4rM  +  4t  ^  -  •  •  •  (45) 

OZi 

D  -  E  +  4tP -  +  •..  (46) 

dZi 

result,  where 

p  -  P  (47)  S  +  f  -  M  (48) 

ii/  “  Qi/’  ’  (49)  Qn  +  Mif  —  Af<y,  etc.  (50) 

If  the  averaging  process  is  applied  to  the  microscopic  equations  (4)  and  (5)  and 
if  it  is  assumed  that  the  averages  of  the  microscopic  potentials  a  and  ^  are  the 
macroscopic  potentials  A  and  4  respectively,  the  usual  equations 

(51) 

C  ul 

B  -  V  X  A  ‘  (52) 

are  obtained. 

Special  cases.  Case  1:  The  microscopic  electrostatic  case.  In  this  case  there 
exists  a  coordinate  system  in  which  all  oS.  the  charges  are  at  rest,  and  the  observer 
is  assumed  to  be  at  rest  with  respect  to  this  system.  If  the  vector  potential  A 
and  the  field  are  constant  in  time,  the  governing  field  equations  are 

V  X  E  -  0  (53) 

V-D  -  V-E  +  4tV-P  -  4ir-^^  +  •••*-  4irp.  (54) 

dXi  dXj 

From  these  results  and  Eq.  (51),  the  generalization  of  Poisson’s  equation 

+  (55) 

is  obtained. 

Case  t:  The  macroscopic  dectrostatic  caoe.  In  this  case  the  centers  of  gravity 
of  all  the  molecules  are  at  rest  in  their  proper  coordinate  system  (this  condition 
defines  the  proper  coordinate  system)  and  the  observer  is  also  at  rest  in  this 
coordinate  system.  Then  v«  0  for  all  the  molecules,  and  the  microscopic 

convection  current  density  jc*  0,  so  that  the  macroscopic  current  density  J  is 

due  to  the  conduction  chargee  only.  Also,  f  0,  «  0,  with  similar  results 

for  the  higher  order  terms  of  these  tjrpes.  The  macroscopic  field  and  constitutive 
equations,  however,  retain  the  same  forms,  while  Eqs.  (49),  (50),  etc.  become 
m  “  M,  Ihij  ■«  Mii ,  etc. 

Com  5:  Moving  media.  In  this  case  the  centers  of  gravity  of  all  the  molecules 
are  at  rest  in  their  proper  coordinate  system,  but  this  system  is  moving  with 
velocity  ▼  with  respect  to  the  observer;  then  t  is  the  macroscopic  velocity  of 
the  medium.  Thus,  —  v  for  all  n,  and  the  equations 
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-  (▼/c)pc  ,  f  -  P  X  ▼,  etc. 
result.  Eq.  (35)  can  then  be  put  in  the  form 
1  AT) 

C  Ol 

The  term  V  X  (P  X  ▼)  was  found  experimentally  for  this  case  by  Rdntgen, 
and  was  called  by  Lorentz  the  ROntgen  current.* 

Discussion.  It  is  interesting  to  note  that  the  macroscopic  charge  and  current 
densities  p  and  J  are  not  simply  averages  of  the  microscopic  quantities  p.  and  j. 
This  may  be  shown  by  applying  the  averaging  process  to  the  microscopic  field 
equations  (the  Maxwell-Lorentz  equations) 


V  X  h  - 

V  X  e  -h 


1  ^ 
c  dt 

V-e 

1  dh 
c  dt 

Vh 


4Tj 

(56) 

4»p« 

(67) 

0 

(58) 

0, 

(59) 

which  3rields,  when  use  is  made  of  Eqs.  (30)  and  (41),  the  macroscopic  equations 


(60) 

V-E  -  4tP« 

(61) 

^  c  dt 

(62) 

V-B  -  0. 

(63) 

Eqs.  (62)  and  (63)  are  identical  with  Eqs.  (37)  and  (38)  of  Maxwell’s  equations, 
but  comparison  of  Eqs.  (60)  and  (61)  with  (35)  and  (36),  making  use  of  Eqs. 
(45)  and  (46),  gives 


J-J 


x(m  - 


Pm  —  P 


-VP  + 


d'Qij 

dXi  bXj 


(65) 


as  expressions  for  the  differences  between  the  averages  of  the  microscopic  charge 
and  current  densities  and  the  macroscopic  charge  and  current  densities  appear¬ 
ing  in  Maxwell’s  equations. 

Lorentz*  explains  the  first  order  terms  of  these  differences  by  noting  that 
when  the  microscopic  charge  density,  for  example,  is  averaged  over  a  macro¬ 
scopic  volume  element,  all  of  the  charges  in  the  volume  element  are  counted. 
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including  charges  in  molecules  which  have  been  cut  by  the  edges  of  the  volume 
element.  He  shows  that  such  charges  give  rise  to  the  term  —  V*P  in  Eq.  (65). 
One  might  attempt  to  explain  the  higher  order  effects  in  a  similar  manner,  but 
one  of  the  advantages  of  this  development  is  that  consideration  of  such  charges 
is  unnecessary.  Here,  only  those  molecules  whose  centers  of  gravity  fall  within 
the  volume  element  contribute  to  the  average,  and  they  contribute  their  whole 
effect,  despite  the  fact  that  some  of  the  charges  of  these  molecules  lie  in  ad¬ 
jacent  volume  elements. 

The  held  equations  (60)  to  (63)  have  certain  important  differences  from  Max¬ 
well’s  equations.  Maxwell’s  equations  do  not  completely  determine  the  four 
held  quantities  E,  B,  D,  and  H  when  p  and  J  and  the  boundary  conditions  are 
known.  Eqs.  (60)  to  (63),  however,  contain  only  B  and  E,  and  these  quantities 
are  determined  by  these  equations  when  Pm  and  j  and  the  boundary  conditions 
are  known.  The  dehnitions  here  adopted  for  p  and  J  (as  averages  of  microscopic 
conduction  and  convection  charge  and  current  densities)  are  not  in  terms  of 
simple  macroscopic  operationi^^such  a  dehnition  would  require  that  the  macro¬ 
scopic  measuring  device  distinguish  and  count  conduction  and  convection 
charges  and  ignore  the  other  charges  which  are  present  in  a  macroscopic  volume 
element.  On  the  other  hand,  Pm  and  j  do  have  simple  operational  dehnitions  in 
terms  of  the  total  charge  in  volume  element  and  charge  passing  through  a  cer¬ 
tain  unit  surface  per  unit  time.  Unfortunately,  while  it  is  easy  to  conceive  of 
such  operational  dehnitions,  it  is  not  a  simple  matter  to  make  the  required 
measurements,  especially  at  interior  points  of  a  medium,  in  moving  media,  etc. 
But  in  many  cases  some  knowledge  of  the  conduction  and  convection  charge  * 
and  current  densities  exists  or  can  be  assumed  for  the  particular  physical  situa¬ 
tion,  and  these  values  used  in  Maxwell’s  equations.  Still,  if  Pm  and  J  can  be 
determined  by  measurement  or  calculation,  then  the  held  equations  (60)  to 
(63)  can  be  used,  and  the  same  results  obtained  as  when  using  Maxwell’s  held 
equations  and  the  generalized  constitutive  relations  (45)  and  (46). 

The  many  successes  obtained  by  use  of  Maxwell’s  equations  and  the  usual 
constitutive  relations 

D  =  E  +  4tP,  B  =  H  -f  4xM 

indicate  that  these  relations  are  sufficiently  accurate  for  many  physical  situa¬ 
tions.  If  these  equations  are  regarded  as  dehning  P  and  M,  however,  then  meas¬ 
urement  of  P  and  M  in  accordance  with  these  equations,  in  situations  where 
the  higher  order  effects  are  signihcant,  actually  gives 

4xP  =  D  -  E  -h  4t  -  •  •  • 

dXi 

4rM  -  B  -  H  -f  4t  ^  Uy  -  •  •  • , 

dXi 

and  if  there  is  no  independent  check  on  P  and  M,  there  is  no  way  of  knowing 
that  these  calculated  values  of  P  and  M  are  not  correct,  but  include  the  higher 
order  effects. 
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SUCCESSIVE  APPROXIMATION  AND  EXPANSION  METHODS  IN  THE 
NUMERICAL  DESIGN  OF  MICROWAVE  DIELECTRIC  LENSES‘ 

By  Robert  L.  Sternberg 

1.  Introduction.  The  recent  trend  in  microwave  radar  systems  toward  the  use 
of  sohd  dielectric  lenses  in  antenna  applications  requiring  extremely  short  focal 
lengths  and  wide  apertures  has  stimulated  a  renewed  interest  in  the  centuries  old 
subject  of  the  numerical  design  of  non-spherical  lenses  of  revolution  which  are 
geometrically  optically  perfect  in  some  sense.  A  general  summary  of  past  work 
along  these  lines,  including  results  from  the  time  of  Huygens  and  Descartes  to 
the  present,  appears  in  the  treatises  of  Brown  [1],  Silver  [4;  Chapt.  11]  and 
Southall  [5;  Chapt.  16]  while  two  memoirs  of  especial  interest  concerning  wide 
aperture  lenses  which  satisfy  the  Abbe  sine  condition  are  those  of  Friedlander 
[2]  and  Martin  [3]. 

In  this  paper  we  consider  the  general  problem  of  designing  a  microwave 
dielectric  lens  of  revolution  having,  with  respect  to  meridional  rays  only,  four 
perfect  focal  points,  two  finite  and  two  infinite,  pairwise  symmetrically  displaced 
in  the  meridional  plane  about  the  axis  of  symmetry  of  the  lens  when  the  optional 
requirement  of  zoning  may  be  included  and  when,  moreover,  a  number  of  the 
parameters  which  determine  the  lens  are  preassigned.  The  methods  given  for  the 
solution  of  the  problem  are  partially  numerical  and  partially  anal3rtical  in  nature 
and  are  based  on  a  rudimentary  knowledge  of  geometrical  optics  but,  as  the  lenses 
required  are  definitely  non-spherical,  no  appeal  is  made  to  the  classical  optical 
theory  associated  with  the  design  and  properties  of  spherical  lenses.  After  treating 
the  rather  elementary  problem  of  zoning,  a  first  approximate  solution  for  the  lens 
surfaces  and  two  essentially  complete  formal  solutions  for  them  are  given,  with 
the  gaps  in  the  proofs  of  the  latter  noted.  The  first  of  these  formal  solutions 
follows  a  characteristic  value  approach  leading  to  a  solution  for  the  lens  surfaces 
via  a  method  of  successive  approximations  while  the  second  of  them  is  a  series 
expansion  method  of  an  entirely  independent  nature  somewhat  analogous  to  the 
method  of  limits,  or  Cauchy-Kovalevsky  method,  for  the  solution  of  analytic 
differential  equations.  For  those  interested  in  radar  applications  a  brief  account 
of  ray  tracing  analyses,  sector  and  conical  scanning  properties,  and  experimental 
results  is  given  for  microwave  lens  antennas  typical  of  these  designs  illustrating 
the  short  focal  lengths,  wide  apertures  and  wide  angle  performance  attainable. 

The  problem  is  formulated  precisely  in  §2  and  the  solution  for  the  zone  ex¬ 
tremities  is  obtained  in  §3.  The  first  approximate  solution  and  two  formal  solu¬ 
tions  for  the  lens  surfaces  are  developed  in  §§4,  5  and  6  and  the  ray  tracing, 
scanning  and  experimental  results  are  summarized  in  §7.  Finally,  the  paper  is 
concluded  in  §8  with  some  remarks  on  remaining  mathematical  questions  of 
existence. 

*  Presented  by  title  to  the  American  Mathematical  Society  April  23, 1954  and  December 
28,  1954. 
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2.  Formulation  of  the  problem.  Let  it  be  required  to  numerically  design  a 
microwave  dielectric  lens  of  revolution  of  the  type  shown  in  Figure  1  or  2  having, 
with  respect  to  meridional  rays  only,  four  perfect  focal  points,  two  finite,  F  and 
F',  and  two  infinite,  F.  and  F« ,  pairwise  symmetrically  displaced  in  the  merid¬ 
ional  plane  about  the  axis  of  symmetry  of  the  lens  when,  as  indicated  in  Figure 
1,  the  optional  requirement  of  zoning  may  be  included  and  when,  moreover,  the 
five  parameters 

(2.1)  no,  26o,  |xol,  and  Xo, 

i.e.,  the  refractive  index  of  the  lens  no ,  the  diameter  of  the  lens  2bo ,  the  normal 
distance  |  Xo  |  to  the  finite  focal  points  F  and  F\  the  off  axis  angle  ^o  to  the  in¬ 
finite  focal  points  F^  and  F«  ,  and  the  wave  length  of  the  incident  radiation  Xo , 
are  all  given  positive  numbers.  Let  the  lens  surfaces  S  and  S'  be  required  to  be 
concurrent  in  the  meridional  plane  at  two  symmetrically  placed  points  Eo  and 
Eo  called  the  lens  extremities  and  optionally,  again  at  certain  symmetrically 
placed  points  F*  and  F*  for  (A:  =  1, 2,  •  •  •  ,  iV)  called  the  zone  extremities,  where 
generally  these  points  mark  the  ends  of  the  relevant  meridional  diameter  of  the 
lens  or  zone.  Finally,  let  the  lens  extremities  Fo  and  Fo  lie  on  the  y-axis  and  take 
the  axis  of  symmetry  of  the  lens  along  the  x-axis  as  in  Figures  1  and  2.  Aside  from 
the  matter  of  the  determination  of  the  locations  of  the  finite  focal  points  F  and 
F',  a  solution  of  the  problem  including  the  zoning  for  an  -f  1-tuple  maximally 
zoned  lens  then  requires  the  determination  in  the  meridional  plane  of  the  locations 
of  the  zone  extremities  Ek  and  Ft  for  (k  =  1,  2,  *  *  *  ,  AT)  as  above  together  with 
the  determination  in  the  meridional  plane  of  the  equations  of  the  lens  surfaces 
S  and  S'  for  each  zone  satisfying  the  required  symmetry  conditions  and  so  forth 
about  the  x-axis  and  such  that  all  meridional  rays  from  the  finite  focal  points 
F  and  F'  incident  upon  the  leiis,  when  refracted  in  accordance  with  Snell’s  law, 
emerge  from  the  lens  at  the  appropriate  given  angle  =  db^o  from  the  x-axis 
while  the  phase  is  constant  along  any  orthogonal  surfaces  W  and  W'.  In  the  fore¬ 
going  we  understand  those  meridional  rays  from  F  and  F'  which  ultimately  in¬ 
tersect  a  zone  step  to  be  omitted  from  consideration  and  we  especially  demiand 
that  the  lens  surfaces  S  and  S'  come  together  sharply  at  the  lens  and  zone  ex¬ 
tremities  as  part  of  the  problem. 

By  the  theorem  of  Malus  the  requirement  that  all  of  the  incident  meridional 
rays  from  F  and  F'  emerge  from  the  lens  in  the  two  directions  ^  =  ±  respec¬ 
tively,  and  thereby  form  in  the  meridional  plane  two  parallel  ray  beams,  amounts 
to  the  equivalent  condition  that  the  optical  path  lengths 

(2.2)  P  =  Pi  -I-  nojh  +  P3,  P'  ^  p[  +  nop'i  +  Pi , 

associated  with  variable  meridional  rays  R  and  R'  from  F  and  F'  as  in  Figures  1 
and  2  be  constant  along  the  orthogonal  surfaces  W  and  W'  for  each  zone  whence, 
by  the  requirement  of  constant  phase  along  W  and  W',  it  follows  that  the  optical 
path  lengths  P  and  P'  in  (2.2)  must  change  only  by  integral  multiples  of  Xo  from 
zone  to  zone.  Imposing  the  condition  of  equal  path  lengths  just  noted  on  the 
extremal  rays  Ro  and  Ro  from  the  focus  F  which  pass  through  the  lens  extremities 
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Et  and  Et  to  the  orthogonal  surface  W,  we  note  that  the  necessary  and  sufficient 
condition  for  equality  of  the  optical  path  lengths  Po  and  Po  in  question  associated 
with  Po  and  Po ,  is  that  F  be  located  on  the  upper  branch  of  the  hyperbola 

(2.3)  (y*/bl  sin*^o)  —  (x*/bi  cob*i^o)  =  1, 

which  has  as  geometrical  foci  the  lens  extremities  Eo  and  Eo  and  as  asymptotes 
the  lines  y  >=  =fcx  tan  ^o  •  By  symmetry  we  have  likewise  that  P'  is  to  be  located 
on  the  lower  branch  of  the  hyperbola  (2.3).  Finally,  the  focal  distance  |  xo  |  being 
preassigned,  we  have  thus  for  the  coordinates  of  the  foci  F  and  F'  the  formulas 

(2.4)  F,  F*:  xo  =  - 1  Xo  I  ,  yo  =  ±[6j  +  xj  sec*  ^ol*  sin  ^o , 

where  26o  ,  |  Xo  |  and  ^o  are  the  given  parameters  (2.1). 

The  focal  points  F  and  F'  thus  have  been  uniquely  determined  whence 
we  have  now  to  find  the  coordinates  of  the  zone  extremities  Ek  and  Ek 
for  (fc  =  1,2,  •  •  •  ,N)  and  the  equations  of  the  lens  surfaces  S  and  S'  for  each 
zone.  We  note  in  closing  this  section  that,  aside  from  the  somewhat  arbitrary 
choice  of  the  number  of  zones  to  be  used  out  of  the  maximal  total  number  of 
possible  zones,  iV  +  1,  it  is  the  fundamental  assumption  of  this  paper  that  given 
values  of  the  five  parameters  (2.1)  there  exists  one  and  only  one  exact  solution 

(2.5)  Ex,  E'x,--’,Eu,  Eh,  S  and  S', 

to  our  problem  provided  only  that  the  first  four  of  those  parameters  no ,  26o , 
I  Xo  I  and  ^o  have  been  restricted  originally  to  a  suitable  non-critical  open  region, 
e.g.,  provided  only  that  for  given  suitable  values  of  no  and  ^o ,  say  no  ^  1.5  and 
0  <  ^0  ^  ir/4,  the  ratio  P  =  |  xo  |/26o  has  not  been  taken  excessively  small, 
say  P  =  I  Xo  |/26o  ^  1/3  or  thereabouts.  We  will  not  completely  prove  this 
assumption  to  be  valid  nor  do  we  know  of  any  such  proof  but,  nevertheless,  we 
will  go  a  long  way  towards  its  justification  in  the  course  of  that  which  follows. 

3.  Solution  for  the  zone  extremities.  After  locating  the  foci  P  and  F'  in  the 
manner  already  described,  the  first  step  in  the  design  of  an  iV  +  1-tuple  max¬ 
imally  zoned  lens  of  revolution  for  our  problem  is  the  determination  in  the 
meridional  plane  of  the  locations  of  the  zone  extremities 

(3.1)  Ei(ai ,  bi),  El  (ax ,  —bx),  •  •  •  ,  Eii(as ,  bur).  Eh  (oh  ,  —bn), 

at  which  the  lens  surfaces  S  and  S'  are  to  come  together  sharply  while  also 
satisfying  the  required  s}rmmetry  conditions  about  the  x-axis  as  in  Figure  1. 
This  assumes  of  course  that  the  lens  is  to  be  zoned;  in  actual  practice  the  de¬ 
cision  as  to  whether  or  not  zoning  is  to  be  employed  and  if  so  to  what  extent, 
will  depend  generally  on  the  application  for  which  the  lens  is  intended  and  upon 
the  values  of  the  last  four  of  the  five  given  parameters  (2.1)  with  the  maxi¬ 
mum  number  of  possible  zones  in  addition  to  the  zeroth  or  outer  zone,  being 
a  uniquely  determined  integer  N  =  N(2bo ,  |  Xo  |  ,  ,  X*)  ^0. 

Assuming  the  lens  is  to  be  zoned  as  many  times  as  possible  to  form  an  iV  -f 
1 -tuple  maximally  zoned  lens  we  proceed  now  with  an  analytic  determination 
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in  the  meridional  plane  of  the  coordinates  of  the  zone  extremities  Ek  and  Ek 
for  {k  —  1,  2,  •  •  •  ,  iV)  in  (3.1)  where  the  integer  N  N(2bo ,  |  Xo  | ,  ,  Xo)  ^  0 

will  be  determined  in  the  process  and  wherein  by  symmetry  we  need  consider 
only  radiation  from  the  focus  F.  To  this  end  we  impose  the  condition  of  equal 
path  lengths  previously  mentioned  on  the  meridional  rays  Rk  and  Rk  for  (k  = 
1,2,  ■  ■  *  ,N)  from  the  focus  F  which  pass  through  the  zone  extremities  to  be  de¬ 
termined  as  shown  in  Figure  1.  We  require  that  the  optical  path  lengths  Pk  and 
Pk  measured  along  those  rays  from  the  focus  F  through  the  zone  extremities 
Ek  and  EkioT(k  =  1,  2,  •  •  •  ,  iST)  to  the  orthogonal  surface  W  be  pairwise  equal 
and  have  the  common  values 


where  as  before  Po  and  Po  =  Po  denote  the  optical  path  lengths  along  the  ex¬ 
tremal  rays  Rt  and  Po  from  the  focus  F.  A  ready  calculation  of  Po  and  Po  »  Po 
yields  the  common  formula 

(3.3)  Po  —  Po  ~  [^>0  “1“  Xo  sec*  ^o]^  “h  ®  cos^o  i 

where  a  is  the  x-axis  intercept  of  the  orthogonal  surface  W.  Proceeding,  the 
necessary  and  sufficient  condition  that  the  optical  path  lengths  P*  and  P*  be 
given  by  formulas  (3.2)  is  next  noted  to  be  the  condition  that  the  coordinates 
of  the  ib-th  zone  extremities  Ek  and  Ek  in  (3.1)  satisfy  the  equations 

Pk  *  [(xo  —  a*)*  -{-  (l/o  ~  f>*)*]* 

-|-  (a  —  o*)  cos  ^0  +  bk  sin  ^o  ■=  Po  —  k\o , 
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(3.4)  p;  s  [(Xo  -  a*)*  +  (y«  +  6*)*]‘ 

+  (a  —  o*)  cos  ^0  —  bk  sin  =  Po  —  AXo , 

(*=  1,2,  •••.AT), 

where  xo  and  yo  are  the  coordinates  of  the  focus  F  in  (2.4)  and  a  is  the  x-axis 
intercept  of  the  orthogonal  surface  W.  Transposing,  squaring,  subtracting  and 
adding  these  equations  using  the  relation  P'o  =  Pq,  we  have  the  equations 

Ok  =  a  —  (Po  —  k\o)  sec  +  yo  sec  esc  , 

(3.5)  (*  =  1,  2,  •  •  •  ,  AT), 

bh  =  [(Po  -  k\o  -  (a  -  o*)  cos  ^o)*  -  (xo  -  o*)*  -  yS]*  sec  , 

which  then  may  be  further  simplified  by  use  of  relations  (2.4)  and  (3.3).  In  this 
way  we  obtain,  finally,  the  formulas 

ttk  =  k\o  sec  ^0 , 

(3.6)  (A:  =  1,  2,  •  •  •  ,  AT), 
6*  =  [6o  —  2A:Xo  |  Xo  1  sec*  —  A:*Xo  sec*  \koft 

for  the  coordinates  of  the  A;-th  zone  extremities  Et  and  Ek  in  (3.1)  in  terms 
of  the  given  parameters  26o ,  |  xo  |  ,  and  Xo  in  (2.1)  where  the  integer  N  = 
N(2bo  ,  I  Xo  I  ,  ^0  ,  Xo)  ^  0  thus  also  has  been  uniquely  determined;  in  fact, 
regarding  the  latter,  we  have  that  AT  =  N(2bo ,  1  xo  j ,  ^o ,  Xo)  ^  0  must  be 
the  largest  non-negative  integer  satisfying  the  inequality 

^  (3.7)  6?  -  2ArXo  I  Xo  I  sec*  ^0  -  A^^J  sec*  ^o  >  0, 

or  such  that  the  coordinates  bk  for  {k  =  1,  2,  ■  *  *  ,  AT)  are  real  and  positive.  This 
completes  the  determination  of  the  locations  of  the  zone  extremities  (3.1). 

The  solution  of  the  first  part  of  our  problem  as  given  by  formulas  (3.6)  and 

(3.7)  thus  has  been  effected  exactly  and  uniquely  except  for  the  previously 
mentioned  somewhat  arbitrary  choice  of  whether  or  not  the  lens  is  to  be  zoned 
as  many  times  as  possible  or  a  lesser  number  of  times.  In  the  event  of  the  latter 
only  a  subset  of  the  points  (3.1)  are  used  as  zone  extremities  and  the  lens  surfaces 
S  and  S'  may  be  extended  over  the  omitted  zones  in  question  along  surfaces  such 
as  those  indicated  by  the  dashed  lines  in  Figure  1. 

4.  A  first  approximate  solution  for  the  lens  surfaces.  We  turn  now  to  the 
fundamental  question  of  the  determination  in  the  meridional  plane  of  the  equa¬ 
tions  of  the  lens  surfaces  S  and  S'  for  either  a  zoned  or  unzoned  lens  of  revolution 
for  our  problem  satisf}dng  the  required  symmetry  conditions  about  the  x-axis. 
To  begin  with,  it  follows  from  the  considerations  of  §§2  and  3  that  the  problems 
of  determining  the  lens  surfaces  S  and  S'  for  the  several  separate  zones  of  a 
zoned  lens,  or  for  the  single  lens  section  of  an  unzoned  lens,  are  essentially  the 
same  once  the  foci  F  and  F'  have  been  located  as  in  §2  and  the  zone  extremities 
Ek  and  El  for  (k  ^  1,  2,  •  *  •  ,  N),  in  the  case  of  a  zoned  lens,  have  been  located 
as  in  §3,  the  individual  zones  of  a  zoned  lens  for  this  purpose  being  considered  to 
be  each  a  part  of  a  complete  lens  section  as  indicated  by  the  dashed  lines  in 
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Figure  t.  Single  lens  section. 

A  first  appnximate  solution  for  S  and  S' 


Figure  1.  In  actual  practice  it  will  be  found  that  the  specification  of  the  lens 
surfaces  S  and  S*  for  the  outer  zones  of  a  given  zoned  lens  will  be  generally  a 
more  critical  matter  than  that  for  the  inner  zones  of  the  same  lens  but  the  prin¬ 
ciples  in  question  are  nevertheless  essentially  the  same. 

We  consider  therefore  the  problem  of  determining  in  the  meridional  plane  the 
solutions  for  the  lens  surfaces  S  and  S'  for  the  single  lens  section  associated  with 
the  zeroth  or  outer  zone  of  the  zoned  lens  of  Figure  1,  redrawn  in  Figure  2,  and 
give  in  this  section  a  first  approximate  solution  for  S  and  S'  in  the  algebraic 
forms 

(4.1)  5:  (x  +  h)'  -f  v'  =  r\  S':  x  =  cq/*  +  +  y, 

where  the  coefficients  r,  h,  a,  /3  and  y  thus  are  to  be  found.  We  require  that  the 
two  extremal  rays  Rg  and  Rg  through  Eg  and  Eg  to  the  orthogonal  surface  W 
be  controlled  perfectly  in  emergent  direction  ^  and  optical  path  length  P 
while  the  central  meridional  ray  Rc  is  controlled  approximately  with  respect 
to  ^  and  P  as  shown  in  Figure  2  where  again  by  symmetry  we  need  consider 
only  radiation  from  the  focus  F. 

The  first  step  in  the  approximate  solution  for  the  lens  surfaces  S  and  S'  in  the 
forms  (4.1)  is  the  determination  in  the  meridional  plane  of  the  direction  or  slope 
angles  {o  and  (o  of  these  surfaces  at  the  lens  extremities  Eg  and  Eg  in  such  a  way 
that  the  extremal  rays  Rg  and  Rg  are  bent  just  enough  as  in  Figure  2  so  as  to 
emerge  at  the  given  angle  \lr  =  ^g  exactly,  the  location  (2.4)  of  the  focus  F  being 
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already  such  that  the  optical  path  lengths  Po  and  Po  along  Po  and  Po  are  then 
equal.  Let  these  slope  angles  {o  and  {o  be  defined  as  in  Figure  2  and  let  them  be 
measured  positively  in  the  directions  shown  so  that  the  corresponding  angles  of 
incidence  of  Po  and  Po  on  S  are  Do  =0o  —  &  and  Do  *=  0o  —  &  as  illustrated 
where  and  ^o  are  the  angles  of  inclination 

(4.2)  00  =  tan“‘[(6o  -  yo)/|  II,  <h  “  tan~‘[(bo  +  yo)/|x*ll, 

associated  with  Po  and  Po  at  the  focus  F.  To  facilitate  the  determination  it  is 
convenient  to  associate  prisms  of  angles  Ao  =  (o  —  £o  and  Ao  =>  (o  —  {o  with  Po 
and  Po  at  Eo  and  Po  as  in  Figure  2.  Next  we  introduce  the  concept  of  the  prism 
function 

(4.3)  D(n,  A;  no)  *  n  —  A  +  8in“*[(no  —  sin*n)*  sin  A  —  sin  n  cos  A], 

which  we  define  as  the  deviation  Z)(n,  A;  no)  of  a  principal  section  ray  incident 
at  angle  n  on  the  surface  of  a  prism  of  angle  A  and  index  of  refraction  no  and 
wherein  we  consider  the  angle  of  incidence  n  to  be  positive  when,  in  the  principal 
section,  the  incident  ray  and  the  vertex  of  the  prism  are  on  opposite  sides  of  the 
normal  to  the  prism  surface.  The  region  of  definition  of  the  function  i>(n,  A;  no) 
is  characterized  by  the  inequalities 

(4.4)  I  n  I  <  Jt,  1  (Ro  —  sin*n)*  sin  A  —  sin  n  cos  A  |  <  1, 

while  a  set  of  graphs  of  the  function  for  fixed  values  of  A  and  no  =  1.594  together 
with  a  principal  section  sketch  of  the  defining  prism  and  ray  appears  in  Figure  3. 
Applying  the  foregoing  concept  of  the  prism  function  Z)(n,  A;  no)  to  the  prisms 
of  angles  Ao  (o  —  &  and  Ao  =  (o  —  ^  associated  with  Po  and  Po  at  Eo  and  Eo 
as  described  we  have  now  that  the  necessary  and  sufficient  conditions  for  the 
determination  of  the  slope  angles  ^  and  {o  of  the  lens  surfaces  S  and  at  Eo 
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and  E'o  are  that  these  angles  satisfy  the  prism  equations 

“  fo ,  €o  —  {o ;  n«)  =  00  +  ^('0 , 

(4.5)  . 

^(00  *0o~0Of 

where  0o  and  0o  are  given  by  (4.2).  These  equations  may  be  solved  readily  to  any 
desired  accuracy  by  graphical  means  starting  with  a  set  of  curves  of  the  function 
D(U,  A;  no)  such  as  those  shown  in  Figure  3  for  no  »  1.594  and  thence  succes¬ 
sively  magnifying  the  graphs  in  a  neighborhood  of  each  approximation  to  the 
roots  and  {o  before  proceeding  to  the  next  better  approximation  while  the 
existence  and  uniqueness  of  the  solution  for  {o  and  (o  may  be  settled  likewise 
provided  only  that  the  first  four  of  the  five  given  parameters  (2.1)  have  been 
confined  originally  to  a  suitable  non-critical  open  region  essentially  determined 
by  the  inequalities  (4.4),  e.g.,  as  mentioned  in  §2,  provided  only  that  for  given 
values  of  n«  and  0o  the  ratio  F  =  |  xo  |/2&o  has  not  been  taken  excessively  small. 

Assuming  a  solution  for  the  slope  angles  ^  and  {o  of  the  lens  surfaces  S  and  S* 
at  Et  and  Et  in  the  prism  equations  (4.5)  has  been  found  we  have  then  that  the 
quantities  r  and  h  in  the  approximate  solution  (4.1)  for  S  and  S*  are  completely 
determined  and,  in  fact,  have  the  values 

(4.6)  r  =  6o  CSC  {o ,  /i  =  6o  cot  {o , 

while  the  coefficients  a,  /3  and  y  in  (4.1)  are  determined  to  the  extent  that  the 
equations 

(4.7)  bo  a  b*  y  =  0,  46ocif  -1-  2bo  /S  -I-  tan  {o  =  0, 

must  hold.  To  complete  the  determination  of  a,  /3  and  y  in  (4.1)  a  third  relation 
is  required.  To  this  end  we  impose  a  partial  control  of  the  behavior  of  the  central 
meridional  ray  Ec  in  Figure  2  by  supposing  as  an  approximation  that  the  lens 
surfaces  S  and  S'  are  planar  and  parallel  in  a  neighborhood  of  the  lens  center 
and  by  reqmring,  under  the  foregoing  supposition,  that  the  central  meridional 
ray  Rc  be  controlled  perfectly.  Let  Rc  emanate  from  the  focus  F  at  an  angle  of 
inclination  0c  =  0o  and  let  the  planar  approximations  to  the  lens  surfaces  in 
the  neighborhood  of  the  ^lens  center  have  equations  of  the  form 

(4.8)  S:  X  =  r  -  h,  S':  x  =  y, 

where  r  and  h  are  given  by  (4.6)  and  y  is  to  be  determined.  Under  these  assump¬ 
tions  Rc  will  emerge  from  the  lens  at  the  angle  0  =  0o  with  the  x-axis  and,  im¬ 
posing  the  condition  that  the  optical  path  length  P  in  (2.2)  shall  have  the  value 
Pc  calculated  in  (3.3)  for  Ro  and  Ro ,  we  are  now  led  to  the  equation 

^  ^  P  ss  I  Xo  1  cos  00  +  2/0  sin  00  4-  a  cos  0o 

(4.9) 

-h  l(y  -  r  +  h)  sec  xcl*[wo  -  cos  (0o  -  xc)]  =  Po , 

for  y  where  a  is  the  x-axis  intercept  of  the  orthogonal  surface  W  and  where 
Xc  is  the  angle  between  Rc  and  the  x-axis  within  the  lens  and  is  defined  in  accord- 
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ance  with  Snell’s  law  by  the  relation  sin  xc  =■  (l/n«)  sin^o  •  Solving  (4.9)  for 
y  and  substituting  from  (2.4),  (3.3)  and  (4.6)  for  yo,  Po,r  and  h  we  have 

y  =  Mcsc  {o  —  cot  {o] 

(4.10)  +I(6o  +  xl  sec*  ^o)*  cos  -  1  xc  |] 

•[(cos  1^0  cos  xc)/(no  -  cos  (^o  -  Xc))J, 

where  as  before  sin  xc  ==  (1/no)  sin  .  Substituting  the  value  (4.10)  for  y  in  the 
equations  (4.7)  we  may  solve  for  a  and  /3  in  the  forms 

a  —  (y/iA)  —  (l/26o)  tan  fo , 

i8  =  (I/2&0)  tan  -  (2v/6j), 

and  thus  complete  the  approximate  solution  for  the  lens  surfaces  in  the  forms 
(4.1). 

In  the  first  approximate  solution  for  the  lens  surfaces  S  and  S'  just  derived 
the  two  extremal  rays  Ro  and  Ro  have  been  controlled  perfectly  and  a  third 
meridional  ray,  the  central  ray  Rc ,  has  been  controlled  to  the  extent  to  which 
the  planar  approximation  (4.8)  is  valid  for  the  actual  lens  surfaces  S  and  S' 
ultimately  defined  by  the  equations  (4.1)  while  the  remaining  continuum  of 
meridional  rays  from  the  focus  F  which  lie  between  Ro ,  Rc  and  Ro  have  been 
left  uncontrolled.  Although  this  first  approximate  solution  for  the  lens  surfaces 
appears  quite  crude  it  has  been  found,  nevertheless,  to  be  extremely  useful 
in  practice  at  the  index  of  refraction  no  =  1.594  for  the  design  of  polystyrene 
lenses  with  ^0  ^  v/9  and  with  ratios  iP  =  |  xo  |/2&o  ^  1  and  G  =  Xo/2&o  ^ 
1/50.  In  the  following  two  sections  we  give  two  essentially  complete  formal 
solutions  for  the  lens  surfaces  by  infinite  processes  which  presumably  converge 
to  exact  solutions  of  our  problem  whenever  such  exist  and  which,  therefore, 
may  be  applied  to  those  lens  design  problems  having  more  critical  values  of  the 
ratios  P  =  1  xo  |/26o  and  G  =  Xo/26o . 


6.  Formal  solution  for  the  lens  surfaces  by  successive  approximations.  Along 
with  our  fundamental  assumption  to  the  effect  that  there  exists  one  set  of  exact 
lens  surfaces  S  and  S'  satisfying  the  requirements  of  our  problem  for  a  suitable 
choice  of  the  given  parameters  (2.1)  let  it  now  be  assumed  that  these  exact  lens 
surfaces  are  representable  in  the  meridional  plane  by  power  series  expansions  of 
the  forms 

^  S :  X  =  oo  +  aiy*  +  otiy*  +••••+■«  +  • '  *  » 

S':  X  =  ao  aiy*  +  a^y*  +  •  •  •  +  any***  +  •  •  •  » 

where  these  series  are  assumed  uniformly  convergent  for  |  y  |  ^  60 ,  contain 
even  terms  only  and  thus  define  symmetric  contours  about  the  x-axis.  Motivated 
by  these  assumptions  let  sequences  of  surfaces  Ss  and  Sh  representable  in  the 
meridional  plane  by  polynomials  of  the  forms 
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S^:  X  =  ^(N)  +  Pi(N)y'  +  0,my*  +  •  •  •  +  pM{N)y'^, 

(5.2)  {N  =  1,2,  ...  ;3f  =  2iV  +  1), 

Ssx  X  =  |8i(iV)  +  ^[{N)y'  +  p't{N)y^  +  •  •  •  +  PM(N)y'^, 

be  called  sequences  of  A^-th  approximates  to  the  exact  lens  surfaces  S  and  S' 
or  sequences  of  approximate  lens  surfaces  Sm  and  Sh  if  each  such  pair  of  surfaces 
Sm  and  Sm  passes  through  the  lens  extremities  Eo  and  Eo  and  if  each  approximate 
lens  defined  by  each  such  pair  of  surfaces  Sm  and  controls  perfectly  with 
respect  to  emergent  ray  angle  ^  and  optical  path  length  P  a  set  of  2N  +  2 
meridional  rasrs  Hit,  Ro ,  Rsj  and  Rsj  for  —  1,  2,  . . .  ,  AT)  from  the  focus  F 
including,  in  particular,  the  extremal  rays  Ro  and  Ro  through  Eo  and  Eo  from  F 
as  in  Figure  4.  By  reasons  of  symmetry  each  such  approximate  lens  then  also 
will  control  perfectly  a  corresponding  set  of  2N  +  2  meridional  ra3r8  from  the 
focus  F'.  Finally,  let  it  be  assumed  that  all  such  sequences  of  approximate  lens 
surfaces  Sm  and  Sit  converge  in  the  meridional  plane  to  the  exact  lens  surfaces 
S  and  S'  uniformly  for  |  y  j  ^  bo,  whence  the  solution  of  our  problem  may  be 
had  without  actually  developing  the  exact  lens  surfaces  S  and  S'  in  the  series 
forms  assumed.  As  for  our  other  assumptions  we  will  not  prove  these  assumptions 
to  be  valid  but  offer  them  as  plausible  and  give  in  this  section  a  formal  process 
for  determining  a  set  of  sequences  of  approximate  lens  surfaces  Sh  and  Sh  for 
any  given  N. 

To  effect  the  formal  solution  for  a  set  of  approximate  lens  surfaces  Sh  and  8^ 
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as  in  (6.2)  or,  more  particularly,  the  solution  for  their  coefficients  =  ffiiN) 
and  =  0i(N)  for  (t  =  0, 1,  •  •  •  ,  M  =  2N  +  1),  suppose  for  the  moment  such 
sequences  of  approximate  lens  surfaces  to  exist  and  consider  especially  such  se¬ 
quences  of  approximate  lens  surfaces  Ss  and  Sk  which  control  perfectly  with 
respect  to  emergent  direction  ^  and  optical  path  length  P  the  particular  set 
of  2Ar  -f  2  meridional  rays  Ro,  Ro ,  Rhs  and  Rnj  for  {j  ^  1,  2,  •  •  •  ,  AT)  from  the 
focus  F  which  are  shown  in  Figure  4.  Let  R^  and  i2o  as  before  be  the  extremal 
rays  through  .Fo  and  and  let  Rm  and  Rhi  be  the  central  rays  which  pass  through 
the  vertices  I  mo  and  I  m  of  Ss  and  Sm  respectively.  Similarly,  denoting  by  Jn.j-i 
and  Jmj-i  the  points  of  incidence  on  Sm  and  emergence  from  Sm  of  Rm.)~\  and 
R'm,}-!  for  (j  =  2,  3,  •  •  •  ,  N),  and  denoting  by  iM.i-i  and  /w.y-i  the  image 
points  of  the  points  JM,i-i  and  Jjlr.i-i  let  the  meridional  rays  Rm}  and  Rm}  for 
(j  =  2,  3,  •  •  •  ,  AT)  be  defined  as  those  meridional  rays  which  pass  through 
the  points  Im,}-\  and  Im.}-!  ,  the  images  in  question  being  taken  in  the  z-axis 
as  in  Figure  4.  The  definition  of  the  set  of  2Ar  -|-  2  meridional  rays  Ro,  Ro , 
Rm}  and  Rm }  for  (j  =  1,2,  •  •  •  ,  N)  is  thus  completed  by  a  process  of  succession. 
As  before  let  the  extremal  rays  Ro  and  Ro  emanate  from  the  focus  F  at  angles  of 
inclination  4>o  and  as  in  (4.2)  and  let  these  angles  be  measured  positively  as  in 
Figure  4.  Likewise  let  the  meridional  rays  Rm}  and  Rm}  for  (j  =  1,  2,  •  •  •  ,  N) 
emanate  from  the  focus  F  at  angles  of  inclination  <tt}  and  and,  after  refraction 
at  the  approximate  lens  surface  Sm  ,  let  these  meridional  rays  proceed  through 
the  approximate  lens  at  angles  xy  and  x>  with  the  horizontal  where  all  of  these 
additional  angles  are  taken  from  the  horizontal  to  the  relevant  ray  segment,  are 
measured  positively  in  the  clockwise  sense  and  are  unknowns  dependent  on  N. 
Similarly  as  before  let  the  direction  or  slope  angles  {o  and  {o  of  the  approximate 
lens  surfaces  Sm  and  at  Eo  and  Eo  be  defined  and  measured  positively  as  in 
Figure  4.  With  each  of  the  points  Imo  ,  I'mo  ,  Im  .y-i ,  /«r,y-i  and  Jmi  ,  Jmi  ,  Jm}  , 
J'm}  for  (j  —  2,3,  •••,  N)  associate  a  set  of  z,  ^-coordinates  and  an  acute  direc¬ 
tion  or  slope  angle-f  for  the  approximate  lens  surface  Sm  or  Sm  and  let  these 
latter  angles  be  taken  from  the  horizontal  to  the  normal  to  Sm  or  Sm  and  be 
measured  positively  in  the  counterclockwise  sense.  Finally,  let  these  coordinates 
and  angles  be  labeled  according  to  the  following  lists: 


Ray 

Pointi  on  Sj^ 

Pointa  on 

R«  , 

R»{0.  bt), 

1 

E»(0,  b,), ' 

I*  . 

Fni  t 

JniiXi ,  yt), 

(i  , 

t  Vi-i), 

f/-i 

Rm\  , 

Jm\{x\  ,  y\), 

«i  . 

fjvoOSo  ,  0), 

0, 

R'^, 

tMoifio  ,  0), 

0, 

J'miCxI  ,  -y'l), 

-ft  . 

RmI  t 

lM,i~i{.Xf-i  ,  — Vy-i), 

— fM  . 

’^Mlixf  ,  — l/y). 

-£>  . 

fti, 

^i(0,  -bt). 

(*  > 

Et(0,-bt), 

fo  , 

where  (j  =  2,3,  -  -  N)  and  where,  with  the  exception  of  the  preassigned  lens 
extremities  Eo  and  Eq  and  their  coordinates,  all  of  these  points,  coordinates  and 
angles  are  unknowns  and  where,  moreover,  of  the  latter  all  but  the  angles  it 
and  depend  on  N. 

The  first  step  in  the  solution  for  the  approximate  lens  surfaces  Sm  and  Sm  as  in 
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(5.2) ,  or  for  their  coefficients  =  0iiN)  and  for  (t  —  0,  1,  •  •  •  , 

Af  =  2iV  +  1),  again  is  the  determination  in  the  meridional  plane  of  the  slope 
angles  ^  and  (o  of  Sh  and  Sm  at  Eo  and  Eo  in  such  a  way  that  the  extremal  rays 
Rt  and  Ro  from  F  are  bent  through  just  the  desired  angles  as  in  Figure  4.  Denoting 
the  angles  of  incidence  of  Ro  and  Ao  on  Sat  by  Do  =  0o  —  {o  and  Ho  ^  —  (o  as 
previously  and  associating  prisms  of  angles  Ao  »  (o  —  (o  and  Ao  »  (o  ~  &  with 
Ro  and  Ro  at  Eo  and  Eo  as  in  Figure  4,  the  solutions  for  the  angles  ^  and  are 
obtained  by  solving  the  prism  equations  (4.5)  graphically  as  before  where  the 
angles  0o  and  ^  are  given  by  (4.2).  The  solutions  for  the  angles  {o  and  (o  thus 
having  been  determined  independent  of  N,  let  the  value  of  AT  be  fixed  at  this 
stage  of  the  solution  for  Sh  and  Sk  and  single  out  the  positive  angles  and 
associated  with  the  central  rays  Rn  and  Rmi  as  previously  introduced,  as  charac¬ 
teristic  parameters  and  to  be  determined  for  fixed  N,  in  terms  of  which,  it 
will  be  seen,  the  coefficients  /9,  =  jS.fAT)  and  =  fiiiN)  for  (t  —  0,  1,  •  •  •  , 
M  =  2N  +  1)  of  and  Sk  ,  as  well  as  all  other  unknowns  of  the  problem,  may 
be  expressed  completely.  Using  the  notations  previously  established  we  now  note 
that  in  order  for  the  approximate  lens  surfaces  Sk  and  in  the  forms  (5.2) 
to  control  perfectly  the  2N  +  2  meridional  rays  Ro,  Ro ,  Rmi  and  Rsj  for  ij  » 
1,  2,  •  •  •  ,  AT)  the  coefficients  /3,  =  ^i{N)  for  (t  ■«  0,  1,  •  •  •  ,  3/  =  2N  -f  1)  of 
Ss  must  satisfy  the  2N  +  2  simultaneous  linear  equations 

5o/3i  +  5o/3j  +  •  •  •  +  bo*‘0M  +  do  =*  0, 

25odi  46odi  "f"  ■  •  •  "b  2Mbo*‘  "b  ta*^  io  ~  0, 

(5.3)  Ss:  ,  , 

Vidi  -f  yyd*  ■¥•••■¥  Vi  dor  +  do  —  ajy  =  0, 

+  4y*di  +  •  •  *  +  2My]‘*  *djr  +  tan  >=  0, 

O’  =  1,  2,  •  • .  ,  AT;  M  =  2Ar  +  1), 

while  the  coefficients  d<  =  d<(A^)  for  (t  =  0,  1,  •  •  •  ,  Af  =*  2N  +  1)  of  Sm  must 
satisfy  the  2Ar  +  2  simultaneous  linear  equations 

5odi  +  5odt  +  •  •  •  +  bi^0M  +  do  =  0, 


25odi  "T"  4J!>od*  “H  '  • '  "b  2A/6o^  *dj#  "t*  tan  {o  —  0, 

y'M  +  yi%  +  •  •  •  +  y?'‘0M  +  di  -  Xi  =  o, 

2yydi  +  4j/y*dj  -!-•••-{-  2Myj*‘*  +  tan  fy  ==  0, 

0=  l,2,.--,Ar;M 


2N  +  1). 


The  conditions  for  solvability  of  these  sets  of  simultaneous  linear  equations  will 
emerge  as  the  means  for  determination  of  the  characteristic  parameters  4n  and 
for  given  N. 

We  next  impose  the  conditions  that  the  emergent  ray  angles  ^  and  optical 
path  lengths  P  in  (2.2)  associated  with  the  meridional  rays  A^y  and  R^j  for 
(J  =  1,  2,  •  •  •  ,  AT)  all  shall  have  the  values  ^o  and  Po  respectively  where  Po  is 
given  by  (3.3)  while  Snell’s  law  is  satisfied  at  each  of  the  approximate  lens 
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surfaces  Sm  and  .  We  have  then  that  the  coefficients  of  the  quantities  /9,  => 
$i(N)  for  (t  —  1,  2,  •  •  •  ,  Af  “  2N  +1)  together  with  the  remaining  additive 
terms  in  (5.3)  and  the  coefficients  of  the  quantities  0'i  =  0i(N)  for  (t  —  1, 2,  •  •  •  , 
M  =  2iV  -f  1)  together  with  the  corresponding  additive  terms  in  (5.4)  are  re¬ 
lated  to  one  another  by  the  equations  of  connection 

Pm  (xi  —  *o)  sec  -H  no(0o  -  xi)  sec  xi 
-I-  (a  -  0o)  cos  ^#  =  Po , 


2/0  -  1/1  +  (xo  -  xi)  tan  4>i  =  0, 

(5.5)  Rh\  •  , 

2/1  -  05o  -  Xi)  tan  xi  =  0, 

sin  (01  +  fi)/sin  (xi  +  {i)  =  , 

sin  xi/sin  =  1/no  , 

and 

P  »  [(xo  -  Xi)*  +  (yo  -  1/,)*]*  +  n,(x^_i  -  x/)  sec  Xi 
-H  (o  -  x>_i)  cos  00  +  yj-i  sin  0o  =  Po , 


(5.6)  RMi: 


0-  =  2,3,  ••.,W), 


for  the  meridional  rays  Rhj  for  (j 
nection 


2/0  -  2/y  +  (xo  -  Xi)  tan  4ti  =  0, 

Vi  -  2/y-i  -  (xy-i  -  Xi)  tan  xy  =  0, 
sin  (0i  +  fy)/sin  (xy  +  |y)  =  no , 
sin  (xy  -f-  {y-i)/sin  (0o  +  {y-i)  =  1/no  , 

1,  2,  •  •  •  ,N)  and  by  the  equations  of  con- 


(5.7)  R^i: 


and 


P  ■  (^0  -  Xo)  sec  -f  no(xI  -  /3o)  sec  xi 
-H  (o  -  x[)  cos 00  -  2/1  sin =  Po, 

2/0  -t-  (xo  -  /So)  tan  0(  =  0, 

2/1  -  (xi  -  0o)  tan  xi  =  0, 
sin  0(/sin  xi  =  no  , 
sin  (xI  -  f()/8in  (0o  -  f()  =  l/wo , 

((xo  -  xy_i)*  +  (yo  +  2/y-i)*l*  +  no(xJ  -  xy_i)  sec  xy 
-b  (a  —  Xy)  cos  00  —  2/y  sin  00  «  Po ,  ' 

2/0  +  2/y-i  +  (xo  -  xy-i)  tan  0^  =  0, 

2/y  -  2/y-i  -  (*y  -  »y-i)  tan  xy  =  0, 


0-  =  2,3,.--,Af), 


sin  (0i'  -  fy-O/sin  (xy  -  {y-i)  =  no , 
sin  (xy  -  fy)/sin  (0o  -  fj)  =  1/no, 


(5.8)  Rsii 
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for  the  meridional  rays  Rs j  for  (j  =  1,2,  •  •  •  ,  N)  whence  we  see  that  the  quanti¬ 
ties  Po,Xj  ,yi ,  and  ,Xj  ,yj ,  fy  for  (j  =  1,2,  ■  ■  •  ,  N)  may  all  be  expressed 
as  finite  elementary  functions  of  the  characteristic  parameters  and  treated 
as  independent  variables.  The  actual  solutions  may  be  found  successively  in  two 
separate  sequences  in  the  orders  Rn  ,  Rnt ,  Rnt ,  Rk*  ,  •  •  •  ,  Rhn  or  Rhk  and 
Rsi ,  Rn ,  Rn  ,  Rk*  ,  *  •  •  ,  Rkk  or  Rkk  and  will  be  denoted  as 

(5.9)  /3o  =  Bo(fl>i),  Po  = 
and 

Xi  -  Xj(d),  yj  =  Yji6),  fy  =  Ey(0), 

(5.10)  O’  =  1,  2,  •  •  •  ,  N), 

Xi  =  X'iie'),  y'i  =  Y'iie'),  =  E'j(0'), 

where  0  =  <t>i ,  0'  =  <l>i  when  j  is  odd  and  0  =  <l>i ,  0'  =  <t>i  when  j  is  even.  The 
first  of  these  solutions  (5.9)  and  (5.10)  may  be  explicitly  written  in  terms  of 
^  and  in  the  forms 

(5.11)  Bo('4>i)  =  C  cot  01  —  A,  Bo(4>i)  =  Xi(^i)  +  (F/E)Yi{it>i), 


Xi(0i)  = 


A  -}-  OiC  cos  01  —  A  sin  0i)  —  B  cos  0i 


D  cos  01  -1-  (?  sin  01  —  1 

„  .  V  _  B  sin  01  D(C  cos  0i  —  A  sin  0i)  —  C 
*  '  D  cos  01  -|-  (?  sin  01  —  1  ’ 

2i(0i)  =  tan~‘l(8in  0i  -  E)/{F  —  cos  0i)], 


B  sin  0(  -|-  KiC  cos  01  —  A  sin  0O  —  C 

”  ~/lP  r\\  7 

{K  —  U)  sm  01 

/C  io\  ^  cos  0(  —  A  sin  0O  —  C 

(5.13)  Ki(0,)  = - {K  -Wi - - - ’  . • 

2;(0;)  =  tan-'Ksin  4>\  -  E)/{H  -  D)], 

where  A,  B,C  and  so  forth  are  the  numerical  constants  or  functions  of  0(  given 
by  the  formulas 

A  =  I  xo  I ,  B  =  [6j  -I-  X?  sec*  0o]*, 

C  =  (6?  +  xl  sec  *0o]*  sin  0o  =  J/o , 

D  —  cos  00 ,  B  =  sin  00 , 

(5.14)  F  =  [nS  -  sin*0ol*, 

(j  =  [n?  —  (nj  —  sin*  0o)*  cos  0o]  esc  0o , 

B  =  [nj  —  sin*0(]*, 

B  =  [nj  —  sin  0(  sin  0ol/[nj  —  sin*  01)*, 
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while  the  latter  of  these  solutions  (5.10)  may  be  readily  evaluated  from  the 
former  by  a  process  of  successive  substitutions  and  elementary  algebra. 

The  next  step  in  the  solution  for  the  approximate  lens  surfaces  Sh  and  as  in 
(5.2),  or  for  their  coefficients  /S,-  =  PiiN)  and  =  ^i(N)  for  (t  =  0, 1,  •  •  •  , 
M  =»  2N  +  1),  is  the  substitution  of  the  expressions  (5.9)  and  (5.10)  for  /3o , 
fVi  iii  ,Xi  ,yj ,  fy  for  (j  =  1,  2,  •  •  •  ,  iV)  in  terms  of  the  characteristic 
parameters  and  into  the  simultaneous  linear  equations  (5.3)  and  (5.4)  whence 
we  have  that  the  satisfaction  of  the  latter  two  sets  of  equations  becomes  both  a 
necessary  and  a  sufficient  condition  for  the  approximate  lens  surfaces  Sm  and 
Sm  to  control  perfectly  the  2N  +  2  meridional  rays  Ro,  Ro ,  Rsj  and  R'ln  for 
(;  =  1,  2,  •  •  •  ,  N).  Consequently,  employing  an  elementary  theorem  of  algebra 
for  the  existence  of  solutions  for  the  quantities  /3,-  =  Pi(N)  and  /9y  =  |3<(iV)  for 
(t  “  1,  2,  •  •  •  ,  ilf  =  2N  +  1)  in  the  simultaneous  linear  equations  (5.3)  and 
(5.4)  we  have  as  a  necessary  condition  that  for  fixed  N  the  characteristic  parame¬ 
ters  ^  and  must  satisfy  the  simultaneous  determinantal  equations 


(5.15) 


and 


A(^ ,  ^i)  = 


(5.16)  ■  A'(0, ,  00  3 


bl 

bl  • 

bl*' 

Bo 

26o 

Y] 

46j  •• 

Yl  •. 

•  •  2Mbl’'-^ 

tan  {o 

=  0, 

•  Fr 

Bo  -  Xi 

2Yj 

4Fy*  . 

•  •  2MFr"‘ 

tan  Hy 

0  =  1, 

2,  ..•,Ar;M  =  2Ar-l-l), 

bl 

•feS  •• 

bl*' 

Bl 

2&0 

46j  •• 

•  2Mbl*'~* 

tan  (o 

-0, 

Y? 

FJ*  •• 

.  Y?*' 

Bl-X'i 

2f; 

4f;*  •  • 

•  2mf;*""' 

'  tan  Sy 

0  =  1, 

2,  •••  ,Ar;ilf  =  2Ar-f  1), 

where  the  arguments  0i  and  0i  of  the  expressions  (5.9)  and  (5.10)  have  been 
omitted  from  the  writing.  These  are  the  characteristic  equations  for  the  deter¬ 
mination  of  the  values  of  the  characteristic  parameters  0i  and  0(  for  fixed  N. 
Assuming  now  that  the  simultaneous  determinantal  equations  (5.15)  and  (5.16) 
can  be  solved  uniquely  for  numerical  values  of  0i  and  0(  for  fixed  N,  as  has 
always  been  found  possible  to  any  desired  accuracy  by  graphical  methods  in  those 
lens  designs  actually  computed  for  the  writer,  it  then  becomes  sufficient  for  the 
completion  of  our  present  problem  to  substitute  these  values  in  the  expressions 
(5.9)  and  (5.10)  thereby  obtaining  numerical  results  /3o  =  /3o(Ar),  xy  =  Xj(N), 
Vi  =  ym,  =  m)  and  x]  =  x^,  Vi  =  vm,  i]  =  for 

{j  =  1,  2,  •  •  •  ,  AT)  and  thence  to  solve  for  numerical  values  of  the  remaining 
coefficients  =  ^i{N)  and  /Sy  =  /3<(Ar)  for  (t  =  1,  2,  •  •  •  ,  ilf  =  2N  -|-  1)  in  the 
simultaneous  linear  equations  (5.3)  and  (5.4).  The  characteristic  parameters 
01  and  0(  being  dependent  on  N,  it  is  clear  as  anticipated  by  the  notation  that 
the  coefficients  =  /S,(iV)  and  /3<  =  ^i{N)  for  (i  =  0,  1,  •  •  •  ,  il/  =  2N  +  1) 
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also  depend  on  N.  In  fact  for  the  leading  coefficients  of  Sm  and  we  have 

(5.17)  doCiST)  »  $'o{N)  =  BU4niN)), 

where  Bt((^[)  and  Bo((^)  are  given  explicitly  by  the  formulas  (5.11).  This  completes 
our  formal  solution  for  the  approximate  lens  surfaces  Sit  and  <Sjr  in  the  forms 
(5.2)  which  under  the  original  assumptions  then  converge  in  the  meridional 
plane  to  the  exact  lens  surfaces  S  and  S'  uniformly  for  |  y  |  ^  &o  whether  or 
not  the  assumed  expansion  (5.1)  actually  holds. 

We  note  in  closing  this  section,  however,  several  gaps  that  have  been  left  in 
the  preceding  treatment.  First  there  are  the  initial  assumptions,  made  partly 
for  motivation  and  partly  for  the  sake  of  completeness,  for  which  no  complete 
proof  is  known,  ^ond  in  defining  the  set  of  meridional  T&ys  Rn,  Ro,  R/rj  and 
R'k i  for  (j  “  1,  2,  •  •  •  ,  AT)  from  F  used  in  the  determination  of  the  approximate 
lens  surfaces  Sm  and  ,  which  except  for  Rt  and  Ro  were  defined  successively 
starting  with  the  central  rays  Rm  and  Rhi  ,  no  proof  was  given  that  the  process 
of  definition  was  independent  of  N  and  led  only  to  meridional  rays  within  the 
sector  determined  by  the  extremal  r&ys  Rt  and  Rt .  Nevertheless,  if  one  merely 
notes  that  the  continuum  of  meridional  rays  from  F  between  the  extremal  rays  R^ 
and  Ro  determines  a  one  to  one  reciprocal  correspondence  between  points  on 
Sm  and  Sm  then  the  foregoing  difficulties  are  readily  disposed  of  and,  moreover, 
considering  the  non-s}anmetrical  origin  of  the  meridional  rays  emanating  from 
the  focus  F  together  with  the  constructed  symmetry  of  the  surfaces  Sm  and  , 
one  may  give  a  very  plausible  argument  to  conclude  that  the  meridional  rays 
Rmm  and  Rmm  approach  the  extremal  rays  Ro  and  Ro  as  limits  with  increasing  AT.  * 
Similarly  the  tacitly  assumed  consistency  of  the  equations  of  connection  (5.5),  * 
(5.6),  (5.7)  and  (5.8),  i.e.,  the  assumed  reality  of  the  functions  (5.9)  and  (5.10) 
for  a  suitable  range  of  values  of  the  characteristic  parameters  ^  and  treated 
as  independent  variables,  may  be  readily  justihed  under  the  basic  assumptions 
previously  made  by  elementary  geometrical  arguments.  Finally,  in  the  last 
step  of  the  solution  it  was  assumed  that  the  simultaneous  determinantal  equa¬ 
tions  A(^i ,  0()  =  0  and  A'(0i ,  0()  =*  0  in  (5.15)  and  (5.16)  could  be  solved 
uniquely  for  numerical  values  of  the  characteristic  parameters  and  for 
given  N  which,  although' not  readily  provable  in  general,  may  be  put  to  the  test 
of  actual  computation  in  any  given  instance  as  already  noted  and  thereby 
may  be  justified  as  the  need  arises. 

6.  Formal  solution  for  the  lens  surfaces  by  series  expansion.  Along  with  our 
fundamental  assumption  concerning  the  existence  of  one  set  of  exact  lens  sur¬ 
faces  S  and  S'  satisfying  the  requirements  of  our  problem  for  a  suitable  choice  of 
the  given  parameters  (2.1)  this  time  let  it  be  assumed  that  these  exact  lens  sur¬ 
faces  are  representable  in  the  meridional  plane  by  power  series  expansions  of  the 
forms 

X  =  yiiy*  —  bo)  +  ifiiy*  —  5o)*  +  ytiy*  —  bl)*  +  •  •  •  , 

X  =  7i(j/*  —  5*)  +  ytiy*  —  bo)*  -l-  yo(y*  —  ft*)*  +  •  •  • , 


(6.1) 


S: 

S': 
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where  as  before  these  series  are  assumed  uniformly  convergent  for  |  ^  |  ^  &o 
and  define  symmetric  contours  about  the  x-axis.  Similarly  as  before  we  will  not 
prove  these  assumptions  to  be  valid  but  believe  them  to  be  plausible  and  give 
in  this  section  a  formal  process  for  developing  the  exact  lens  surfaces  S  and  S' 
in  the  series  forms  assumed.  The  process  given  will  be  seen  to  be  quite  different 
from  that  of  the  preceding  section  in  that  in  the  present  treatment  of  the  problem 
the  series  expansions  (6.1)  actually  will  be  carried  out  with  the  coefficients  y,-  and 
•Yi  for  (t  »  1, 2,  ”  •  )  of  <S  and  S'  therein  evaluated  analytically.  In  design  prac¬ 
tice  one  will  of  course  limit  the  computation  to  the  determination  of  the  partial 
sums  Sh  and  <Sj!r  of  the  series  (6.1)  for  some  fixed  N. 

To  effect  the  formal  solution  for  the  exact  lens  surfaces  S  and  S'  in  the  forms 
(6.1)  or,  more  particularly,  the  solution  for  their  coefficients  andy!  for  (t  =>  1, 
2,  ’  •  ’  )>  suppose  for  the  moment  these  exact  lens  surfaces  to  be  already  in 
existence  and  consider  the  four  meridional  nys  Ro,Ro  ,R  and  R'  from  the  focus  F 
and  emergent  at  the  angle  \('  =  \^o  exactly  which  are  shown  in  Figure  5.  By  sym¬ 
metry  a  corresponding  set  of  four  meridional  rays  from  the  focus  F'  would  do 
just  as  well.  Let  Ro  and  Ro  as  before  be  the  extremal  ra3rs  of  the  system  which 
emanate  from  F  at  angles  of  inclination  ^  and  given  by  formulas  (4.2)  and 
which  then  pass  through  the  lens  extremities  Eo  and  Eo  and  let  R  and  R'  be 
variable  rays  which  emanate  from  F  at  variable  angles  of  inclination  ^  and 
and  which,  after  refraction  at  the  exact  lens  surface  S,  then  proceed  through  the 
lens  at  angles  x  (^d  x'  with  the  horizontal  where  all  of  these  angles  are  taken 
from  the  horizontal  to  the  relevant  ray  segment  and  are  measured  positively  in 
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the  directions  shown  in  Figure  5.  The  angles  of  inclination  ^  and  0'  will  be  taken 
as  the  independent  variables  of  the  problem.  Let  G,  H  and  0\  H'  be  the  points  of 
incidence  on  S  and  emergence  from  S'  of  the  variable  rays  R  and  R'  and  associate 
with  each  of  these  points  a  set  of  x,  ^-coordinates  and  an  acute  direction  or  slope 
angle-{  for  the  exact  lens  surfaces  S  and  S'  and  let  these  angles  be  taken  from 
the  vertical  to  the  tangent  to  iS  or  S'  and  also  be  measured  positively  in  the 
directions  shown  in  Figure  5.  Let  these  coordinates  and  angles  t(^ther  with  the 
corresponding  quantities  associated  with  the  points  and  £o  be  labeled  as 
below: 


Ray 

Pointe  on  S 

Pointo  on  S' 

R*. 

£e(0,  6o), 

(o  , 

E»(0,  bo). 

(•> 

R, 

0(*,  »), 

H(x",  y'O, 

f". 

R', 

r". 

R^. 

^.(0,  -bo). 

&  > 

Eo(0.  -bo). 

where  we  may  take  y  and  y'  non-negative  and  where,  with  the  exception  as  be¬ 
fore  of  the  lens  extremities  Eo  and  Eo  and  their  coordinates,  all  of  these  points, 
coordinates  and  angles  are  unknowns  and  where,  finally,  all  of  the  latter  except 
{o  And  {o  Are  variables  dependent  on  ^  or  if>',  those  variables  associated  with  R 
being  considered  functions  of  ^  and  those  associated  with  R'  being  considered 
functions  of  In  terms  of  the  preceding  notations  the  angles  of  incidence 
IIo ,  IIo ,  n  and  n'  of  the  meridional  rays  Ro,  Ro ,  R  And  R'  on  S  m&y  be  written 

AS 

IIo  =  0o  —  {o,  no=0o~{o, 

(6.2)  , 

n  -  ^  n'  -  -  r, 

where  n  and  n'  are  thus  functions  of  ^  and  0'  respectively.  Finally,  associate 
prisms  of  angles  Ao ,  ,  A  and  A'  with  the  meridional  rays  Ro,  Ro ,  R  and  R' 

with  these  prisms  determined  in  the  meridional  plane  by  the  tangents  to  the  lens 
surfaces  S  and  S'  at  the  points  Eo ,  Eo  ,G,  H  and  G',  H',  where  we  have  thus, 

(6.3)  Ao  =  Ai  =  ,  A  =  r  -  A'  =  i'"  - 

and  wherein  it  may  be  noted  A  and  A'  like  11  and  11'  are  functions  of  ^  and  0' 
respectively. 

The  first  step  in  the  solution  for  the  exact  lens  surfaces  S  and  S'  in  the  forms 
(6.1),  or  for  their  coefficients  and  7<  for  (t  =  1,  2,  •  •  •)>  in  the  present  treat¬ 
ment  is  to  note  with  the  aid  of  Figure  5  and  the  notion  of  the  prism  function 
D(n,  A;  no)  introduced  previously  in  (4.3),  the  fundamental  identities 


(6.4) 


^{4>)  *  D(n,  A]  no)  —  ^  ^0 , 

a  D(n',  A';  no)  -  «  -h , 


analogous  to  the  prism  equations  (4.5)  for  the  angles  of  emergence  ^  =  ^(0)  and 
0'  =  0'(0')  of  the  variable  rays  R  and  R'.  By  the  theorem  of  Malus  the  satis¬ 
faction  of  these  identities  is  both  a  necessary  and  a  sufficient  condition  for  the  lens 
surfaces  S  and  S'  to  be  exact.  Differentiating  with  respect  to  0  and  0'  in  the 


r 
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identities  (6.4)  we  obtain  the  further  identities 

(6.5)  (d/d0)I>(n,  A;  no)  ^  1,  (d/d<l,')D(n\  A';  n«)  s  1, 

and,  finally,  in  a  like  manner  the  identities 

(6.6)  (d^/d<t>*)Din,  A;  n,)  s  0,  idW^D(n’,  A';  n,)  ^  0,  O’  =  2,  3,  •  •  •), 

each  of  which  likewise  must  hold.  Substituting  for  11, 11',  A  and  A'  from  (6.2)  and 
(6.3)  into  (6.4),  (6.5)  and  (6.6),  expanding  the  derivatives  in  (6.5)  and  (6.6)  by 
partial  differentiation  of  the  prism  function  (4.3)  and  expressing  the  derivatives 
of  the  variables  f,  and  with  respect  to  <f>  and  in  terms  of  the  deriva¬ 
tives  of  those  variables  with  respect  to  y,  y',  y"  and  j/'"  by  the  composite  func¬ 
tion  theorem,  the  foregoing  identities  go  over  into  a  set  of  infinitely  many  pairs 
of  identities  between  the  unknown  variables  and  and  their  deriva¬ 

tives  with  respect  to  y,  y',  y"  and  y'".  The  first  of  these  relations  are  the  identi¬ 
ties 


(6.7)  I>(0  —  no)  —  ^  as  ^0 ,  no)  —  =  — ^o , 

corresponding  to  (6.4)  and  involve  the  aforementioned  variables  f,  ^  and 
but  not  their  derivatives.  The  second  pair  of  these  identities  corresponding 
to  (6.5)  are  the  identities 

o-'.  - '>■■  Ki'Ms]  ■  ■■ 


[drdy"'dy'  di'dy'l_ 

Idy’”  dy'  dd,'  dy'  ’ 

where  in  each  relation  the  arguments  of  the  partial  derivatives  Da  are  the  same 
as  those  of  the  partial  derivatives  Dn  so  that  these  identities  thus  involve  the 
variables  (,  and  together  with  their  first  derivatives.  Similarly  the  third 
pair  of  these  identities  corresponding  to  (6.6)  for  j  =  2  are  the  identities 

Ldy"*  WV  djT  dy*  \d^J 


+ 


+ 


(6.9) 


^  ^  ^  ^  ^  ^1  4-  4  =  n 

d/  dy  dy*  \d<f>/  dy  d4>*J  ’ 

nU'  f'  f"'  f^^'Y 

4.n  rd*r/dy'"dy'Y  d*y"' WY 

,  Ldy'"*\dy'  d0'/  dy'"  dy'*  \d4>') 

d^d£^^_^  /^Y  -  ^  4.  R  =  n 

dy'"  dy'  d0'»  dy'*  \d^'/  dy'  d^'*J  ° 


-I- 
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IF 


where  A  and  B  are  the  expressions 
A  »=  Dnn{4>  ~ 

+  2DnK’ 


(6.10) 


B 


{;no)‘ 

,  d^  dyT 

dy  (hi 

_  ^  ^1 
dy  dd>j 

r d^"  dy"  dy  c 

Ldy"  dy  ch  i 

+  f)AA-  [ 

—  f';no)* 

L  dy'dh'i 

dy'  d<t>'_ 

dy'"dy' 

Ldy'"  dy'  d4'  ' 

■dy 


+ 


Uy'"  dy'  d0'  dy'^'J, 


and  where  similarly  as  before  in  each  relation  the  arguments  of  the  partial  de¬ 
rivatives  Da  ,  Dan  and  Z)aa  are  the  same  as  those  of  the  partial  derivatives 
Dn  and  Dnn  so  that  these  identities  thus  involve  the  variables  and 

together  with  their  first  and  second  derivatives.  Finally,  the  j  +  1-th  pair  of 
these  identities  corresponding  to  the  identities  (6.6)  for  (J  «  3,  4,  • « * )  while 
too  awkward  to  write  out,  may  be  noted  to  involve  the  aforementioned  vari¬ 
ables  together  with  their  first  j  derivatives. 

We  have  now  to  determine  the  derivatives  dyld^,  dy' I d^\  dy"  /dy  and  dy'" /dy' 
and  the  corresponding  higher  order  derivatives  which  appear  in  the  identities 
(6.8)  and  (6.9)  and  in  the  succeeding  unwritten  relations.  To  this  end  we  con¬ 
sider  displacements  A0,  Ax  and  A^',  Ax'  in  the  positions  of  the  variable  rays  R 
and  R'  respectively  whence  we  find  by  geometrical  arguments  and  limit  processes 
the  formulas 

^  =  (y  -  yo)  CSC  0  cos  {  sec  (0  -  $), 

(611)  ft-  ^  =  cos  COB  (x  -  I)  ^  {x"  -  x)  cos  /^\ 

dy  cos  cos  ({"  —  x)  cos  x  cos  ({'^  —  x)  \dy/ 

^  (Y\ 

d^  d^~^  \d0 '  ’  dy>  dyi-^  \dy  /’ 

0'»2,3,  •••), 


for  the  derivatives  corresponding  to  the  variable  ray  R  and  the  formulas 

=•  (y'  +  yo)  CSC  0'  cos  sec  (0'  —  {'), 

^/.  dy"'  ^  cos  cos  (x'  -  {')  ,  (x'"  -  xQ  cos  f/"  /dx'\ 

dy'  cos  cos  —  x')  cos  x'  cos  ({'"  —  x')  \dy' ) ' 
d^y  ^  (dy'\  d^y'"  ^  /dy'"\ 

d^'i  dy'i  dy'i-^\dy' )' 

(J  =  2,3.  •••  ). 


(6.12) 
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for  the  derivatives  corresponding  to  the  variable  ray  R'.  Next  applying  Snell’s 
law  to  R  and  R'  at  either  of  the  lens  surfaces  S  or  S'  we  readily  obtain  convenient 
expressions  for  the  quantities  x,  x\  dx/dy  and  dx'/dy'  and  so  forth  in  (6.11)  and 
(6.12)  in  terms  of  the  unknown  variables  and  and  their  derivatives 

with  respect  to  y,  y',  y"  and  y'"  and  so  forth.  Finally,  noting  by  elementary  defi¬ 
nitions  the  relations 


(6.13) 


S': 


dx  _ 

-tan 

d'x 

dy  “ 

dy> 

dx' 

-tan 

d^x' 

dy' 

W' 

dx" 

-tan  f". 

dV' 

dy" 

W' 

dx"' 

-tan|  , 

dV" 

dy'" 

dy"'* 

-(d^7dyntan{, 

(j  =  2,3,  ..  ), 
-(d^Vd!/'^‘)tan{', 

-(d^Vrfy"'"*)  tan 

0'  =  2,3,  •••), 

-(d^Vdy"^')tanr, 


between  the  derivatives  in  the  meridional  plane  of  the  lens  surfaces  S  and  S' 
and  the  indicated  variables,  we  may  complete  the  expression  of  the  desired 
derivatives  (6.11)  and  (6.12)  in  terms  of  the  unknown  variables  and 

and  their  derivatives  with  respect  to  y,  y',  y"  and  y'".  The  final  formulas  (6.11) 
and  (6.12)  after  simplification  and  rearrangement  contain  only  known  numerical 
parameters,  the  unknown  variables  y,  y'  and  x,  x',  x"  and  x'"  and  the  un¬ 
known  variables  and  i'"  and  their  derivatives  aforementioned. 

The  next  step  in  the  solution  for  the  exact  lens  surfaces  S  and  S'  in  the  forms 
(6.1),  or  for  their  coefficients  7,-  and  7*  for  (t  “  1,2,  •  •  •  )i  is  to  allow  the  variable 
rays  R  and  R'  to  approach  the  extremal  rays  Ao  and  /2«  whence  the  prisms  ci 
angles  A  and  \'  go  over  into  the  prisms  of  angles  A«  and  while  the  angles  of 
incidence  n  and  n'  approach  the  angles  of  incidence  n«  and  IIo  as  in  (6.2),  (6.3) 
and  Figure  5.  Thus,  allowing  the  variables  ^  and  to  pass  to  the  limits  ^  and 
^  respectively,  we  note  by  continuity  arguments,  the  original  assumptions  and 
the  symmetry  of  the  lens  surfaces  S  and  S'  the  limit  relations 


(6.14) 


Urn  {  =  lim 


lim  =*  lim 


between  the  variables  f,  f"  and  and  the  limit  relations 

Vdy'/o’ 


lim^^-  lim 


(6.15) 


ito  %  =  ,i„  % .  , 

\dy"V.’ 


(i=  1,2,.--  ), 


between  the  derivatives  of  those  variables  where  in  the  latter  the  subscript  zero 
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notation  refers  to  the  common  values  of  the  indicated  derivatives  at  the  limits 
0  =  00  and  0'  =  0^ .  Similarly  we  note  the  limit  relations 


(6.16) 


lim  X  = 

lim  X 

=  lim’  x” 

lim  x'^' 

=  0, 

lim  y  — 

lim  y 

=  lim  y'  = 

lim  y" 

=  6c 

between  the  indicated  variable  coordinates.  Hence,  putting  0  =  0o  and  0'  =  0o 
in  the  aforenoted  infinitely  many  pairs  of  identities  (6.7),  (6.8)  and  (6.9)  and  so 
forth  and  simplifying  with  the  aid  of  the  relations  (6.11)  and  (6.12)  and  the  limit 
relations  (6.14),  (6.15)  and  (6.16),  we  now  obtain  a  set  of  infinitely  many  pairs 
of  finite  equations  in  the  unknown  quantities 

(6.17)  {o,  io,  (5^)0’  0  =  1,2,  •••), 


which  we  may  solve  stepwise  in  pairs  and  where,  as  in  (6.15)  the  subscript  zero 
notation  refers  to  the  values  of  the  relevant  derivatives  at  the  limits  0  =  0o 
and  0'  =  0^ .  The  first  of  these  pairs  of  finite  equations  in  the  unknowns  (6.17) 
corresponding  to  the  identities  (6.7)  are  of  course  the  prism  equations  (4.5)  in¬ 
volving  only  the  unknowns  {0  and  and  may  be  solved  for  the  latter  graphically 
in  the  manner  previously  described.  The  second  of  these  pairs  of  finite  equations 
in  the  unknowns  (6.17)  involve  the  two  unknowns  (0  and  ^0  already  found  to¬ 
gether  with  the  two  new  unknowns  (d^/dy)o  and  (d^''/dy'')9  while  the  j  -H  1-th 
pair  of  these  equations  in  the  unknowns  (6.17)  involve  all  of  the  quantities 
(d^/dy)o,  (dr/rfy")o,---,  (<i'-W-‘)o  and  (d'-‘r/dy"'”‘)o  already 
found  together  with  the  two  new  unknowns  (d^f/dy^)o  and  (jd^^''/dy''\  where 
(J  =  2,  3,  •  •  • )  and,  moreover,  all  of  these  second  and  higher  order  pairs  of 
equations  are  linear  in  the  two  new  unknowns  with  the  result  that  their  solutions 
may  be  found  by  elementary  algebra.  In  this  manner  the  computation  of  all  of 
the  quantities  (6.17)  may  be  completed.  Finally,  expressing  the  meridional 
derivatives  of  the  lens  surfaces  iS  and  S'  at  the  lens  extremities  Eo  and  Eo  in  terms 
of  the  quantities  (6.17)  by  means  of  formulas  of  the  form  (6.13)  applied  in  the 
limits  0  =  00  and  0'  =  0o  apd  equating  the  resulting  quantities  to  the  derivatives 
of  the  series  (6.1)  evaluated  for  j/  =  60  we  may  solve  for  numerical  values  of  the 
coefficients  7<  and  y'i  for  (t  =»  1,  2,  •••)  in  the  series  (6.1)  sequentially.  The 
derivatives  of  the  series  (6.1)  are  found  by  term  by  term  differentiation  while  the 
subsequent  computations  may  be  carried  out  in  an  elementary  manner.  Thus,  for 
example,  for  the  leading  coefficients  of  S  and  S'  we  have 

(6.18)  7i - (l/25o)  tan  fo,  y[ - (l/26o)  tan  , 

where  (0  and  {0  are  the  first  of  the  quantities  (6.17).  This  completes  our  formal 
solution  for  the  exact  lens  surfaces  S  and  S'  in  the  forms  (6.1)  or,  in  actual  prac¬ 
tice,  our  formal  solution  for  the  partial  sums  Ss  and  S'n  of  the  series  (6.1)  for 
some  fixed  N. 

As  before  we  note  in  closing  this  section  several  gaps  that  have  been  left  in  the 
work.  First  of  course  are  the  initial  assumptions  which  again  are  left  unproven 
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Second  is  the  tacit  assumption  made  in  the  above  treatment  that  all  of  the  in¬ 
finitely  many  partial  derivatives  of  the  prism  function  D(n,  A;  no)  defined  by 
(4.3)  not  only  exist  but  are  finite  for  n  =  Ho  or  n  =  Hi  and  A  =  Ao  =  where 
the  latter  are  defined  by  (6.2)  and  (6.3).  That  this  assumption  is  justified,  how¬ 
ever,  follows  at  once  from  (4.3)  and  the  fundamental  proviso  that  the  given 
parameters  (2.1)  have  been  confined  originally  to  a  suitable  non-critical  open 
region  essentially  determined  by  the  condition  that  the  solutions  {o  and  {o  of  the 
prism  equations  (4.5)  when  substituted  in  the  expressions  IIo ,  IIo  and  Ao  A^ 
satisfy  the  inequalities  (4.4),  e.g.,  from  the  proviso  of  §§2  and  4  that  for  given 
values  of  no  and  the  ratio  f  =  |  xo  |/2bo  has  not  been  taken  too  small.  Finally, 
we  have  the  question  of  whether  or  not  the  infinitely  many  pairs  of  finite  equa¬ 
tions  in  the  unknowns  (6.17)  aforementioned,  are  actually  consistent.  To  this 
question  geometrical  reasoning  again  seems  to  make  an  affirmative  answer 
generally  plausible  while  the  test  of  actual  computation  may  be  applied  to  any 
given  instance  which,  in  those  lens  designs  computed  for  the  writer,  has  always 
proven  successful. 

7.  Ray  tracing,  scanning  and  experimental  results.  After  a  trial  design  for  the 
lens  surfaces  S  and  S'  or,  more  generally,  a  trial  design  for  the  N-ih  approximate 
lens  surfaces  Ss  and  Sm  ,  has  been  completed  by  one  or  another  of  the  methods 
presented  in  §§4,  5  and  6,  each  lens  section  or  zone  is  ray  traced  in  the  merid¬ 
ional  plane  from  the  focus  F  to  the  orthogonal  surface  W  and  the  emergent  ray 
angle  ^  and  optical  path  length  P  in  (2.2)  for  each  of  a  fan  of  meridional  rays 
spanning  the  aperture  are  computed  and  the  values  are  compared  with  the  de¬ 
sired  values  ^0  and  Po  where  Po  is  given  by  (3.3).  If  along  certain  meridional  rajrs 
or,  on  the  average,  one  or  both  of  the  quantities 

(7.1)  -  1^  -  ^o|,  AP  =  |P  -  P.l, 

exceeds  the  tolerances  impKised  by  physical  considerations  relevant  to  the  antenna 
application  for  which  the  lens  is  intended,  then  various  corrections  may  be  ap¬ 
plied  or,  in  the  two  formal  solutions  for  the  lens  surfaces  S  and  S'  given  in  §§5 
and  6,  more  terms  may  be  taken  in  the  expressions  Sm  and  Sm  ,  i.e.,  one  may  use 
a  larger  value  of  N.  Ray  tracing  analyses  of  a  number  of  trial  designs  has  shown 
generally  that  the  first  approximate  solution  for  the  lens  surfaces  given  in  §4  is 
quite  adequate  at  the  index  of  refraction  no  =  1.594  for  the  design  of  polystyrene 
lenses  with  parameters  in  the  ranges  ^  ir/9,  P  =  1  Xo  |/26o  ^  1  and  G  = 
Xo/26o  ^  1/50  as  previously  mentioned,  but  that  one  or  the  other  of  the  more 
exact  formal  solutions  for  the  lens  surfaces  given  in  §§5  and  6  should  be  used  for 
those  lens  design  problems  having  more  critical  values  of  the  ratios  P  =  |  xo  |/25e 
and  G  «  Xo/2bo  •  In  general,  while  both  of  the  formal  solutions  of  §§5  and  6  may 
be  assumed  to  be  exact  in  the  limit,  the  rate  of  convergence  of  the  solutions  for 
S  and  S'  in  the  interval  1 2/ 1  ^  by  the  method  of  successive  approximations  of 
§5  seems  to  be  'much  greater  than  that  of  the  solution  for  S  and  S'  by  the  series 
expansion  method  of  §6  except  for  y  quite  near  &o  so  that  for  most  problems  the 
former  of  th^  methods  will  probably  be  preferable  to  the  latter  unless  suitable 
correction  methods  are  to  be  applied. 
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As  found  below  experimentally  or  as  may  be  shown  by  additional  ray  tracing, 
lenses  of  revolution  designed  by  the  methods  described  in  the  preceding  sections 
not  only  are  of  value  in  producing  two  or  more  fixed  pencil  beams  at  angles 
^  ±  ^0  with  the  axis  of  the  lens  but  also  offer  attractive  solutions  to  certain 

wide  angle  scanning  antenna  problems  heretofore  usually  treated  by  other 
means.  Thus,  wide  angle  sector,  conical  or  spiral  scanning  in  the  sector  or  cone 
1^1  ^  ^0  may  be  performed  with  the  lens  stationary  by  mechanically  or  elec¬ 
trically  moving  the  primary  source  of  radiation  in  an  appropriate  manner  along  a 
curved  approximate  focal  surface  back  of  the  lens  and  passing  through  the  foci 
F  and  F'  as  indicated  by  the  dashed  curves  of  Figures  1, 2, 4  and  5.  Although  the 
best  approximate  focal  surface  for  such  wide  angle  scanning  seems  most  easily 
determined  at  present  by  experimental  methods  we  may  note  in  passing  that  a 
reasonably  good  first  approximation  to  it  in  the  meridional  plane  may  be  given 
parametrically  by  solving  the  simultaneous  linear  equations 

(7  2)  ^  ^  ^  tan[Z)({i  +  -  ft) ;  wo)  -  ^1  +  6o , 

y  =  -X  tan[D(fi  -  ;  no)  +  ^]  -  6o , 

for  X  =  x(^)  and  y  =  y{4d  where  D(n,  A;  no)  is  the  prism  function  (4.3)  and 
^  is  the  parameter  specifying  the  angle  of  scan  of  the  beam  approximately.  Sur¬ 
prisingly  enough  excellent  scanning  performance  in  the  sector  |  \('  |  ^  ^o  may  be 
attained  not  only  with  unzoned  lenses  but  with  zoned  lenses  as  well. 

During  the  evolution  of  the  design  theory  presented  in  this  paper  a  number  of 
lenses  oi  revolution  of  the  types  considered  were  designed  and  several  were  built 
of  polystyrene  and  were  experimentally  tested  on  an  antenna  range  at  X  or  K- 
band  microwave  frequencies  with  generally  excellent  results  from  the  design  point 
of  view.  Each  of  these  lenses  of  revolution  had  the  given  parameters  tio  ,  2&o  and 
^0  in  (2.1)  fixed  at  the  values 

(7.3)  no  =  1.594,  25o  =  18",  “  20°, 

while  the  focal  distance  |  Xo  |  was  allowed  to  vary  from  lens  to  lens  taking  the 
values 

(7.4)  lxo|=6",  l/ro|=9",  1  Xo  |  -  12",  1  Xo  |  =  24", 

in  the  four  different  lenses  built.  The  design  wavelength  Xo  for  the  X-band  micro- 
wave  frequency  was  about  1.2".  Referring  to  these  lenses  by  their  focal  length 
I  Xo  1  in  (7.4)  we  may  note  that  the  6",  the  9"  and  the  12"  lenses  were  maximally 
zoned  lenses,  the  former  of  these  having  four  zones  and  the  latter  two  having 
three  zones  each,  while  the  24"  lens  being  fairly  thin  was  an  unzoned  lens.  The 
12"  lens  was  the  lens  of  Figure  1  with  the  outer  two  zones  extended  inward  as  far 
as  the  horizontal  dashed  lines  shown  in  Figure  1  to  avoid  a  knife  edge  at  the  zone 
extremities  Ei ,  E\  and  Et ,  Et  of  the  inner  two  zones  whereas  the  24"  lens  was  of 
the  type  shown  in  Figures  2,  4  and  5  but  much  thinner.  The  designs  for  the  inner 
zones  of  the  6"  and  9"  lenses  and  for  all  zones  of  the  12"  lens  and  for  the  single 
lens  section  of  the  24"  lens  were  all  worked  out  by  the  first  approximate  method 
of  §4  while  the  outer  zones  of  the  6"  and  9"  lenses,  having  much  more  critical 
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values  of  the  ratio  F  =  |  xo  |/26o  ,  had  to  be  designed  by  a  different  method  in 
order  to  realize  the  required  accuracy.  As  these  lenses  were  actually  designed  long 
before  the  formal  theory  of  §§5  and  6  had  been  discovered  the  lens  surfaces  in 
question  in  these  more  critical  instances  were  determined  by  very  lengthy  trial 
and  error  methods  but,  as  shown  by  subsequent  recalculation  of  additional  test 
lens  designs  to  check  the  formal  theory,  the  outer  zone  of  the  9'^  lens  and  prob¬ 
ably  also  the  outer  zones  of  the  6^  lens  could  easily  have  been  designed  with  even 
greater  accuracy  by  the  quite  rapidly  convergent  method  of  successive  approxi¬ 
mations  of  $5  using  only  three  or  four  terms  in  the  expressions  Ss  and  Sy  ;  i.e., 
using  values  of  N  of  the  order  of  say  JV  =  1  or  iV  =  2  in  (5.2) ;  alternatively,  the 
rather  slowly  convergent  method  of  series  expansion  of  §6  could  have  been  used 
with  roughly  the  same  number  of  terms,  or  values  of  N,  in  the  partial  sums 
Sn  and  S'h  of  the  series  (6.1)  but  with  a  pair  of  trial  and  error  correction  terms 
appended  to  reduce  the  principal  errors. 

The  experimental  data  for  these  polystyrene  lenses  gathered  from  a  variety  of 
sources  at  X  or  X-band  microwave  frequencies  indicated  excellent  antenna  per¬ 
formance  aside  from  rather  low  power  gain  both  at  the  design  foci  F  and  F'  and 
emergent  beam  angles  ^  ±  and  in  sector  or  conical  scanning  between  these 
limits  and  may  be  summarized  about  as  follows: 


Lens  ImI 

Wsvelenfth 

Beam  widths 

Side-k>bc  levels 

Power  gain 

6' 

1.2* 

4.7*  -S.l* 

23  -19 

25  -24 

9' 

1.2* 

4.9'’*-6.4“ 

23*-20 

29*-28 

12* 

1.2* 

5.0*  -5.5' 

24  -19* 

29  -28* 

24* 

0.49* 

1.9'  -2.1' 

24  -22 

39*-38* 

24* 

0.34* 

1.3'  -1.5" 

23  -21*  1 

42  -41* 

where  the  beam  widths  are  measured  at  the  half  power  points  of  the  antenna 
pattern  while  the  maximum  side-lobe  levels  and  power  gain  are  measured  in  the 
usual  way  in  decibels  with  the  latter  thus,  particularly,  being  given  on  an  ab¬ 
solute  basis  in  comparison  to  an  isotropic  radiation  of  the  same  total  power  and  so 
taking  account  of  all  spill  over,  reflection,  scattering  and  absorption  losses  present 
in  the  overall  lens  antenna  system.  In  these  data  the  numbers  marked  with  an 
asterisk  are  averaged  values  or  estimates.  The  primary  sources  in  the  experi¬ 
mental  set-up  were  either  open  ended  waveguides  or  electro-magnetic  horns 
generally  designed  to  give  an  aperture  illumination  taper  of  approximately  10 
decibels  with  the  E  and  J^-planes  of  the  primary  radiation  aligned  with  the 
meridional  and  sagittal  planes  of  the  lens  in  a  majority  of  the  experiments.  As 
with  almost  all  microwave  dielectric  lens  antennas  the  power  gain  measurements 
indicated  above  show  substantial  losses  owing  to  reflection,  scattering  and  so 
forth  compared  to  the  power  gain  as  calculated  in  decibels  from  the  formula 

(7.5)  Go  =  10  logio[4ir*6j  cos  fl/xj], 

where  *  0  for  the  axial  focal  point  and  for  the  design  foci  F  and  F' 

and  where  the  formula  is  exact  when  the  illumination  and  phase  are  constant  in 
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the  aperture.  In  particular,  we  may  note  that  the  experimentally  measured  values 
of  power  gain  for  the  6'^  and  12^  lenses  are  about  9  and  5  decibels  respectively 
below  those  given  by  the  formula  (7.5)  while  the  corresponding  numbers  for  the 
24*^  lens  differ  in  each  instance  by  about  3  decibels.  Although  perhaps  1  or  2 
decibels  of  these  discrepancies  may  be  ascribed  to  illumination  tapering  and  to 
spill  over  and  absorption  losses,  the  remaining  2  to  7  decibels  almost  undoubtedly 
are  attributable  to  reflection  and  scattering  losses  at  the  lens  surfaces  and  zone 
steps  which  for  elementary  geometrical  reasons  may  be  expected  to  increase  with 
decreasing  focal  distances  |  xo  |  as  found  experimentally,  the  very  steep  angles  of 
incidence  and  increased  number  of  zones  in  those  lenses  having  the  smaller  values 
of  I  zo  I  thus  apparently  being  quite  costly  in  antenna  power  gain. 

The  first  set  of  values  given  in  each  of  the  last  three  columns  of  the  tabulated 
experimental  data  are  measurements  taken  with  the  primary  source  at  the  ap¬ 
proximate  axial  focal  point  of  the  lens  and  the  radiated  beam  directed  along  the 
axis  of  the  lens  while  the  second  set  of  values  given  in  those  columns  refers  to 
measurements  taken  with  the  primary  source  at  or  near  one  of  the  design  foci 
F  or  F'  but  mostly  so  adjusted  experimentally  as  to  give  the  best  compromise 
between  the  meridional  and  sagittal  plane  antenna  patterns.  As  the  primary 
source,  i.e.,  the  open  ended  waveguide  or  electro-magnetic  horn,  in  each  experi¬ 
ment  was  moved  between  the  approximate  axial  focal  point  of  the  lens  and  the 
design  foci  F  and  F'  along  the  approximate  focal  surfaces  of  Figures  1,  2, 4  and  5, 
the  radiated  beam  scanned  the  sector  |  ^  |  ^  with  the  antenna  performance  as 
regards  beamwidths,  side-lobe  levels  and  p>ower  gain  varying  gradually  between 
the  pairs  of  values  listed.  Considerably  better  side  lobe  level  performance  near 
F  and  F*  could  have  been  attained  with  the  6'^,  the  9"  and  the  12"  lenses  in  the 
meridional  plane  at  the  sacrifice  of  that  in  the  sagittal  plane  if  desired,  but  even 
with  the  compromised  approximate  focal  surfaces  used  it  may  be  worth  noting 
that  the  24"  lens,  at  the  wave  length  \o  =  0.34"  as  in  the  last  line  of  the  listed 
data,  scanned  a  1.4°  pencil  beam  a  total  of  nearly  30  beamwidths  with  side-lobes 
suppressed  approximately  21  decibels  in  both  planes.  Although  the  original  inter¬ 
est  in  these  lenses  was  the  production  of  several  fixed  beams  at  angles  ± 
with  the  axes  of  the  lenses  their  remarkable  wide  angle  pencil  beam  scanning 
properties  in  the  sector  or  cone  |  ^  |  ^  ,  even  at  extremely  small  values  of  the 

ratio  F  =  I  Zo  |/2i»o ,  may  well  lead  to  much  more  general  radar  applications, 
their  handicaps  regarding  antenna  power  gain  notwithstanding. 

8.  Some  concluding  remarks.  In  concluding  this  paper  it  seems  worthwhile  to 
note  just  how  close  we  have  come  to  proving  our  fundamental  existence  assump¬ 
tion  during  the  course  of  the  formal  solution  of  our  lens  design  problem.  To  begin 
with  it  is  clear  that  the  zone  extremities  F*  and  F*  for  (A:  =  1,  2,  •  •  •  ,  AT)  have 
been  exactly  and  uniquely  determined  as  well  as  their  maximal  number  N. 
On  the  other  hand  neither  of  the  formal  solutions  for  the  lens  surfaces  F  and  S' 
was  quite  complete  each  being  principally  lacking  in  justification  of  the  initial 
assumptions.  These  however  may  now  be  weakened.  Thus,  in  the  solution  for  the 
lens  surfaces  S  and  S'  by  successive  approximations  if  we  accept  as  settled  any 
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questions  of  computation  of  the  characteristic  parameters  ^  and  <f>[  for  given  N 
then  all  that  remains  to  complete  the  proof  of  our  fundamental  assumption  is  to 
show  that  the  approximate  lens  surfaces  Sm  and  5^  converge  uniformly  to  limits 
S  and  S'  and  that  these  limits  are  expandable  in  power  series  for,  if  such  is  the 
situation,  we  have  by  construction  and  Rolle’s  theorem  that  S  and  S'  will  control 
perfectly  the  entire  continuum  of  meridional  rays  from  the  focus  F  which  lie  be¬ 
tween  the  extremal  rays  Ro  and  Ro  and,  hence,  that  these  limits  are  exact  lens 
surfaces  S  and  S'.  Similarly,  in  the  solution  for  the  lens  surfaces  by  series  ex¬ 
pansion  about  the  lens  extremities  Eo  and  Eo  the  initial  assumptions  may  be  much 
simplified  for,  in  this  treatment,  if  we  take  as  settled  all  questions  of  a  compu¬ 
tational  nature  then  all  that  remains  to  complete  the  proof  in  question  is  to  show 
that  the  series  expansions  for  S  and  S'  converge  uniformly  to  limits  as  by  the 
manner  of  construction  of  the  series,  it  then  will  follow  at  once  that  these  limits 
are  exact  lens  surfaces  S  and  S'.  As  we  know  of  no  way  of  rigorously  settling  these 
remaining  mathematical  questions  of  existence  and  convergence  we  rest  our 
argument  for  the  present  on  the  numerical  evidence  provided  by  the  ray  tracing 
analyses  of  the  several  test  lens  designs  already  mentioned  which  were  computed 
for  the  writer  by  these  formal  methods  and  which  generally  suggest  the  uniform 
convergence  of  both  formal  solutions  to  exact  lens  surfaces  S  and  S'. 
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INVARIANCE  AND  MUTUAL  RELATIONS  OF  ELECTRICAL 
NETWORK  DETERMINANTS 

Bt  I.  Cbderbaum 

1.  Introduction.  The  purpose  of  this  paper  is  to  deal  with  two  subjects:  the 
first  is  the  invariance  of  the  network  determinants  for  various  impedance  and 
admittance  representations  and  the  second  the  relation  between  impedance  and 
admittance  matrices. 

Neither  topic  is  new.  The  invariant  character  of  the  determinant  of  the  ad¬ 
mittance  matrix  for  various  node-to-datum  representations  has  been  repeatedly 
discussed  in  the  literature/'*'*  also  some  references  to  the  invariance  of  the 
determinant  of  the  impedance  matrix,  especially  for  networks  without  mutual 
inductance  may  be  found*  reaching  as  far  back  as  to  the  early  works  of  Kirch- 
hoff .*  Some  remarks  relevant  to  the  very  intimate  relations  between  both  repre¬ 
sentations  may  be  found  in  the  paper  of  Saltzer*  and  a  simple  relationship 
between  the  two  determinants  is  given  by  Tsang*  for  a  limited  group  of  networks. 

In  the  following  an  attempt  is  made  to  generalize  these  ideas.  Although  the 
network  determinant  turns  out  not  to  be  invariant  for  a  general  loop  s}rstem  or 
for  a  general  cut-set  representation  it  proves  to  be  invariant  for  the  most  com¬ 
mon  and  important  types  of  network  representation  which  may  be  called  simple. 
All  other  values  which  a  network  determinant  may  acquire  are  shown  to  be 
always  greater  than  the  basic  value  for  the  simple  representation  and  the  ratio 
of  them  must  be  the  square  of  an  integer,  i.e.  1*,  2*,  3*  •  •  •  ** 

The  basic  values  of  the  network  determinant  on  the  impedance  and  admit¬ 
tance  basis  resjjectively  turn  out  to  be  connected  by  a  simple  relation  involving 
the  determinant  of  the  branch  parameter  matrix.  The  above  mentioned  results 
of  Tsang*  appear  to  be  a  special  case  of  this  more  general  relation. 

2.  The  determinant  of  the  impedance  matrix.  Given  a  connected  network 
with  h  oriented  branches  and  n  nodes  it  is  in  general  possible  to  define  on  it  a 
large  number  of  S3r8tems  ofI  =  b  —  n+1  loops  or  «  =  n  —  1  cut-sets  with  a 
chosen  direction  for  each  loop  or  cut-set.  The  question  whether  a  given  system 
is  adequate  for  the  description  of  the  state  of  the  network  may  be  best  solved 
by  the  introduction  of  the  incidence  matrix. 

Beginning  with  the  loop  sjrstem,  the  element  Ckm  of  the  I  X  &  incidence  matrix 
C  is  zero  if  the  A:***  loop  does  not  pass  through  the  branch.  In  the  case  when 

>  Jeans,  Sir  J.,  The  Mathematical  Theory  of  Electricity  and  Magnetism,  Cambridge 
University  Press,  1948,  p.  328. 

*Percival,  W.  8.,  Proc.  I.E.E.,  p  IV,  lOt,  258  (1954). 

•  Shekel,  J.,  Proc.  I.R.E.,  J^t,  1125  (1954). 

« Tsang,  N.  F.,  J.  Math.  Phys.,  SS,  185  (1954). 

•  Kirchhoff,  G.,  Ann.  Phys.  (Poggendorf),  7»,  497  (1847). 

•  Saltser,  C.,  Quart.  Appl.  Math.,  It,  119  (1953). 

*'  In  a  recent  paper  S.  ^hu  (Proc.  I.R.E.,  43,  342  (1955))  obtained  a  result  concerning 
the  determinants  of  the  impedance  matrix  showing  that  this  ratio  must  be  a  real  constant. 
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the  branch  is  a  part  of  the  fc***  loop  c*«  is  +1  or  —  1  according  to  whether 
their  directions  are  confluent  or  counterfluent  respectively.  I  directed  loops 
corresponding  to  a  given  matrix  C  are  topologically  independent  and  are  ade¬ 
quate  for  the  description  of  the  state  of  the  network  if  the  rank  of  C  is  equal 
to  This  proposition  may  be  more  precisely  specified  by  saying  that  for  I  inde¬ 
pendent  loops  each  I  Xl  determinant  of  the  incidence  matrix  C  which  corresponds 
to  links  associated  with  any  tree  on  the  network  must  be  different  from  zero.' 

The  branch  currents:  ji  ,jt,  •  •  •  ,  may  be  expressed  in  terms  of  the  currents 
of  the  independent  loops:  t'l ,  ij ,  •  •  •  ,  tj  by  the  relation: 

j  =  C%  (1) 

where  j  and  i  are  the  column  vectors  of  the  branch  and  loop  currents  respec¬ 
tively  and  C  is  the  transpose  of  the  incidence  matrix  C.  Evidently  the  postulated 
independence  of  the  chosen  loops  enables  us  to  express  in  a  unique  manner  the 
loop  currents  in  terms  of  each  set  of  link  currents.  Let  us  fix  our  attention  in 
the  equation  (1)  only  on  the  currents  of  some  set  of  links.  Denoting  by  ja  the 
I  X  1  column  vector  of  the  chosen  link  currents  we  have  from  (1): 

=  (2) 

where  K  is  the  I  X  I  matrix  built  from  the  corresponding  rows  of  the  C  matrix. 

An  important  property  of  a  set  of  link  currents  associated  with  some  tree  is 
that  they  may  be  themselves  used  as  an  adequate  set  of  loop  currents.**  “  If 
such  a  set  of  link  currents  say  ji, ,  other  than  ja  is  introduced  instead  of  t  into 
(2)  we  have  a  relation 

ja  =  Lji ,  (3) 

where  all  entries  of  L  are  -{- 1,  —  1  or  0  and  L  is  nonsingular.  The  same  reasoning 
is  of  course  true  if  ja  is  chosen  as  a  vector  of  loop  currents  and  jh  denotes  the 
vector  of  the  link  currents  picked  out  from  the  branch  current  vector  j.  Thus 
we  have  equally  well : 

jh  =  Mja  ,  (4) 

where  all  entries  of  the  nonsingular  matrix  Af  are  =bl,  or  0.  The  determinants 
of  both  matrices  L  and  M  whose  entries  are  integers  are  themselves  integers. 
But  since  M  =*  L“‘  we  have  |  Af  |  =  1  L  ]“*  and  thus  necessarily 

I  L  I  =  I  M  I  =  ±1  (5) 

^  This  definition  of  topological  independence  which,  as  applied  to  electrical  circuits  may 
be  referred  to  Quade,  Klassifikation  der  Schwingungsvorgaenge  in  gekoppelten  Strom- 
kreisen,  Borna,  Leipzig,  1933,  Chapt.  I,  II,  should  be  distinguished  from  the  definition  of 
topological  independence  for  undirected  circuits  (cf.  e.g.  Seifert  und  Threlfall,  Lehrbuch 
der  Topologie,  Chelsea  Pub.  Co.,  New  York  1,  N.  Y.,  1947,  pp.  66  and  84). 

*  Cf.  Guillemin,  E.  A.,  Introductory  Circuit  Theory,  John  Wiley  and  Sons,  Inc.,  New 
York,  N.  Y.,  1963,  pp.  15,  16. 

*  Ingram,  W.‘H.,  and  Cramlet,  C.  M.,  J.  Math.  Phys.,  tS,  134  (1944). 

Synge,  J.  L.,  Quart.  Appl.  Math.,  9,  113  (1961). 
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This  result  may  be  stated  as  follows: 

The  tran^ormation  from  one  system  of  link  currents  to  another  involves  a  matrix 
with  determinant  equal  to  +\  or 

This  purely  topological  result  may  be  now  applied  to  the  impedance  matrix 
by  recalling  a  known  theorem/*  Namely,  if  the  loop  currents  are  transformed  from 
ta  to  4  by  u  =  Pia ,  then  the  relation  between  the  corresponding  impedance 
matrices  is 

Z«  =  P'ZtP.  (6) 

Since  as  shown  above  the  transformation  from  one  system  of  link  currents  to 
another  calls  for  a  matrix  with  unit  determinant  we  get  in  this  case  from  (6) : 

\Z.\^\Z,\.  (7) 

Thus: 

The  determinant  of  the  impedance  matrix  corresponding  to  a  system  of  link  currents 
is  invariant  with  respect  to  transformations  from  one  such  system  to  another. 

Let  us  call  the  value  of  the  determinant  of  the  impedance  matrix  associated 
with  a  system  of  link  currents  the  basic  value.  Since  in  the  formula  (2)  which 
expresses  the  link  currents  in  terms  of  general  loop  currents  the  matrix  K  has 
int^er  entries  its  determinant  must  be  an  integer.  Using  once  more  the  rela¬ 
tion  (6)  we  see  that: 

The  determinant  of  the  impedance  matrix  if  not  equal  to  the  basic  value  must  be 
equal  to  this  value  multiplied  by  the  square  of  an  integer  The  basic  value  is  the 
minimum  value  possible  for  the  network  determinant. 

Of  course  the  link  systems  are  not  the  only  ones  for  which  the  determinant 
has  this  minimum  value.  Let  us  call  all  such  systems  simple.  The  property  of 
being  simple  was  deduced  for  the  link  sets  from  the  integer  character  of  the 
matrices  L  and  M.  The  entries  of  the  matrix  K  in  (2)  are  alwa3r8  integers  thus: 
The  necessary  and  sufficient  conditions  for  a  loop  current  system  i  to  be  simple  is 
that  all  entries  of  K~'  be  integers. 

We  may  wish  to  have  some  simple  criterion  on  the  loop  system  to  be  sure 
that  its  determinant  has  the  basic  value.  To  this  end  we  note  that  in  each  branch 
we  may  find  one  or  more  4oop  currents  flowing  according  to  the  number  of  non¬ 
zero  elements  in  the  corresponding  column  of  the  incidence  matrix  C.  Now  sup¬ 
pose  that  we  can  find  some  branch,  say  the  r***,  in  which  there  flows  one  loop 
current  only  which  we  may  denote  by  ii .  This  branch  may  be  looked  on  as  a 
link  for  some  tree  on  the  network  since  in  a  nonseparable  network  each  branch 
may  play  the  role  of  a  link”  and  in  a  separable  network  the  only  branches  which 
cannot  be  adopted  as  links  are  currentless.  If  in  (2)  j«  denotes  the  vector  of  link 
currents  with  the  current  in  this  special  branch  occupying  the  first  place  then 
in  the  matrix  K  the  first  row  has  ±1  in  the  first  place  followed  by  zeros.  The 
determinant  |  iC  |  is  evidently  equal  to  (plus  or  minus)  its  first  principal  minor 
I  Kii  I .  Evidently  |  /Cul  is  the  determinant  of  the  matrix  giving  the  relation 

“  Cf.  e.g.,  Kron,  G.,  Tensor  Analysis  of  Networks,  John  Wiley  and  Sons,  Inc.,  New 
York,  N.  Y.,  1939,  pp.  102-104. 

**  loc.  cit.* 
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Fio.  1  (a)  A  planar  network  with  a  mesh  system  (a,  b,  e,  d)  and  (b)  a  nonsimple  loop 
system  (&,  B,  5,  d). 


* 


between  the  i  —  1  loop  currents  tj ,  t's ,  •  •  •  ,  ii  and  I  —  I  link  currents  ,  ji ,  •  •  •  , 
ji  after  disregarding  (or  equating  to  zero)  the  loop  current  t'l.  As  we  see  this 
disctission  shows  that  in  considering  whether  a  s}rstem  is  simple  we  are  allowed 
to  disregard  any  loop  current  which  appears  alone  in  some  branch.  Evidently  we 
can  continue  further  in  the  same  manner.  If  after  stripping  off  the  current  t'l 
another  loop  current,  say  it  ,  appears  alone  in  some  branch  (where  before  it  was 
perhaps  associated  with  ti)  we  may  remove  it  as  well  and  this  method  may  be 
further  continued.  Evidently  if  this  process  ends  with  one  loop  current  only 
the  system  under  consideration  is  simple. 

An  important  corollary  of  this  is  that: 

The  mesh  system}*  for  a  planar  network  is  a  simple  one. 

The  proof  follows  readily  from  the  fact  that  beginning  with  the  outside  ones  we 
can  strip  off  in  succession  all  the  mesh  currents. 

An  example  of  a  non  simple  loop  system  is  given  for  the  network  of  Fig.  la**. 
I.iet  us  take  the  incidence  matrix 


C  = 


‘1110 
0  111 
10  11 
110  1 


1 

-1 

0 

0 


0 

0 

-1 

0 


0  -r 
0  0 
1  0 
-1  1 


defined  by  the  loops  as  shown  on  Fig.  lb.  The  link  currents  in  the  branches 
1,  2,  3  and  4  corresponding  to  the  tree  5,  6,  7,  8  may  be  taken  as  an  adequate 
system.  The  transformation  matrix  from  the  given  loop  current  system  to  these 
link  currents  is  built  from  the  first  four  columns  of  <7: 


K 


"1  0  1  r 
110  1 
1110 
0  111 


**  In  this  paper  a  distinction  is  made  between  a  general  loop  and  a  mesh  following  Guille- 
min,  loc.  cit.,*  p.  24.  The  notion  of  “mesh”  is  applied  only  to  the  simplest  loops  in  a  planar 
network  which  have  the  appearance  of  the  meshes  in  a  fish  net. 

This  example  is  taken  from  Guillemin,  loc.  cit.,*  p.  58. 
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Since  |  /iC  |  =  3  the  given  system  is  not  simple  and  the  determinant  of  the  im¬ 
pedance  matrix  associated  with  it  will  be  9  times  the  basic  value  evaluated, 
e.g.,  for  the  meshes  o,  b,  c,  d  shown  on  the  Fig.  la.“ 

3.  The  determinant  of  the  admittance  matrix.  Now  turning  to  the  cut-set“ 
representation  we  concentrate  our  attention  upon  the  incidence  matrix  T  of  the 
b  branches  and  s  directed  cut-sets.  The  element  tkm  of  this  a  X  b  matrix  is  zero 
if  the  k*^  cut-set  does  not  include  the  m^  branch.  In  the  case  when  the 
branch  belongs  to  the  k**^  cut-set  is  -f  1  or  —1  according  to  whether  their 
directional  arrows  point  to  the  same  or  the  contrary  sides,  a  directed  cut-sets 
corresponding  to  a  given  incidence  matrix  T  are  topologically  independent  and 
are  adequate  for  the  description  of  the  state  of  the  network  if  the  rank  of  T  is 
equal  to  a.  This  may  be  more  precisely  specified  as  follows:  for  «  independent 
cut-sets  each  «  X  s  determinant  of  the  T  matrix  which  corresponds  to  branches 
of  any  tree  on  the  network  must  be  different  from  zero. 

The  branch  voltages:  ui ,  Ui ,  •  •  •  ,  u*  may  be  expressed  in  terms  of  the  voltages 
of  the  a  independent  cut-sets:  vi  ,Vi ,  •  ■  •  ,  v,  by  the  relation: 

u  =  T'v  (8) 

Let  us  pick  out  from  the  rectangular  T'  matrix  a  rows  corresponding  to  the 
branches  of  some  tree.  For  these  branches  the  relation  (8)  reduces  to: 


«•  =  Pv,  (9) 

P  denoting  the  a  X  a  matrix  constructed  from  the  chosen  rows  of  T'  and  thus 
having  all  entries  equal  to  0  or  ±1. 

As  a  special  case  of  an  adequate  system  of  a  cut-sets  we  may  consider  a  system 
associated  with  some  tree  on  the  network.  Namely,  if  we  choose  the  cut-sets  in 
such  a  manner  that  each  of  them  contains  only  one  branch  of  this  tree  we  have 
an  independent  system  of  a  cut-sets  and  their  voltages  turn  out  to  be  the  voltages 
of  the  branches  of  the  chosen  tree.*^  If  in  equation  (9)  v  is  a  vector  of  voltages 
of  tree-branches  we  see  that  a  transformation  from  one  vector  of  tree-branch 
voltages  to  another  is  always  expressed  by  a  matrix  P  with  integer  entries 
(0,  ±1).  As  in  the  case  of 'loop  systems  we  deduce  from  this: 

The  determinant  of  the  matrix  tranaforming  one  ayatem  of  tree-branch  voltages  to 
another  haa  the  valve  -HI  or  —  1. 

The  dual  form  of  the  above  mentioned  theorem”  states  that  if  the  cut-set  voltages 

In  connection  with  this  an  incorrect  statement  in  Ingram  and  Cramlet,  loc.  cit.*  may 
be  pointed  out.  On  p.  148  eq.  (1:18)  the  determinant  of  the  relation  matrix  a  between  a 
general  loop  system  and  some  link  system  (a  is  analogous  to  our  K  in  (2))  is  stated  to  be 
always  -fl  or  —  1.  The  error  is  due  to  the  fact  that  (1:17)  only  follows  from  the  congruence 
(1:16)  if  a~*  is  a  matrix  of  integers  and  therefore  this  property  cannot  be  deduced  from 
(1:17)  as  in  the  paper. 

**  Standards  on  Circuits,  Proc.  I.R.E.,  S9,  27  (1951). 

•’  Guillemin,  loc.  cit.*  pp.  17,  18. 

**  Cf.  Shekel,  loc.  cit.'  A  mistake  should  be  corrected  by  interchanging  Y  and  ~Y  in  the 
equation  (2)  of  the  above  paper. 
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are  transformed  from  v.  to  t’t  by  vt  =  Qv,  then  the  relation  between  the  cor¬ 
responding  admittance  matrices  is 

y.  =  Q'VtQ.  (10) 

The  above  stated  property  of  systems  of  the  cut-sets  corresponding  to  the 
trees  on  the  network  gives: 

The  determinant  of  the  admittance  matrix  aseociated  with  a  system  of  voltages  of 
tree-branches  is  invariant  with  respect  to  transformation  from  one  tree  to  another. 
The  value  of  the  determinant  of  the  admittance  matrix  associated  with  any  tree 
on  the  network  may  be  called  the  basic  value. 

Since  the  determinant  of  the  matrix  P  in  (9)  must  be  an  integer  we  find  that 
The  determinant  of  the  admittance  matrix  associated  with  some  system  of  inde¬ 
pendent  cutsets  if  not  equal  to  the  basic  value  must  be  equal  to  this  value  multiplied 
by  the  square  of  an  integer.  The  basic  value  is  the  minimum  value  possible  for  the 
network  determinant. 

Let  us  solve  the  equation  (9)  for  the  voltages  v  in  the  form : 

i;  =  P~'u^.  (11) 


Using  the  same  reasoning  as  in  the  case  of  loop  systems  we  have: 

The  necessary  and  sufficient  conditions  for  a  system  of  cutset  voltages  to  have  the 
basic  value  of  the  determinant  of  the  associated  Y  matrix  is  that  all  entries  of  P“‘  be 
integers. 

Let  us  call  such  systems  of  cut-sets  simple. 

The  situation  is  here  somewhat  less  complicated  than  in  the  case  of  a  loop 
representation.  Since  each  node-pair  voltage  can  always  be  expressed  as  the 
algebraic  sum  of  some  of  tree-branch  voltages  we  have: 

The  determinant  of  the  admittance  matrix  associated  with  any  system  of  s  independent 
node-pair  voltages  has  the  basic  value,  being  thus  invariant  with  respect  to  trans¬ 
formations  from  one  such  system  to  another. 

As  a  special  case,  the  system  of  node  voltages  with  respect  to  some  reference 
node  or  a  “node-to-datum”  set  of  voltage  variables  is  always  simple.** 

A  treatment  similar  to  that  described  for  the  loop  systems  can  be  applied  to 
discover  whether  the  cut-set  system  is  a  simple  one.  If  on  the  network  diagram 
we  have  visualized  all  cut-lines  corresponding  to  the  given  cut-sets  and  we  find 
some  branch  cut  once  only,  then  the  corresponding  line  may  be  removed  from 
the  diagram.  After  its  removal  further  insp>ection  may  reveal  some  other  branch 
cut  once  only.  If  by  means  of  this  process  all  cut-lines  can  be  successively  removed 
from  the  diagram,  the  system  is  simple. 

An  example  of  a  nonsimple  sjrstem  of  cut-sets  is  given  in  Fig.  2a,  b.  The  inci¬ 
dence  matrix  for  this  system  is 


1 

1 

0 

1 


10  1  0  0  -1  ■ 
11-1  1  0  0 
110-1  1  0 

0  10  0-1  1 


•*  Cf.  the  papers  loc.  cit.*>  *•  *. 
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(a)  (b) 

Fia.  2  (a)  A  diagram  of  a  network,  (b)  a  nonsimple  system  of  out-sets  (a,  b,  o,  d). 


For  the  tree  (1,  2,  3,  4)  the  determinant  of  the  matrix  built  from  the  four  first 
columns  is 


1110 
0  111 
10  11 
110  1 


3. 


Thus  the  system  turns  out  not  to  be  simple.  The  determinant  of  the  admittance 
matrix  associated  with  this  system  of  cut-sets  will  evidently  be  9  times  the  basic 
value  corresponding,  e.g.,  to  any  node-to-datum  set  of  voltage  variables. 


4.  The  relation  between  the  impedance  and  admittance  matrices  of  a  network. 
Let  us  consider  some  connected  network  N  with  b  branches  and  n  nodes.  Let 
us  define  on  this  network  a  simple  system  of  loops  and  a  simple  system  of  cut-sets. 
To  this  end  we  take  &  set  of  I  (I  —  b  —  n  1)  link  currents  associated  with 
some  tree  T  on  the  network  and  a  set  of  s  (s  =  n  —  1)  node-voltages  with  refer¬ 
ence  to  some  node  P  as  a  system  of  current  respectively  voltage  variables.  Let 
the  I  X  I  impedance  matrix  corresponding  to  the  current  system  be  Z  and  the 
a  X  8  admittance  matrix  corresponding  to  the  voltage  S3r8tem  be  Y. 

The  network  equations  are: 


ZI 

(12) 

YU, 

(13) 

where  I  and  V  are  the  I  X  I  vectors  of  loop  currents  and  voltages  respectively 
and  U  and  J  are  the  «  X  1  vectors  of  node  voltages  and  currents  respectively. 

Let  us  now  connect  all  a  nodes  to  the  reference  node  P  by  means  of  a  im- 
pedanceless  connections.”  Since  we  have  not  created  new  nodes  the  tree  T 
remains  a  tree  on  the  modified  network  N.  The  system  of  links  associated  with 
this  tree  on  N  contains  all  the  links  of  the  original  network  N  and  all  the  addi- 

**  This  will  be  a  legitimate  action  provided  that  all  active  elements  which  might  be  in 
the  network  are  shortcircuit  stable,  which  we  here  assume. 
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tional  impedanceless  connections.  Let  us  adopt  on  the  network  N  the  {I  +  a) 
currents  of  these  links  as  the  S3rstem  of  loop  currents.  The  order  of  the  currents 
may  be  chosen  so  that  the  first  a  are  the  currents  of  the  impedanceless  links 
numbered  according  to  the  nodes  which  they  connect  with  the  reference  node. 
The  last  I  are  the  original  link  currents  in  the  same  order  in  which  they  appear 
in  the  vector  I.  _ 

For  the  network  N  we  have: 

V  =  21  (14) 

where  7  and  V  are  the  6X1  vectors  of  the  loop  currents  and  voltages  respec¬ 
tively  and  2  is  the  6X6  impedance  matrix  associated  with  the  chosen  loop 
system  on  If. 

Since  \  2  \  9^  0  the  relation  (14)  may  be  solved  for  the  currents  giving 

1  =  TV  (15) 

where  F  =  2~^. 

The  matrices  2  and  F  may  be  looked  upon  as  the  open-circuit  impedance 
and  the  short-circuit  admittance  matrices  respectively  of  the  26-pole  which 
may  be  obtained  if  each  link  of  the  chosen  set  on  iV  is  cut  and  the  two  cut-ends 
taken  apart  play  the  role  of  a  terminal  pair. 

Using  the  same  argument  Z  appears  to  be  the  open-circuit  impedance  matrix 
of  the  2Z-pole  which  may  be  derived  from  the  above  26-pole  by  leaving  open 
the  first  a  terminal  pairs.  Since  leaving  open  some  terminal  pair  amounts  to 
crossing  out  the  corresponding,  row  and  column  in  the  open-circuit  impedance 
matrix,  Z  may  be  obtained  from  2  by  crossing  out  its  first  a  rows  and  a  columns. 

Similarly  Y  turns  out  to  be  the  short-circuit  admittance  matrix  of  the  2s-poie 
which  may  be  derived  from  the  same  26-pole  by  short-circuiting  the  last  I  termi¬ 
nal  pairs.  Since  short-circuiting  some  terminal  pair  amounts  to  crossing  out  the 
corresponding  row  and  column  in  the  short-circuit  admittance  matrix,  Y  may  be 
obtained  from  F  by  crossing  out  its  last  I  rows  and  I  columns.  Thus: 

The  impedance  matrix  Z  and  the  admittance  matrix  Y  turn  out  to  be  comple¬ 
mentary  sub-matrices  of  two  reciprocal  matrices  2  and  F  =  respectively. 

For  the  determinants  of  such  matrices  Jacobi’s  theorem**  states  that: 

l^|  =  |F|-|Z|.  (16) 

But  since  the  loop  system  corresponding  to  ?  is  simple  the  determinant  |  2  ] 
has  the  basic  value  on  If  and  it  may  be  evaluated  for  a  link  system  associated 
with  any  other  tree  on  N.  As  such  a  tree  let  us  take  the  tree  of  impedanceless 
connections.  In  this  case  the  set  of  links  contains  all  branches  of  the  original 
network  N,  and  since  a  loop  corresponding  to  some  link  is  built  from  this  link 
and  some  tree  branches,  our  new  loops  consist  of  the  original  branches  short- 
circuited  by  the  impedanceless  connections.  The  impedance  matrix  correspond- 

Aitken,  A.  C.,  Determinant  and  Matrices,  Oliver  and  Boyd  Ltd.,  Edinburgh  and 
London,  1951,  p.  90. 
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ing  to  this  set  of  links  is  the  branch  impedance  matrix  B  and  we  have  \  2  \  =  \  B  \ . 
Taking  this  into  account  the  relation  (16)  gives  us: 

\Z\  =  \Yl\B\.  (17) 

The  ratio  of  the  basic  values  of  the  determinants  of  the  impedance  and  admittance 
matrices  is  equal  to  the  determinant  of  the  branch  impedance  matrix. 

In  the  case  where  there  are  no  mutual  inductances  or  unilateral  transimmit- 
ances  the  branch  impedance  matrix  B  is  diagonal  and  its  determinant  is  equal 
to  the  product  of  all  the  branch  impedances.  This  results  in  the  theorem  proved 
by  means  oi  physical  arguments  in  the  paper  cS.  Tsang:** 

For  a  network  with  independent  branches  the  ratio  of  the  basic  values  of  the  deter¬ 
minants  of  the  impedance  and  admittance  matrices  is  equal  to  the  product  of  all  the 
branch  impedances. 

In  the  case  where  there  are  unilateral  transimmitances  which  form  a  simple 
connected  set  in  Tseng’s  sense  i.e.  without  any  closed  loop  we  may  evidently 
number  the  branches  in  such  a  way  that  there  is  a  coupling  from  the  branch  with 
the  lower  index  to  a  branch  with  the  higher  index  but  not  vice  versa.  This  results 
in  a  triangular  branch  impedance  matrix  all  of  whose  entries  above  the  main 
diagonal  are  zeros.  Hence  its  determinant  is  as  in  the  previous  case  equal  to  the 
product  of  all  the  branch  impedances  being  independent  of  any  of  the  transimmit¬ 
ances  present.  This  represents  the  theorem  given  by  Tsang  without  proof. 

In  the  general  case  with  a  moderate  number  of  mutual  couplings  the  branches 
of  the  network  may  be  subdivided  in  two  groups.  The  first  group  includes  all 
those  branches  which  either  are  independent  or  belong  to  simple  connected  sets 
of  unilateral  transimmitances;  all  other  branches  belong  to  the  second  group. 
Evidently  the  determinant  of  the  branch  impedance  matrix  is  equal  to  the 
product  of  all  branch  impedances  of  the  first  group  multiplied  by  the  deter¬ 
minant  of  the  submatrix  corresponding  to  the  second  group. 

Of  course,  since  the  values  of  both  determinants  are  not  invariant  with  respect 
to  general  transformations  of  the  reference  frame,  this  relation  can  only  be 
stated  in  terms  of  some  precisely  defined  particular  values  of  these  determinants 
and  the  most  natural  ones  to  choose  are  evidently  the  basic  values  introduced 
in  this  paper.  i 
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ON  ASYMPTOTIC  SERIES  FOR  FUNCTIONS  OCCURRING  IN  THE 
THEORY  OF  DIFFRACTION  OF  WAVES  BY  WEDGES 

By  F.  Oberhettinger* 

Introduction.  The  solution  of  the  problem  of  diffraction  by  a  wedge  of  any 
angle  in  the  two  dimensional  cases  of  plane  waves  and  a  line  source  and  the 
three  dimensional  case  of  a  point  source  is  due  to  MacDonald  [10].  Despite  the 
existence  of  a  large  number  of  further  contributions  concerning  this  problem 
(see  for  instance  the  bibliography  at  the  end  of  [11]),  only  a  few  attempts  and 
these  comparatively  recently,  have  been  made  to  derive  an  asymptotic  expan¬ 
sion  for  the  solution  in  case  the  distance  from  the  edge  of  the  wedge  is  large 
compared  to  the  wave  length.  As  is  known  the  solution  of  the  wedge  problem 
can  be  given  in  the  form  of  an  integral  expression  and  hence  the  reduction  of 
this  to  an  asymptotic  series  has  to  be  carried  out.  The  first  expansion  of  this 
type,  given  by  Sommerfeld  [14]  fails  to  give  the  correct  values  in  the  vicinity  of 
one  of  the  geometric  shadows.  But  these  transitional  regions  between  geometric 
and  wave  optics  are  of  the  greatest  importance.  The  mathematical  difficulties 
of  this  problem  lie  in  the  fact  that  the  method  of  integration  by  steepest  descents 
is  no  longer  applicable  as  one  of  the  parameters  of  the  integral  expression  be¬ 
comes  such,  that  a  confluence  of  the  saddle  point  and  a  pole  of  the  integrand 
takes  place  when  one  of  the  boundaries  of  the  geometric  shadow  is  approached. 
In  1938,  Pauli  [13]  gave  the  first  satisfactory  expansion,  applying  a  modification 
of  the  method  of  steepest  descents,  but  no  mathematical  justification  of  the 
process  was  given.  This  method  was  slightly  generalized  by  Ott  [12].  Clemmow 
[1]  gave  a  mathematically  rigorous  theory  of  this  type  of  expansions.  The  char¬ 
acteristic  feature  is  that  the  terms  of  asymptotic  expansions  thus  obtained  are 
confluent  hypergeometric  functions  rather  than  inverse  powers  of  the  relevant 
variable.  The  leading  term  in  the  wedge  problem  as  considered  by  Pauli  reduced 
to  a  Fresnel  integral.  We  will  show  here  in  part  1  that  the  integral  which  defines 
the  solution  of  the  wedge  problem  can  simply  be  rearranged  in  such  a  manner 
that  the  application  of  the  methods  cited  above  become  unnecessary.  The  usual 
routine  method  (Watson’s  lemma)  gives  immediately  the  desired  expansion. 
Moreover,  this  series  is  not  of  the  Pauli-Ott-Clemmow  type  but  consists  of  the 
sum  of  a  Fresnel  integral  (for  numerical  values  see  Clemmow  and  Munford  [2]) 
as  leading  term  and  an  asymptotic  series  in  its  ordinary  form  i.e.  a  series  with 
inverse  powers  of  the  (large)  variable  whose  coefficients  are  trigonometric  func¬ 
tions  of  the  parameters  involved.  In  part  2  we  will  give  an  expansion  of  the  same 
integral  in  the  form  of  a  series  involving  Bessel  functions.  These  are  useful  for 
small  values  of  the  variable  and  the  corresponding  expansions  for  the  special 
case  of  a  half  plane  have  been  given  by  Copson  and  Ferrar  [4],  Erdelyi  [6]  and 
Watson  [16]. 

In  a  former  paper  [11]  expressions  were  established  for  the  first  and  second 
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Cote  (a) 


Green’s  function  of  the  wave  equation  Am  +  k'u  =  0  for  a  wedge  of  an  arbitrary 
angle  a  for  the  two  and  the  three  dimensional  case.  Under  particular  investiga¬ 
tion  was  the  case  of  a  wedge  with  an  angle  a  >  t.  Two  cases,  figures  1  and  2, 
had  to  be  distinguished  here.  It  was  shown  that  Green’s  functions  for  a  point  P 
belonging  to  one  of  the  regions  I,  II,  III  as  indicated  in  the  figures  above  due 
to  a  source  (line  source  or  point  source)  located  at  Q  can  be  represented  by  the 
respective  expressions 

For  a  >  r  +  {case  o) 

(la)  G  =  F{v,  ^')  ^  F{,p,  -  v')  +  /(v,  ^  fiip,  -  ^') 

(2a)  G  »  F(^,  v>)  -f-  f{v,  ^0  T  /(v»,  -  v’) 

(3a)  G  =  f(v,v')  4-  fiv,  —  vO 

For  o  <  T  -|-  (case  b) 


DIFFRACTION  OF  WAVES  BY  WEDGES 


247 


(lb)  6  as  in  (la) 

(2b)  (r  as  in  (2a) 

(3b)  G  =  F{<p,ip')  H-  +  2<p  —  a)  +  ^  /(«>,  —  v') 


The  upper  sign  is  valid  for  the  first  Green’s  function  Gi(Gi  =  0  on  the  walls 
of  the  wedge)  and  the  lower  sign  for  the  second  Green’s  function  Gt  (dGt/dip  »  0 
on  the  walls  of  the  wedge),  while 


(4)  f(p,  if') 


H{x)  dx 


1  .  fv 

2a 


(t  +  I  /  I) 


cosh  (rx/a)  —  cos  |^-  (»  —  |  v  |)  J 

_ Hix)dx _ 


cosh  (irx/i 


\  *■ 
a)  —  cos  - 

L® 


W  +  \  v  —  v'  \) 


(5)  Fiv,  •(>')  =  •{ 


fexp  [ikp  cos  (^  -  tp')] 

H^^\k{p  +  p'*  —  2pp'  cos  {ip  —  <p0)*] 

exp  { -tA:lp*  +  p’*  —  2pp'  cos  (fp  —  ip')  +  (z  -  zO*lM 


(6) 


H{x)  =  \ 


[p*  +  p'*  —  2pp'  cos  (ip  —  ip')  +  (z  —  zO*l* 
[exp  (— tAp  cosh  x) 

Hi*\k(p*  +  p'*  +  2pp'  cosh  x)*] 

exp  { —  tA:[p*  +  p'*  +  2pp'  cosh  x  +  (z  —  zQ*]*} 


[p*  -I-  p'*  +  2pp'  cosh  X  +  (z  -  z0^‘ 


and  the  first,  second  or  third  expression  in  (5),  (6)  has  to  be  taken  according  as 
the  incident  field  F{p,  v')  whose  analytic  form  is  given  by  the  r.h.s.  of  (5)  is  a 
plane  wave,  a  cylindrical  wave  with  the  axis  in  Q(p',  ip')  or  a  spherical  wave 
with  the  center  in  Q(p’,  z').  The  first  two  cases  represent  a  two  dimensional 

and  the  last  a  three  dimensional  problem.  The  field  is  periodic  of  the  form 


(7) 


u  =  exp  (tw<)G 


Instead  of  (la)  to  (3b)  a  single  expression,  valid  over  the  whole  range  of  the 
wedge  0  ^  ^  ^  a  can  be  used 


G  =  -  S  fi« 


(8) 


J  »wfti{kp) 


jeoe  n  ^  (u  -  (»')1  T  eoe  n  ^  (*>  +  /)  J| 


ts 


for  an  incident  plane  wave. 
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(9) 


G  —  —  Sn  J  Hw/a 


(kp')H„,a{kp) 


ip'  <  p  and  for  p'  >  p  the  same  expression  with  p  and  p'  interchanged.  6,  ■>  2 
forn  *  1,  2,  3,  •  •  •  ,  8o  =  1),  for  the  case  of  an  incident  cylindrical  wave.  How¬ 
ever,  the  convergence  of  (8)  and  (9)  is  very  slow  for  large  kp.  We  turn  back 
now  to  (la)  through  (4).  Obviously  all  integrals  occurring  are  of  the  form 


(10) 


ns,  a) 


IrinW/a)^ 


_ Hjx)  dx 

coah  (rx/a)  —  cos  (rS/a) 


where  //(x)  is  given  by  one  of  the  expressions  on  the  r.h.s.  of  (6)  and  d  has  one 
of  the  values 


(11)  i  =  T  +  I  I  ,  5  =  T  T  (ip  +  <p') 

Hence,  the  asymptotic  behavior  of  (la)  to  (3b)  is  known  when  that  of  /(5,  a) 
is  known.  We  will  therefore  concentrate  on  the  investigation  of  7(5,  a)  alone 
rather  than  on  the  combination  which  occurs  in  (la)  to  (3b).  Besides,  this  en¬ 
ables  us  to  include  the  case  of  the  diffraction  of  waves  by  a  perfectly  absorbing 
wedge  which  is  described  by  a  similar  combination  as  (la)  to  (3b)  depending 
essentially  on  integrals  of  the  type  (10).  (For  the  diffraction  on  a  black  screen 
see  for  instance  [7],  [8],  [9]).  Before  we  proceed  to  derive  an  asymptotic  expan¬ 
sion  for  (10)  we  investigate  the  behavior  of  7(4,  a)  for  4  =  ±2na  (n  “  0, 1, 2,  •  •  • ), 
which  are  poles  of  the  integrand  in  (10).  Since  the  behavior  is  the  same  for  all 
n  it  is  sufficient  to  consider  the  case  4*0.  For  this  purpose  we  make  use  of  the 
formula 

.  .  sin  (ir6/a)  _2,ri  ^ 

cosh  (xx/a)  —  cos  (x4/a)  x  ^  Lx*  +  4*  n— «  4*  +  (x  -f-  t2not)* 
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(the  prime  indicates  that  the  term  n 
write  for  small  J 


0  has  to  be  omitted).  We  can]  then 


T  Jo  X* 

.-if* 

X  Jo  I 


H(x) 

t»  +  «* 

H(6t) 


dx  +  0(6) 


dt  +  0(6) 


If  we  let  6  tend  to  zero  we  find  that 


T  mo) 


{exp(-ikp) 

10>  +  o')’  +  (o  -  o')*)* 

according  as  the  incident  field  is  a  plane,  a  cylindrical  or  a  spherical  wave.  The 
behavior  of  1(6,  a)  is  therefore  such,  that  it  tends  to  zero  (in  the  case  of  a  cylin¬ 
drical  or  spherical  wave  of  a  higher  order  than  the  corresponding  expressions  on 
the  r.h.s.  of  (14)  when  kp  tends  to  infinity  along  a  line  6  —  constant  ±2na. 
(We  may  remark  here  that  Sommerfeld’s  expression  [14]  for  an  incident  plane 
wave  does  not  yield  the  value  i  exp  (—ikp)  but  the  value  \(e/x)^  exp  (—ikp)). 
From  (11)  we  see  that  within  our  chosen  configuration  as  indicated  by  Fig.  1 
and  Fig.  2,  these  critical  cases  can  only  occur  when  n  =  0  and  n  =»  1  and  this 
corresponds  to 


tp  +  tp' 
ip  +  <p' 


2a  —  X, 


m 
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(15a)  and  (15b)  define  the  boundaries  of  the  shadow  of  the  incident  and  re¬ 
flected  wave  respectively  (Fig.  3)  while  (15b)  and  (15c)  define  the  boundaries 
of  the  shadow  of  both  reflected  waves  (Fig.  4) 


Asymptotic  expansion  of  I  (S,  a)  for  large  values  of  kp.  We  proceed  now  to 
derive  an  asymptotic  expansion  for  I(S,  a)  as  given  by  (10)  for  the  case  of  an 
incident  plane  wave  [H(x)  =  exp  (—ikp  cosh  x)\  and  have 

(16)  /(8,  -  1  (rf/a)  r 

2a  Jo  cosh  {irx/a)  —  cos  (Ti/o) 


We  put  temporarily 
(17) 

and  investigate 


k  =  —ip,  or  |3  =  ik 


(18)  7(8,  «)  -  -  1  Bin  (t8/«)  r 

2a  Jo  cosh  (tx/o)  —  cos  (vi/a) 

for  large  Pp.  We  substitute  in  (18) 


(19) 

coshx  s 

‘  1  +  dx 

“  [<(<  + 

and  have  instead  of  (18) 

(20) 

1(6,  a)  *  ■ 

-exp  i-i 

K(t)  = 

(t  +  2r 

(21) 

Now  K(t)  is  regular  near  <  «  0  and  can  be  represented  by  a  Taylor  series  there 

(22)  m  =  A„iS,  a)t\  I  / 1  <  «. 

The  first  three  of  these  coefficients  are: 

M.(8,.) 

(23)  A,(t. .)  -  -  g  cot  (1^)1 1  +  ^  (in  I)  }_ 

n)  .  g  cot  ( •  ^){|  +  (g  -  ^Xcin  g)- +  J  (Bin  g)-*} 


They  tend  to  infinity  when  S  tends  to  zero.  For  the  asymptotic  expansion  of 
(20)  we  find  by  a  well  known  theorem  ([5],  p.  233;  [3],  p.  218) 
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(i) 


(24)  /(«,<.) 


-exp  a)r(n  + 


or  by  (17) 

(25)  7(8,  a) - exp  j  (A:p)“*  £  r* A,(8,  a)r(n  +  §)(A:p)“*. 


From  (23)  it  is  obvious  that  (25)  is  valid  if 

(26)  (^p)*  sin  (^irS/a)  0 

and  that  it  fails  therefore  for  values  of  8  which  are  in  the  neighborhood  of  one 
of  the  values  8  **  dz2na  (n  0, 1,  2,  •  •  •  ).  Therefore  (25)  can  be  used  to  deter¬ 
mine  the  asymptotic  behavior  of  each  of  the  4  Integrals  of  the  t}rpe  (16)  which 
occur  in  (la)  to  (3b)  as  long  as  we  exclude  the  regions  in  the  vicinity  of  one  of 
the  boundaries  of  the  shadow  dehned  by  (15a)  to  (15c).  But  otherwise  one  of 
the  integrals  of  the  type  (16)  occurring  in  (la)  to  (3b)  will  be  such  that  (25)  is 
not  applicable  for  the  determination  of  its  a8}mptotic  behavior.  Hence  the  prob¬ 
lem  arises  to  obtain  an  as3rmptotic  formula  for  (16)  which  will  be  valid  also  in 
the  vicinity  of  8  »  0  or  8  =  2a  i.e.  in  the  vicinity  of  one  of  the  boundaries  of 
the  shadow.  We  will  not  follow  here  the  procedure  suggested  in  [12],  [13]  and 
[1]  which  would  lead  to  an  expansion  involving  confluent  hypergeometric,  func¬ 
tions  but  will  proceed  in  a  more  direct  manner.  At  first  we  remark  that  by  (16) 

(27)  7(8  -1-  2a,  a)  =  7(8,  a) 


*  so  that  the  behavior  of  7(8,  a)  near  8  =  2a  is  reduced  to  that  near  8  =  0  and 
f  we  investigate  this  behavior  now.  From  (18)  we  have 


7(8,  a)  =  7(8,  2t) 


(28) 


-/'[ 

Jo  L 


|a~*  sin  (ir8/a) 


cosh  (wx/a)  —  cos  (x8/a) 

_ jx"*  sin  (^8)  1 

cosh  (§x)  —  cos  (|8)  J 


exp  (— /3p  cosh  x)  dx 


and  the  integrand  of  (28)  is  regular  near  x  =  0  also  if  8  =  0,  for  which  value 
it  is  zero  (this  is  also  obvious  from  the  fact  that  the  r.h.s.  of  (14)  is  independent 
of  a).  The  integral  on  the  r.h.s.  of  (28)  can  now  easily  be  represented  asymp¬ 
totically  using  (18)  and  (25)  by 

exp  (-^p)Z«-o  [^»(«,  «)  -  2x)r(n  -|-  i)](^p)""~* 
and  the  coefficients  of  this  series  vanish  for  8  =  0.  We  write  now 


7(8,  2x)  = 


exp  (— /3p  cosh  X  dx 
cosh  (Jx)  —  cos  (J8) 


+ 


—  ^  sin  (J8)  j  exp  (— /3p  cosh  x) 
J  dx  -H  ^  sin  (^8)  ^ 


cosh  (|x)  -f  cos  (J8) 


_ 1 _ 

cosh  (^x)  —  cos  (J8) 

’  exp  (— ffp)  cosh  x)  . 
cosh  (§x)  -f-  cos  (^8) 
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/(«,  2t) 


(29) 


-  -imn(W  r  %)  «P  ^  X)  ^  _  _ 

IT  Jo  cosh  X  —  cos  S 

by  (18).  The  integral  on  the  r.h.8.  of  (29)  can  be  reduced  to  the  error  integral 
while  the  asymptotic  expansion  of  /(2r  —  6,  2t)  according  to  (24)  will  be  valid 
near  i  =  0.  We  introduce  the  substitutions 

cosh  X  =  1  +  /;  cosh  (^x)  =  (1  +  it)*;  dx  =  [t{2  +  01  *  dl, 

and  we  get 

1  .  .X  /■*  cosh  (^x)  exp  (— <3p  cosh  x)  dx 
ir  Jo  cosh  X  —  cos  i 

*  -  sin  (i4)  2~*  exp  (— /3p)  f  <“*(!  —  cos  5  +  exp  (—/Spt)  dl 
IT  Jo 

=  sgn  i  exp  (— /9p  cos  4)  Erfc  l(2/Jp)*  |  sin  J4)  |  ], 

where 

(30)  Erfc  (z)  -  «"'*  dt 

and  so  we  get  from  (28),  (29)  and  (24)  finally 

\  1  •  /  \  exp  (—/3p  cosh  x)  dx 

/(4,  o)  «  —  —  sm(T4/o)  /  — r-p — 7-r - .  .  ,  . 

2a  Jo  cosh  {wx/a)  —  cos  (ir4/a) 

=  —  sgn  5ir~*  exp  (— /3p  cos  4)  Erfc  l(2/3p)*  |  sin  (^4)  |  ] 

-  (|8p)-‘  exp  (-M  Z  Tin  +  i)(A,(4,  a)  -  A,(4,  2t) 

K-O 

—  A„(2t  —  4,  2t)103p)“"  — t  <  arg/3_<  t, 

or,  by  (17)  with  j9  =  tfc 

7(4,  a)  =  —  ir“*  exp  tfcpcos  ^  4S((2A:p)*  |  sin  (§4)  |^) 

-  (fcp)"*  exp  ^—ikp  -  Z  »'"r(n  +  i)lA,(4,  o) 

—  A«(4,  2x)  —  A,(2t  —  4,  2x)l(A:p)“", 

where  <S(z)  is  the  Fresnel  integral 

(33)  5(z)  =  j  exp  (— tf*)  dt  =  Erfc  (zi*) 

and  the  coefficients  are  given  by  (23).  Clearly  (32)  is  valid  also  for  4  »  0. 


(31) 


lim  7(4,  a) 

l->±0 


r  exp 


(-it  +  i^) 


S(0). 
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But 

5(0)  =*  [  exp  (— t/*)  dt  “  ix/t* 

Jo 

and  hence 

(34)  1(6,  a)  ™ 
in  agreement  with  (14).  If 

(kp)*  sin  (J«)  »  0 

we  can  use  the  well  known  as3rmptotic  expansion  for  S(z)  for  large  z 

(35)  S(z)  -  ix-*  exp  (-tz*  -  Ht)  t*r(n  +  i)z-*"-' 
and  thus 

x“*  exp  (—ikp  cos  5  +  tx/4)5[(2/cp)*  |  sin  ^6  |  ] 

ir'\kp)-*  exp  (-ikp  -  »x/4)E:-o»"2-"-*r(n  +  i)  |  sin  ^6  r‘"-‘(A:p)-. 
We  can  easily  verify  that 

.4,(2x  -  6,  2x)  +  A„(6,  2x)  =  ix-‘(-l)-2-"-*  (sin  J«)-*"-\ 
so  that  for  (A:p)*  sin  )5>  0  we  are  left  with 

(36)  1(6,  a)  —  (fcp)“*  exp  (  —  ik  —  ix/4)  E"-o  t~"-4»(3,  a)r(n  +  h)(kp)~*, 

which  is  precisely  the  relation  (25).  Therefore  (32)  represents  our  desired  asymp¬ 
totic  expansion  which  is  valid  also  for  3  =>  0  and  the  problem  of  the  asymptotic 
behavior  of  (la)  to  (3b)  for  large  values  of  kp  can  be  considered  as  solved.  It 
may  be  of  interest  to  remark  that  for  values  of  3  near  zero  the  dominant  term 
of  (32)  (the  Fresnel  integral)  is  independent  of  the  angle  of  the  wedge  (as  was 
to  be  expected  from  (14).  Thus  the  behavior  of  the  field  in  the  vicinity  of  one 
of  the  boundaries  of  the  shadow  is  independent  of  the  angle  of  the  wedge. 

Expansion  of  /  (3,  a)  for  small  values  of  kp.  For  the  computation  of  (la)  to 
(3b)  for  small  values  of  kp  we  can  use  (8)  and  (9).  But  is  it  necessary  in  certain 
cases  to  have  an  expansion  of  this  type  for  7(3,  a)  as  defined  by  (10)  rather  than 
an  expansion  for  the  combination  (la)  to  (3b).  We  proceed  now  to  derive  an 
expansion  for  7(3,  a)  as  given  by  (16)  for  small  value;  of  kp.  Again,  we  con¬ 
sider  temporarily  (18),  substitute  there 

fa”*  sin  (x3/a)  -i  /*“  sinh  [X(a  —  3)]  /  ^  n  ^  t  ^ 

cosh  (xx/a)  —  cos  (x3/a)  Jo  sinh  (oX) 

and  get  interchanging  the  order  of  integration  and  using  the  well  known  integral 
expression  for  the  modified  Hankel  function  ([15],  p.  181) 
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(37) 


K.W  -  (  exp  (—2  cosh  t)  cosh  (vt)  di 

lit  \  1  -J  •  /  t/  \  exp  (—/3p  cosh  x)  dx 

/(«,  a)  =  -\a  sm  (t«/o)  /  — - - _  .  .  >  , 

Jo  cosh  (xx/o)  —  cos  (x6/a) 


(aX)  sinh  (xX) 

Now,  we  complete  the  path  of  integration  to  a  closed  contour  by  a  semi  circle 
with  a  radius  (N  +  §)x/a  in  the  upper  half  plane  and  let  N  tend  to  infinity 
through  positive  integers.  The  residue  theorem  gives  then  instead  of  (37)  (see 
also  [11]  appendix) 


1(5,  a)  =  i(V«  —  l)7o(/3p) 


(38) 


and  by  (17) 


T/,  N  1  -1  •  f  exp  (—tAp  cosh  x) 

1(5,  a)  =*  -Ja  smi  — )  /  — .  .  ,  .  - j- 

\a/  Jo  cosh  (xx/a)  —  cos  (x 

(39)  ~  ^  (a  ~  S  |t~"«^«(M 


dx 


cosh  (xx/a)  —  cos  (x5/a) 

sin  n(a  —  5) 


sin  (tux) 

- '  (»“  k)  } 


If  we  let  a  tend  to  x  and  apply  L’Hospital’s  rule  we  can  derive  Erdelyi’s  result 
([6]  equ.  9). 
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MILNE’S  PROBLEM  FOR  ANISOTROPIC  SCATTERING 
Bt  I.  KuSiER 


L  Introduction.  Milne’s  problem  arises  in  astrophysics,  neutron  physics,  and 
in  optics  of  scattering  media.  In  the  latter  context  the  problem  can  be  formulated 
by  asking  for  stationary  distributions  of  monochromatic  light  in  a  macro- 
scopically  homogeneous  semiinfinite  scattering  medium.  Sources  of  light  are 
thought  to  be  present  only  at  infinity  inside  the  medium,  from  where  the  light 
is  diffusing  towards  the  surface.  The  distribution  of  light  in  a  very  thick  plane 
parallel  layer  scattering  material,  which  is  illuminated  from  one  side,  is 
approximately  equal  to  Milne’s  distribution  if  the  region  near  the  illuminated 
face  is  excepted. 

For  isotropic  scattering  and  other  simple  scattering  laws  Milne’s  problem 
has  been  solved  for  some  time  [1-6].  The  general  case  has  been  treated  by  Chan¬ 
drasekhar  [2]  by  an  approximate  method  which  is  based  upon  Gaussian  quadra¬ 
tures  for  the  angular  variable.  We  shall  avoid  this  artifice  by  generalizing  an 
“exact”  method  which  has  been  used  in  the  above  mentioned  simple  cases.  Such 
a  generalization  can  be  justified  by  the  fact  that  common  scattering  media, 
such  as  fog,  turbid  water,  or  opal  glass,  usually  do  not  follow  very  simple  scat¬ 
tering  laws. 

The  main  aim  of  this  paper  is  to  obtain  an  asymptotic  approximation  for  the 
average  intensity  /o(r),  as  well  as  the  values  of  this  quantity  and  of  some  other 
angular  averages  at  r  =  0.  The  asymptotic  approximation  has  the  form  Jo(r)  « 
sinh  [(t  -t-  9)/i>#]  in  non-conservative  cases,  and  Jo(t)  «  t  -|-  g  in  conservative  * 
cases. 

For  general  information  the  reader  may  be  referred  to  Chandrasekhar’s  mono¬ 
graph  [2],  which  will  be  quoted  in  the  following  by  “R.T.”  Most  of  the  present 
notation  and  terminology  will  be  borrowed  from  that  source. 

Let  us  summarize  the  basic  equations  for  the  stated  problem  (R.T.,  Chapter 
I).  The  specific  intensity  /  is  a  function  of  the  optical  depth  r  (i.e.  the  distance 
from  the  surface,  measured  in  mean  free  paths  of  the  photons)  and  the  polar 
angle  arccos  m  with  respect  to  the  outward  normal.  If  polarization  dfects  can  be 
neglected  /(t,  h)  satisfies  the  equation 

M  “  Hr,  fi)  —  ^  /(t,  mOpG»i  mO  dn',  (1) 

with  the  boundary  condition  7(0,  m)  =  0  for  —  1  ^  M  <  0.  We  want  a  solution 
which  u  non-negative  for  0  ^  t  <  «  and  —  1  ^  ^  1.  Instead  by  Eq.  (1)  we 

may  formulate  the  problem  by  an  integral  equation  [the  “formal  solution”  of 
(1)],  which  includes  the  boundary  condition: 

I(r,  k)  -  i  /"■’  [ 1(1,  I‘')p(m,  (.0  dp’]  e-»-«  V‘  di.  (2) 
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The  upper  limit  of  the  first  integral  should  read  «  for  0  <  m  ^  1>  and  0  for 
-*  1  ^  M  <  0.  The  same  notation  will  be  used  in  some  other  equations,  deduced 
from  (2). 

The  function  p(ji,  appearing  in  (1)  and  (2),  is  the  azimuthal  average  of  the 
phase  function  (scattering function), i.e.  pOi,  mO  ^  (V^f)  /  p(coe  6)  where 

Jo 

cos  0  —  mm'  +  (1  —  M*)*(l  ~  /*'*)*  208  If  p(coe  0)  »  (cos  0),  then 

p(m,  mO  “  0|Pi(m)Pi(m').  We  suppose,  as  indicated,  that  the  phase  func¬ 

tion  is  a  polynomial. 

The  so  called  non-conservative  cases  are  characterized  by  0  <  Oo  <  1.  Only 
cases  of  this  kind  will  be  discussed  in  the  following  four  sections.  Conservative 
cases,  with  Oo  »  1,  are  in  some  respects  exceptional,  and  therefore  will  be  treated 
in  a  separate  section. 

Since  p(coe  0)  is  non-negative,  it  is  certain  that  |  Oi  |  <  (2/  +  1)  coo .  The 
quantities  »  2f  +  1  —  Oi,  which  will  be  used  in  some  formulae,  are  therefore 
positive,  with  the  only  exception  that  Ao  »  0  in  conservative  cases. 

2.  The  diffusion  length.  Information  about  the  asymptotic  behaviour  of  the 
solutions  of  Eq.  (1)  can  be  obtained  by  looking  for  special  solutions  of  the  form 
I(t,  m)  ™  These  solutions  are  conveniently  determined  by  a  method 

which  is  due  to  Chandrasekhar  (R.T.,  §48).  We  shall  briefly  review  this  method 
and  add  some  remarks  which  concern  Milne’s  problem. 

Equation  (1)  shows  that  g(ji)  must  satisfy  the  equation 

(1  —  n/y)g(ji)  “  i  giiiOpitt,  mO  d/*'.  (3) 

Insertion  of  the  Legendre  development 

=  Er-o  (21  +  l)Uy)PM  (4) 

into  (3)  gives  the  more  useful  development 

gin)  =  (1  -  m/p)”*  J^i-o  oai^ioiy)Pii(t),  (5) 

and  a  recurrence  relation  for  the  coefficients: 


itoiv)  +  [(f  -  l)/f]fj-i.o(p)  =  (A|-iI'//)€|_1.o(p). 
Putting  {oo  =  I  we  find  from  (6)  successively:  {io(p)  =  fktv, 

{jo(i')  =  hihohiv*  —  !),•••  , 


_  hohi  ♦  •  •  hi-i  / ,  _  .4.  q  -  1)*!  I-* 

,  r  I  l*-4»  (/-3)«(^-i)n  \ 

^  Ihohihtht  ^  hofhhth,  ^  ^  y 


(6) 


(7) 


{n(i')  is  a  polynomial  of  the  order  I  and  can  be  regarded  as  a  generalisation  of 
the  Legendre  polynomial  Piin),  to  which  it  degenerates  if  A*  *=  2m  -|-  1  for 
m  =  0,  1,  2,'-  •  •  ,  i  —  1. 
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If  (7)  is  inserted  into  (5),  and  this  into  equation  (3),  integration  of  both  sides 
leads  to  an  equation  of  the  form 

T{v)  =  0,  (8) 

with 


Tip) 


1  —  i  S  f  Pi(ji)(l  —  mA)”*  dft. 

i-o  J-i 


(9) 


The  above  deduction  is  valid  if  v  does  not  lie  in  the  interval  —  1  ^  ^  1. 

We  have  to  except  these  values  from  our  discussion.  The  function  T{y)  is  thus 
defined  in  the  complex  plane  of  w,  cut  along  this  interval. 

Equation  (8)  represents  the  necessary  and  sufficient  condition  for  Eq.  (3)  to 
have  a  non-zero  solution.  This  point  might  appear  clearer  if  we  mention  that  also 
Fredholm’s  method  can  be  applied  to  Eq.  (3).  The  function  T(p)  then  reappears 
in  the  role  of  Fredholm’s  denominator  [7]. 

Using  a  formula  mentioned  by  Waller  [8],  we  can  transform  the  expression 
(9)  into 


T(p) 


1  -  2  -  (MA)*l"‘dM, 

Jo 


(10) 


where 

'  =  lEfLo  (11) 

'i'o(M)  is  an  even  polynomial  of  the  order  2N.  We  shall  later  need  the  integrals 
ijo  “  2  r  ^c(m)  dfi  and  tft  ^  2  j  d(i,  for  which  we  find  by  direct  calcu¬ 

lation,  using  (7): 

vo  =  1-  Ih-khi-ih,  •  •  •  (2Ar  1)"X  <  1,  (12) 

{I  - no)  -  (4?  -  1)"*].  (13) 


The  roots  of  equation  (8)  are  real  and  their  number  2n  is  finite  (n  ^  AT  -|-  1) 
[7].  The  positive  roots  will, be  denoted  hy  po  ,  pi  ,  •  •  •  ,  Pn  ,  and  so  ordered  that 
^0  >  »'i  >  •  •  •  >  *'»  >  1*  Since  T(p)  is  an  even  function,  also  —  i^o ,  —  I'l ,  •  •  •  are 
roots  of  (8).  If  gkiu)  is  the  solution,  corresponding  to  Pk ,  then  gh{—y)  corresponds 
to  —  r* .  If  SPo(m)  >  0  for  —  1  ^  M  ^  1,  then  T{p)  has  only  one  pair  of  zeros 
{±Po)  (cf.  R.T.,  §40). 

We  are  mainly  interested  in  those  solutions  of  (3)  which  are  non-negative  for 
—  1  ^  /I  ^  1.  It  has  been  proved  [7]  that  only  one  pair  of  such  solutions  exists, 
namely  (?o(m)  and  (?o(— /*)•  The  corresponding  roots  (ii^o)  of  Eq.  (8)  are  simple, 
and  are  either  the  only  ones  or  greater  in  magnitude  than  any  other  root.  The 
particular  root  ro  is  often  called  the  diffusion  length  [9]. 

A  few  remarks  about  the  practical  calculation  of  may  be  added.  Iteration 
of  a  modified  form  of  Eq.  (8)  might  be  convenient  in  some  cases.  We  can  see 
from  (8)  and  (10)  that  vo  is  large  (of  the  order  K^)  if  ho  and  therefore  1  —  ik(  are 
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small  (i.e.  if  true  absorption  is  weak).  In  such  cases  Holte’s  development  [10]' 
vi*  =  hchi[l  -  4ho/ht  +  hiim/hi  -  36hi/hiht) 

(14) 

-  hiWhi  -  A32hi/hlht  +  32ihWhl  +  57Qh\/h\hlhi)  +  •  •  •] 

gives  the  diffusion  length  in  a  most  direct  way.  Let  us  mention  a  short  deduction 
(only  apparently  different  from  that  of  Holte)  which  leads  to  this  development. 
The  Legendre  coefficients  of  goifi)  decrease  to  zero  with  increasing  I,  while 
this  is  certainly  not  true  for  ^n(y)  in  general  (i*  ^  vo ,  "  *)•  It  follows  that  the 
equation  |n(i')  ™  0  must  furnish  a  good  approximation  for  vo  if  a  sufficiently 
high  I  has  been  chosen.  We  develop  pq*  in  powers  of  ho  and  determine  the  co¬ 
efficients  by  insertion  into  that  equation,  m  correct  terms  are  obtained  by  this 
way  if  Z  “  2m. 

3.  Reduction  of  the  integral  equation  (2).  If  the  Legendre  development 

Hr,  m)  =  Er-o  (21  -h  l)J,(r)P,(M)  (15) 

is  introduced  into  (1)  a  system  of  differential  equations  for  the  coefficients  fol¬ 
lows  [11]: 

Ji(r)  +  [(Z  -  l)/l\J'Ur)  =  {h,.x/l)JUr).  (16) 

For  a  solution  of  the  special  form  /(t,  m)  =“  with  g(n)  given  by  (4),  we 

see  now  that 

JM  =  Uy)e^".  (17) 

Eq.  (16)  then  reduces  to  the  relation  (6). 

Let  us  substitute  the  development  (15)  also  into  Eq.  (2).  Carrying  out  the 
integration  over  n  we  obtain : 

Hr,  m)  =  r'  E  ffl,/,(Z)P,(M)e““"'’ V‘  dt.  (18) 

Jt  j-o 

This  equation  can  be  further  simplified  by  aid  of  the  system  (16). 

We  show  first,  by  partial  integration,  that 

/■'*  7, (<)«-“-" V  <u  -  /■ '"  JUD  -  .A w(i)]  dl 

+  KM  -  (19) 

For  brevity  we  have  introduced  the  notation 

K,(t)  =  J,(t)  +  [{I  -  l)/l\JUr),  (20) 

and  the  symbol  e  which  has  the  following  meaning:  c  =»  0  for  m  >  0,  and  e  »  1 

for  n  <  0. 

Further  partial  integrations,  applied  to  the  right-hand  aide  of  (19),  finally 
leave  only  Jo(r)  in  the  integrand.  We  find  tentatively: 

>  Holte’fl  problem  is  more  general  and  is  reduced  to  the  present  one  by  substituting  1 
for  ho  ,  and  0  for  all  other  derivatives  of  At .  Notice  also  that  our  Ai  corresponds  to  Holte’s 
(2f  +  1)A,  . 
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dt 


(21) 


+  Z  t..(c)(K.(r)  -  •K,(0)e"'‘\ 


The  Are  certain  polynomials  which  we  are  going  to  determine.  We  shall 
see  that  for  m  »  0  they  are  identical  with  those  defined  earlier. 

If  Eq.  (21)  is  rewritten  with  I  —  1  or  f  —  2  substituted  for  I,  a  combination 
with  Eq.  (19)  shows  that  the  {j»(m)  follow  the  recurrence  relation  (6),  i.e. 

+  [{I  -  (22) 


This  is  valid  for  1  m,  if  we  put  =  0  for  1  <  m.  Equation  (19)  also  shows 
that  (ji  “  1. 

If  inifi),  AS  given  by  Eq.  (7),  is  considered  to  be  a  function  of  ho,  hi,  -  -  ■  , 
hi-i ,  then  the  other  can  be  expressed  by  partial  derivatives: 


(23) 


By  aid  of  the  relatimi  (21)  the  functions  Jiit),  Jtit),  •  •  •  ,  JhH)  can  be  elimi¬ 
nated  from  the  integrand  in  Eq.  (18).  We  obtain: 

/(r,  m)  =  2  f *'’yo«)’l^o(M)c"“~^’ V*  +  2  E  -  €/^«(0)c^"‘l.  (24) 

Jt  m-1 

where 

=  hUt-..  o,{,«(m)P«(m)  (2.5) 

[this  is  a  generalisation  of  (11)]. 

When  both  sides  of  (24)  are  averaged  over  n,  the  following  equation  for  Jo(r) 
remains: 

Ur)  -  f  Ut)Git  -T)(U-'t  KM  t  4'-(-M)e"'"‘  d^,  (26) 

Jo  t  '  m-l  Jo 

where 

G«)  =  r4^o(M)e''‘'V'dM.  (27) 

Jo 

The  latter  function  is  a  linear  combination  of  the  exponential  integrals  Ei(|  ^  |), 
Eo(\  M).  •  •  •  .  EtsU\  1 1)  (cf.  R.T.,  pp.  16  and  347). 

We  mention  in  this  connection  a  simpler  problem  which  leads  back  to  the  re¬ 
sults  of  the  previous  section.  If  the  medium,  instead  of  being  semiinfinitc,  fills 
up  the  whole  space,  we  obtain  instead  of  (26)  the  equation 

Jofr)  -  f  JoiOGit  -  t)  dt. 


(28) 
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According  to  a  general  theorem  [12]  any  “reasonable”  solution  of  (28),  i.e.  such 
that  J*(t)  =  0(e*'''),  with  c  <  1,  has  the  form 

Mr)  =  E* 

to  which  the  following  solution  of  (1)  corresponds: 

Hr,  m)  =  Z*  (29) 

Ak  and  Bu  are  arbitrary  constants  if  i**  is  a  simple  root  of  Eq.  (8).  If  Vk  were  an 
n-fold  root  A*  and  Bi,  could  be  arbitrary  polynomials  of  the  order  n  —  1.  Such 
a  case  cannot  happen  to  Ao  and  Bo  because  i«o  is  a  simple  root,  (it  can  moreover 
be  proved  that  no  multiple  roots  exist  in  non-conservative  cases). 

Thinking  of  Milne’s  problem  we  may  select  from  (29)  those  solutions  which 
are  non-negative  for  large  positive  r  and  —  1  ^  ^  1>  wid  unbounded  for  t  — »  « . 

According  to  a  statement  in  Section  2  the  expression  (29)  represents  such  a  solu¬ 
tion  if  Ao  >  0  and  Ai  =  At  =  •  •  •  ■*  0.  For  large  positive  t  then  the  term  with 
is  the  strongest  one,  so  that 

/(r,  m)  =  AogoMe^'"^  +  0(s-'''*),  (30) 

and,  according  to  (17), 

JM  =  AoiMe^"'*  +  0(e-’"*).  (31) 

General  considerations  [7,  13,  14]  permit  the  conclusion  that  the  same  must  be 
valid  also  for  the  non-negative  solution  of  Eq.  (2). 

4.  The  "pseudo-problems.*’  Before  attempting  to  solve  equation  (26)  we 
shall  study  the  “pseudoproblem”  (R.T.,  §89)  which  is  represented  by  the  simpler 
equation 

fir)  -  f  mat  -  r)  dt.  (32) 

Jo 

We  shall  normalize  the  solution  by  the  condition  f(0)  »  1,  and  require  that 
/(t)  =■  0(e’^''*)  for  T  — ►  00 . 

The  last  term  in  (26)  is  a  linear  transform  of  the  function  This  suggests 
to  consider  also  an  inhomogeneous  equation,  where  that  term  has  been  replaced 
by  e-’"*: 

fir,  m)  “  f  fit,  ^)G(l  -  T)dl  +  e^'\  (33) 

Jo 

The  bounded  solution  only  will  be  required  in  this  case.  We  have  indicated  that 
this  solution  depends  also  upon  the  choice  of  n. 

Equations  (32)  and  (33)  can  be  solved  by  any  of  the  methods  which  have  been 
applied  to  Milne’s  problem  for  isotropic  scattering  [1~4],  where  Git)  » 
§OoEi  (1 1 1).  We  shall  use  a  method  which  is  due  to  Ambarzumian  [15].*  Since  no 
essential  generalisation  is  necessary  for  the  present  case  it  seems  sufficient  to 
quote  only  the  results,  obtained  by  that  method: 


The  methCd  is  also  explained  in  reference  [3],  $28. 
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1)  The  function 

/(O,  m)  =  Hit,)  (34) 

is  that  solution  of  the  integral  equation 

W(m)  =  1  +  m»(m)  f  +  m0"‘  dfi'  (35) 

Jo 

(R.T.,  Chapter  V),  which  is  bounded  for  positive  fi. 

2)  The  Laplace  transform  of  f(r,  fi)  is  related  to  H(ft)  by  the  equation 

(m'‘  +  m'~')  f  fit,  dt  -  Hiti)Hiii').  (36) 

*0 

3)  A  similar  relation  is  valid  for/(T)  (R.T.,  §89.2): 

(m"‘  -  i-r*)  j[  /(/)«"'"■  dt  =  Hi,,).  (37) 

The  evaluation  of  Hiti)  is  best  carried  out  by  numerical  iteration  of  a  modified 
form  of  Eq.  (35)  (R.T.,  §41).  Some  further  numerical  labour  is  required  for  the 

evaluation  of  the  moments  a,  =  /  H(ji)ti'dti,  which  are  needed  to  express 

some  other  integrals,  involving  Hiti),  such  as 

.  1 

-  I  Hitt)tt'  'i'mi—ti)  dfl.  (38) 

Jo 

Several  algebraic  relations,  e.g. 

doo  =  1  “  (1  ~  ijo)*,  and  2(1  —  iro)^/3]o  +  dio  =  Vt  (39) 

(R.T.,  §38)  can  be  used  for  checks. 

The  relation  Hiv)Hi—p)  =  1/T(i»)  (R.T.,  §40)  shows  that  Hiv)  has  (simple) 
poles  at  r  =  —Vk-  These  and  the  branching  points  at  v  =  —  1  and  i'  =>  0  are 
the  only  singularities  of  Hiv)  in  the  complex  plane  of  v,  cut  along  the  real  axis 
between  —  1  and  0.  The  residue  at  v  =  —  is 

Res  [Hiv)]^,,  =  -[Hivk)rivk)r\  (40) 


The  functions  /(t,  h)  and  /(t)  can  be  obtained  from  the  equations  (36)  and 
(37)  by  the  inverse  Ijaplace  transformation: 


r»+t» 

Jx—iy 


Hiv)Hi\/z) 

A*”*  +  2 


dz, 


(41) 


where  x  >  —l/vo.  We  shift  the  integration  path  to  the  left.  Whenever  it  crosses 
a  pole  —  1/vk  of  the  integrand,  the  respective  residue  has  to  be  added  to  the  right- 
hand  side  of  (41).  When  all  poles  have  been  traversed,  x  approaches  the  value 
—  1,  which  means  that  the  remaining  integral  is  of  the  order  e~'.  Using  Eq.  (40) 
we  obtain: 
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/(t.m) 


L  +  2 

y*  _ _ 

yk(Pk  -  ^)mn)rM 


1  +  0(e-0 

J—-VPk 

+  0(e-0 


(42) 


_ fiH(ji) _  -T/»o 

Voivo  —  ^)H(yo)T(po) 


It  is  obvious  that  the  term  0{e^'*^)  in  (42)  has  to  be  replaced  by  0(6“^)  if  ±po 
are  the  only  zeros  of  T{v).  It  appears  that  this  is  the  common  case  (R.T.,  §40). 
In  cases,  however,  when  T{v)  has  more  zeros,  Pi  etc.  are  usually  found  to  be  near 
unity  (while  Po  can  be  much  greater).  For  this  reason  we  have  neglected  the  terms 
with  etc.  in  the  final  expression  (42). 

When  applying  the  same  method  for  /(r),  we  have  to  notice  that  in  this  case 
also  +l/»'o  is  a  pole  of  the  integrand.  The  result  is: 


/(r)  =  -  [2.oH(i^,)r(i^)r‘c-^"*  +  0(6-'''‘).  (43) 

6.  Solution  of  Milne’s  problem  for  non-conservative  cases.  A  formal  solution 
of  equation  (26)  can  be  immediately  obtained  if  the  constants  K,JfS)  are  re¬ 
garded  as  if  being  given  and  independent  of  the  solution.  We  thus  consider 
(26)  as  an  inhomogeneous  equation.  Any  of  its  solutions  is  then  equal  to  the 
sum  of  a  solution  of  the  corresponding  homogeneous  equation  (32)  and  the 
bounded  solution  of  Eq.  (26)  itself.  We  take  /(r)  for  the  first  part,  and  express 
the  second  by/(T,  m): 


</o(t)  = /(t)  —  2  A*(0)  f  4'»(— m)/(t,m)  d/i. 

iM-i  Jo 


(44) 


This  solution  is  of  the  type  required  by  Eq.  (31),  and  is  so  normalized  that  Ao  = 
lim  Jo(t)c‘^^'*  =  lim  /(T)e'^^'*  =  H(yo)  for  t  — »  «> . 

In  order  to  determine  the  unknown  constants  Km(0)  we  deduce  from  Eq.  (26) 
similar  equations  for  the  functions  Ki{t)  (I  =  1,  2,  •  •  •  ,  AT): 

KM  =  f  KiiDGit  -T)dt  +  t.  KM  dn,  (45) 

Jo  m-l  Jo 


where  4>|m(m)  =  (Aj_ui/i)(f»-i.o(— >»)4'«(— m)  —  fi-i.ii.(— m)4'o(m)]  if  i  m,  and 
-  iht-tn/l)^i-i,o{-fi)^i(—n)  +  4^o(m).  The  validity  of  Eq.  (45)  can  be 
proved  by  differentiating  both  sides  and  observing  the  equations  (16),  (20), 
(22),  and  (31).  We  formally  solve  the  equation  in  the  same  way  as  this  has  been 
done  with  equation  (26) : 


Aj(t)  =>  (/1|_iI'o/0{|-1.o(|'o)/(t)  +  H  Km(0)  f  fl)  dfi. 

m-l  Jo 


(46) 


The  first  term  on  the  right-hand  side  has  been  determined  according  to  Eq.  (31). 
We  need  only  the  value  for  t  =  0: 

A |(0)  =  (hl-ll^/0{l-l.o(»^))  +  SiLl  CtmKmiO) 


(47) 
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where 

Cj»  “  /  dfl. 

Jo 

If  the  determinant 

1  —  Cxi,  “Cit,  **•  »  —CiM 
— Ca,  1  —  Cn,  •••  ,  — CtAf 

•“Cati,  ~~Cin,  •••  »  1  “  Catw 

is  different  from  zero,  and  Cim  are  its  signed  minors,  the  solution  of  the  system 
(47)  is 

^l(0)  =  ^^^lClm(hm-l/nt)^m-l,o(>'o)‘  (49) 

With  this  result  inserted  equation  (44)  represents  the  final  solution  of  Eq.  (26). 
Let  us  in  particular  quote  expressions  for  r  >■  0  and  r  — >  w : 

^•(0)  =  1  -  E;Li  |8o-^»(0),  (50) 

J,(r)  =  2H(po)e-*'^*  sinh  [(t  +  q)/Po]  +  0(e-^''').  (51) 

The  so  called  extrapolation  distance  [9]  q  is  determined  by 

-  2,^(,^,)7’'(,„)I1  +  Zi-ir»«:-.(0)r‘,  (52) 

with 

r«  =•  2  ^  4'*(— m)^(m)m(»'o  —  m)”‘  dfl. 

6.  Conservative  cases.  The  vanishing  of  ho  has  the  consequence  that  (to  »  0, 
and  makes  the  order  of  the  polynomials  {io(M)  (for  1^2)  and  '9o(jt)  (for  1^1) 
to  be  lower  by  2  than  in  non-conservative  cases.  A  consequence  is  that  i>o  =  1, 
while  Eq,  (13)  reduces  to  , 

nt  =  ^■iho‘}ho  •  •  •  (2iNr  -h  ir^hs .  (53) 

T{v)  now  has  the  double  zero  ro  —  « ,  to  which  correspond  two  linearly  in¬ 
dependent  solutions  of  (28),  namely  Jo  **  I  and  Jo  ~  r.  The  function  H(y)  has 
a  pole  at  r  =  oo  but  this  is  still  simple.  Equation  (35)  gives  the  following  ap¬ 
proximation  for  large  v: 

H(p)  —  v/0io  +  j8io//9*o  +  0(1/ v),  (54) 

with  /3io  *■  vl  (see  Eq.  (39b)]. 

When  the  complex  integration  (41,  42)  is  carried  out  for  this  case,  the  residue 
at  z  »  0  gives  the  strongest  contribution.  We  obtain: 


(48) 
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/(r,  m)  «  +  OCe-’"*),  (55) 

/(r)  =  (t  +  i8«Mo)//3io  +  OCe-’"*).  (56) 

This  is  used  to  obtain  the  as}rmptotic  solution  of  equation  (26) : 

Mr)  =  (r  +  9)/fto  +  0(s-""').  (67) 

where 

9  =  i8«//3io  -  ZiLi  /8i«A:»(0).  (58) 

The  angular  distribution  is  approximately  linear  for  large  r: 

/(t,  ^)  -  (r  +  7  +  3M/fci)//3,«  +  0(s-""‘)  (59) 


[see  R.T.,  p.  14,  Eq.  (80)].  Therefore  the  functions  Mr),  J%{r),  •  •  •  vanish  for 
Equations  (16)  show  that  Ki{t)  is  a  constant,  and  K^^t)  therefore  a  linear 
function.  We  find  from  (59): 


K\  =  l/Ai/3ie ,  (60) 

K,{r)  =  (r +  g)/2^,.,  (61) 

so  that 

q  =  2/3io«:,(0).  (62) 

This  is  substituted  into  equations  (57)  and  (58). 

The  function  /iCi(r)  is  again  bounded  and,  by  (20),  has  the  limit  « )  =  \Ki . 
For  m  ^  4  we  have  lim  KJ^r)  »=  0. 

The  process  which  led  to  the  system  (47)  can  be  applied  also  to  conservative 
cases,  if  only  we  account  for  the  different  asymptotic  behaviour  of  the  functions 
Ki{t),  as  compared  to  non-conservative  cases.  The  first  term  on  the  right-hand 
side  in  (47)  has  to  be  replaced  by  }  if  f  =  2,  and  by  0  if  1  2,  so  that  the  system 

now  reads 

Km  =  +  2:1.,  c,»A:«(0).  •  (63) 

A  closer  inspection  shows  that  the  first  of  these  equations  (i.e.  for  1  =  1)  is 
reduced  to  a  useless  identity  (Ki  =  Ki),  and  the  next  two  ones  (I  «  2,  3)  to  the 
already  known  equations  (60)  and  (58).  So  the  number  of  unknowns  iiLM(0) 
(m  “  2,  3,  •  •  •  ,  iV)  exceeds  the  number  of  useful  equations  by  one.  We  com¬ 
plete  the  system  by  an  equation  of  the  same  type  for  Kt( « ),  which  is  obtainable 
with  the  aid  of  (55) : 

0ioK,(oo)  =  2/3hi  =  ELic;j£:«(0),  (64) 

where  Ct«  <=  /  ^j«(m)m^(m)  dn.  In  order  to  obtain  the  asymptotic  solution 
Jo 

(57)  in  its  final  form  we  need  only  to  determine  ^t(0)  from  the  system  (63,  64). 

If  W  »  2,  equation  (58)  alone  determines  the  extrapolation  distance.  We  find 
after  a  short  calculation  that 


q  =  (3Ai)(ai/ai). 


(65) 
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In  the  language  of  neutron  physics  we  should  say  for  this  case  that  the  ratio  of 
the  extrapolation  distance  to  the  transport  mean  free  path  is  equal  to  ai/ai . 
For  isotropic  and  linearly  isotropic  scattering  (AT  =  0,  1)  this  result  is  already 
known. 

7.  Conclusion.  A  numerical  application  of  the  above  method  is  certainly 
feasible  for  not  too  complicated  cases,  say  for  iV  up  to  4  or  5.  In  such  cases,  and 
if  more  than  a  rough  approximation  is  required,  this  method  could  have  some 
practical  advantages  over  that  of  Chandrasekhar  (R.T.,  §48).  The  latter  method 
too  requires  the  solution  of  a  S}rstem  of  linear  equations,  but  with  a  number  of 
unknowns  equal  to  the  order  of  the  approximation.  This  also  means  that  for 
higher  AT,  and  especially  if  a  rough  approximation  is  sufficient,  Chandrasekhar’s 
method  should  be  preferred. 
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STABILITY  CONSIDERATIONS  FOR  VARIOUS  DIFFERENCE 
EQUATIONS  DERIVED  FOR  THE  LINEAR  HEAT 
CONDUCTION  EQUATION 

By  G.  W.  Evans,  R.  Brousseau,  and  R.  Keirstead 

The  authors  have  been  somewhat  concerned  over  a  tendency  in  the  recent 
literature'  to  link  the  notion  of  the  stability  of  difference  equations  representing 
differential  equations  with  the  notion  of  the  non-growth  of  computational  errors 
in  the  process  of  obtaining  numerical  solutions  of  these  difference  equations. 
Since  in  many  cases  the  stability  criterion  produced  in  these  papers  is  identical 
with  the  Courant-Friedrichs-Lewy  condition*  governing  the  convergence  of 
the  solution  of  a  difference  equation  to  the  solution  of  the  related  differential 
equation,  the  implication  seems  to  be  that  stability  has  to  do  with  both  solution 
convergence  and  computability.  In  this  paper  to  show  that  this  is  not  neces¬ 
sarily  the  case  the  authors  will  illustrate  the  intrinsic  non-interrelatedness  of  the 
ideas  of  stability,  convergence  and  error  propagation. 

Using  the  linear  heat  conduction  equation,  Ui  =  u„ ,  examples  of  the  inter¬ 
play  of  these  three  properties  will  be  given  in  the  first  part  of  this  paper.  In 
the  second  part,  stability  and  instability  of  difference  equations  will  be  defined 
and  it  will  be  shown  how  the  von  Neumann  method  of  stability  investigation 
can  be  interpreted  in  the  light  of  this  definition.  In  the  third  part,  the  von  Neu¬ 
mann  method  is  applied  to  two  implicit,  iterative  differencing  schemes  for  solv¬ 
ing  the  linear  heat  conduction  equation.  The  difference  equations  investigated 
are,  in  general,  considered  from  the  aspect  of  having  a  high-speed  digital  com¬ 
puting  machine  do  the  labor  of  computation  and  from  the  aspect  of  having  to 
handle  problems  in  which  there  are  many  space  mesh  points  over  a  time  dura¬ 
tion  of  the  solution  which  is  to  be  as  large  as  possible.  The  extension  of  this 
method  is  illustrated  in  an  analysis  of  the  stability  of  several  difference  equa¬ 
tions  for  the  linear  wave  equation,  Uu  «  u„ .  Finally,  it  will  be  shown  how 
rounding  error  growth  can  be  examined  for  the  heat  conduction  equation. 
Both  the  definition  and  the  method  of  analysis  are  extensible  to  linear  m-th. 
order  difference  equations  in  n  independent  variables. 

Examples.  The  first  example  we  wish  to  discuss  is  one  in  which  the  numerical 
solution  has  been  considered  to  be  stable  for  A//(Ax)*  ^  Af  >  0,  otherwise 
the  solution  has  been  considered  to  be  unstable.  The  first  attempt  at  solving 
the  example  numerically  will  be  in  violation  of  the  above  condition  writh  no 
rounding  errors  committed.  The  second  attempt  will  be  at  the  limiting  value 

‘  To  mention  only  a  few  examples:  a.  O.  O'Brien,  M.  Hyman,  and  S.  Kaplan,  “A  Study 
of  the  Numerical  Solution  of  Partial  Differential  Equations,”  J.  of  Math.  Physics,  20, 
(1061)  b.  H.  A.  Forrester,  “Criteria  of  Stability  for  the  Numerical  Solution  of  Partial 
Differential  Equations,”  Los  Alamos  Report  1987,  (1061)  o.  F.  B.  Hildebrand,  Methods  of 
Applied  Mathematics,  Prentice-Hall,  Inc.,  (1062). 

*  R.  Courant,  K.  O.  Friedrichs,  H.  Lewy,  “Uber  Die  Partialle  Differenxengleichungen 
der  Mathematischen  Physik,”  Math.  Annalen,  100,  (1028). 
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of  the  above  condition,  A// (Ax)*  =  but  rounding  errors  of  several  types  will 
be  made. 

Let  f(x)  ^  0  be  continuous  for  almost  all  x,  — »  <  x  <  «>  and  let 
u(x,  0)  =  /(x)  where  the  temperature,  u(x,  t),  satisfies 

(1) 

(2) 


Ml  =  M, 


then* 


m(x,  t)  =•  (iy/7t)  f  fix')  dx', 


whenever  the  integral  exists.  Let  us  now  define  My.*  =  u(jAx,  kAt)  and  solve 
the  preceding  problem,  where  /(x)  is  defined  by 


(3) 


1 

0 

for 

—  00  <  X  ^  —2 

fix)  =  ' 

X  +  2 

for 

-2  ^  X  g  0 

—X  +  2 

for 

0  ^  X  ^  2 

0 

for 

2  ^  X  <  00, 

by  an  explicit  differencing  scheme 

where  Eq.  (1)  is  replaced  by 

My.»fl  ~~  _  My»l.t  2My^  +  Uy-I.t 

At  (Ax)* 


My.*+1  =  [A</(Ax)*](My+i.*  —  2My.*  -|-  My_i,»)  +  My.t  (4) 

and  the  definition  of  fix)  is  replaced  by 

M_y,0  =  My.o  =  0  for  j  ^  2 
M_1.0  =  Mi,0  =  1 
Mo.o  =  2 

Next,  choose  At  ^  2,  then  At/iAx)*  =  2,  since  Ax  =  1  and  Eq.  (4)  may  be 
written  as 

My.*+^  2Uj+i,k  —  SUj,k  4*  2My_i,*  . 

Now,  let  us  compute  our  answers.  At  f  >■  2,  we  have 
M_y,i  *  My.i  =  0  for  j  ^  3, 

M-f.i  =  M|.i  =  2,  M-1.1  =  Mi.i  =  1,  Mo.o  —  ~2 

at  (  =  4,  we  have 


(5) 


(6) 


(7) 


M-y.f 

=  My.t  = 

0 

for  j  ^  4  1 

M-4.1 

=  M».*  «= 

4, 

Mu-i.i  »  Mj.,  =  -4! 

*; 

(8) 

M^l.l 

=  Mi.j  = 

-3, 

0 

H 

0 

*  H.  8.  CarsUw  and  J.  C.  Jaeger,  Conduction  of  Heat  in  Solide,  Oxford  (1948),  p.  34. 
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etc.  Here  6t/{Ax)*  was  chosen  greater  than  the  Courant-Friedrichs-Lewy  cri¬ 
terion  for  convergence,  and  it  is  hard  to  conceive  that  the  numerical  answers 
contain  any  useful  relation  to  the  solution  [Eq.  (2)]  of  the  differential  equa¬ 
tion.  This  example  was  chosen  such  that  the  calculations  would  always  be 
performed  with  integers  and  would  produce  integer  answers.  Thus,  the  numeri¬ 
cal  solution  and  the  solution  of  the  difference  equation  [Eq.  (6)]  are  identical. 
If,  however,  we  repeat  the  preceding  calculation  using  then 

«  i,  which  is  the  limiting  value  for  stability  for  this  problem  and 
Eq.  (4)  becomes 

«/.*+!  =  +  M/-I.*).  (9) 


We  obtain  at  ^ 


U_y,i  *  liy.i  =*  0.0 

for 

7^3 

u-».i  =  u*.i  =  0.5, 

M_i,i 

=  Mi.i  =  1.0,  Mo.o  = 

=  1.0 

at  /  =  1 , 

W-y.*  =  Wy.j  = 

0.0 

for  7^4  1 

M-».l  =  Wj.j  = 

0.2, 

M-J.J  =  Mj.i  =  0.6 1 

s 

W-l.J  =  Wi.j  == 

0.7, 

p 

II 

0 

at  <  =  1, 

ti-y.»  =  My.*  = 

0.0 

for  7^5 

M_4.*  =  M*,*  = 

0.1, 

m_».*  =  Ml.,  =  0.2 

M_m  =  M,.|  = 

0.4, 

M_i.,  =  Ml.,  =  0.7 

> 

Mo.o  ~  0.7 

&tt  =  2, 

M_y.4  =  My,4  = 

0.0 

0 

IIV 

C71 

M-1.4  =  M4.4  = 

0.1, 

M_,.4  =  M,.4  =  0.2 

M_*.4  =  M1.4  = 

0.4, 

M-1,4  =  Mi.4  =  0.5 

f 

Mo.o  —  0.7 

etc.  In  the  above  calculations  the  answers  were  “rounded-down” 
that  is,  all  significant  digits  after  the  first  to  the  right  of 
were  dropped.  This  solution  [Eqs.  (5),  (10),  (11),  (12),  and  (13)] 

(10) 


(11) 


(12) 


(13) 


error  with  that  of  Eq.  (2),  possesses  some  of  the  essential  prc^rties  of  the 
solution  of  the  differential  equation.  The  temperature  at  all  times  is  greater 
than  or  equal  to  zero,  and  with  increasing  time,  the  temperature  dies  out  to 
zero  everywhere,  i.e. 


I 


LillU^«Uy,i  »  0 


for  all  j. 
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Here  we  point  out  that  the  numerical  solution  differs  from  the  solution  of  the 
difference  equation,  and,  yet,  it  may  be  considered  a  reasonable  solution  of  the 
differential  equation.  However,  if  we  had  used  the  normal  “round-<^”  proce¬ 
dure  of  adding  0.05  to  each  answer  before  dropping  all  digits  after  the  first  to 
the  right  of  the  decimal,  the  numerical  solution  would  have  the  property  that 

Lina*  .M,  Uy.*  “  0.7  for  all  j. 

Finally,  if  one  were  to  change  the  round-off  procedure  so  that  one  added  0.005 
to  each  answer  and  then  dropped  all  digits  after  the  third  to  the  right  of  the 
decimal,  the  numerical  solution  would,  with  increasing  time,  grow  without  an 
upper  bound.  The  above  examples  indicate  that  the  linking  of  the  notion  of 
error  control  with  the  concept  of  stability  has  little  meaning  unless  the  sta¬ 
bility  anal3rBis  takes  cognizance  of  the  manner  in  which  computing  errors  are 
introduced. 

The  second  example,  which  follows,  shows  that  there  are  particular  problems 
in  which  the  stability  criterion  may  be  violated  and  yet  have  the  numerical 
solution  identical  with  the  analytical  solution  at  the  points  at  which  the  numeri¬ 
cal  solution  is  calculated. 

Again  let  u(x,  t)  satisfy  Eq.  (1)  for  —  b  ^  x  ^  b,  b  >  0,  where 

u(x,  0)  -  U,  (14) 

U  a  constant,  and 

u(-6,  0  =  u(b,  t)  -  U,  (15)  , 

then  the  solution  is  given  by  * 

m(x,  0  «=  U.  (16) 

If  the  differential  equation  [Eq.  (1)]  is  replaced  by  the  difference  equation  [Eq. 
(4)]  and  Eqs.  (14)  and  (15)  by 

uy,0  -  U  (140 

and  tt_,,*  =  u^,k  =  (7,  (150 

f 

where  the  interval  (—6,  b)  is  divided  into  2n  subintervals  such  that  b/n  = 

Ax.  Obviously,  the  solution  is 

uj.k  =  U  (160 

which  is  independent  of  the  ratio  At/(Ax)*.  The  solutions,  Ekis.  (16)  and  (160 
are  recognized  as  the  steady  state  (time  independent)  solutions  and  can  be 
obtained  by  replacing  Eq.  (1)  by 

*  0  (17) 

and  Eq.  (4)  by 

Uy+i.*  =  2«y,*  —  Uy-i,*  .  (170 
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However,  for  the  case  h  ^  <x>  and  Ax  specified,  the  numerical  solution  can  be 
calculated  practically  from  Eq.  (4)  and  not  from  Eq.  (17')- 

In  the  next  example  we  wish  to  show  that  convergence  of  the  solution  of  the 
difference  equation,  using  a  fixed  ratio  of  A//(Ax)*,  to  the  solution  of  the  differ¬ 
ential  equation  does  not  imply  that  one  may  always  find  a  value  of  Ax  for 
which  the  solution  of  the  difference  equation  can  be  carried  out  numerically 
to  produce  a  reasonable  approximation  to  the  solution  of  the  differential  equa¬ 
tion. 

The  solution  for  u(x,  <)>  where  u  satisfies  Eq.  (1)  for  the  initial  and  boundary 
conditions 


tt(x,  0)  =  1 

for  0  <  X  <  t] 

1 

(18) 

and 

u(0,  t)  -  «(t,  0  =  0 

for  f  ^  0,  J 

is  given  by* 

w(*f  0  =  Sr-i  a,(8in  rx)e“'*‘ 

(19) 

where 

Or  =  (2/t)  j 

(sin  rx)  dx. 

(20) 

Let  us  replace  Eq.  (1)  by  Eq.  (4)  written 

in  the  form 

0(Uj,k+l  —  «>.*)  =  W/+1.*  ~  2Uy^  +  Uf-i,k 

(21) 

and  the  conditions  of  Eq.  (18)  by 


and 


M,.*  =1  for  y  =  1,  2,  •  •  •  ,  n  —  1 


tio.*  =  =  0  for  fc  =  0,  1,  2,  •  •  •  , 

where  /3  =  (Ax)*/^^  and  Ax—  x/n.  The  solution  of  this  differencing  system  is* 
«>.*  =  Hr-i  ar[l  -  (4//3)  sin*  (rT/2n)]*  sin  (jrir/n)  (22) 


where 

Or  =  (2/n)23"Ji‘  sin  (jrv/n). 

*  H.  S.  Carslaw  and  J.  C.  Jaeger,  Conduction  of  Heat  in  Solida,  Oxford,  (1948),  p.  76. 

*  F.  B.  Hildebrand,  Methode  of  Applied  Mathematics,  Prentice-Hall,  Ino.,  (1962),  p.  332. 
(On  page  331  of  this  reference  an  example  of  convergence  of  the  solution  of  the  difference 
equation  to  the  solution  of  the  differential  equation  is  given;  and  on  pages  333-334  it  is 
stated  that  this  is  an  example  of  convergence  in  which  the  mesh  ratio  violates  the  stability 
criterion.  However  in  this  example,  convergence  is  obtained  by  letting  Ax  -»  0 
where  (Ax)VAf  is  held  constant.  Furthermore,  on  page  331  it  is  shown  that  the  stability 
criterion  for  this  example  is  (Ax)VAi  ^  2  8in*(rAx/2)  where  r  depends  only  on  the  initial 
condition.  Thus,  even  if  one  starts  with  a  specihed  ratio  of  (Ax)*/AI  and  a  value  of  Ax  such 
that  the  above  stability  criterion  is  violated  then,  if  this  ratio  is  held  constant,  Ax  may 
be  decreased  until  the  criterion  is  satisfied,  and  one  may  expect  convergence.) 
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It  has  been  shown*  that  the  term  (1  —  (4//3)  sin*  (nr/2n))*  of  Eq.  (1)  may  be 
written  as 

[1  -  (4//3)  sin*  (rAa:/2)l^“'<^'’*, 
the  limit  of  which  as  n  — »  «>  is  just 

Similarly,  Or  may  be  written  as 

Or  -  (2/T)^yJi  (sin  rj  Ax)  Ax  =  (2/t)2Z7-i*  («“  rxy)Ax 
and 

Lim  Or  =*  (2/t)  /  (sin  rx)  dx. 

II-»M  wO 

Thus,  for  any  value  of  /3,  where  is  held  constant,  in  the  limit  as  Ax  tends  to 
zero,  the  solution  of  the  difference  equation  goes  over  to  the  solution  of  the  dif¬ 
ferential  equation.  This  statement  of  convergence,  however  does  not  imply  that 
for  any  assigned  value  of  /9  there  will  always  exist  a  finite  value  of  Ax  small 
enough  that  the  numerical  solution  of  the  difference  equation  will  be  a  reasonable 
approximation  to  the  analytic  solution.  A  very  simple  contradiction  of  this  is 
given  in  the  following  numerical  example,  where  the  numerical  calculations 
involve  no  round-off  errors. 

In  Eq.  (21)  let  |8  “  i,  then 

My,*+i  =  2Wy+i.*  —  SUyA  +  2My_i,*  .  (23)  , 

The  initial  temperature  distribution,  Uy.o ,  is  given  by  the  sequence 

0,1,  1,1,  1,1,  1,1,  1,1,0  (24) 

for  any  finite  n.  At  the  time  t  =  Af,  the  temperature  distribution,  wy.i ,  is  given 
by  the  sequence 

0, -1,1,  1,1,  1,  1,1,  1,-1,  0;  (25) 

at  the  time  t  =  2Af,  uy,t  is  given  by  the  sequence 

0,  5,  -3,  1,  1,  1,  •  •  •  ,  1,  1,  1,  -3,  5,  0;  (26) 

at  the  time  t  =  3Af,  Myj  is  given  by  the  sequence 

0,  -21,  21,  -7,  1,  1,  • . .  ,  1,  1,  -7,  21,  -21,  0;  (27) 

etc.  By  increasing  n  (i.e.  Ax  —*  0),  we  are  simply  adding  more  I’s  in  the  center 
of  the  sequences  (24),  (25),  (26)  and  (27).  Thus,  for  any  fixed  value  of  k,  the 
intervals  in  which  the  solution  misbehaves  may  be  made  as  small  as  we  please. 
However,  there  are  two  things  to  notice  about  this  particular  choice  of  /3  =  J. 
The  first  is  that  the  region  in  which  the  solution  is  a  reasonable  approximation 
to  the  analytic  solution,  is  just  the  region  in  which  the  solution  has  not  changed 


•  Ibid.  p.  331. 
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from  the  initial  condition.  The  second  is  that  if  Ax  represents  the  space  incre¬ 
ment  for  n  subintervals  and  M  =  (Ax)Vi3  and  if  Ax'  represents  the  space  incre¬ 
ment  for  2n  subintervals,  then  Ax'  =  Ax/2  and  A^'  =  A//4.  Therefore  at  a 
particular  time  /  —  T,  the  measures  of  the  intervals,  which  contain  the  bad 
parts  of  the  sequence  of  numbers  representing  the  numerical  solution  at  that 
time,  increase  with  decreasing  Ax.  It  is  obvious  from  this  example  that  the 
manner'  in  which  the  solution  of  the  difference  equation  converges  to  the  solu¬ 
tion  of  the  differential  equation  is  an  important  consideration  in  the  numerical 
calculation  of  the  solution  of  the  difference  equation.  In  fact,  in  this  example, 
the  only  convergence  of  the  difference  solution  is  to  the  initial  condition  of  the 
solution  of  the  differential  equation. 

In  our  final  example  we  will  point  out  that  boundary  conditions  can  affect 
the  stability  criterion.  Again,  this  example  has  been  chosen  so  that  the  numerical 
and  difference  solutions  are  identical. 

Let  m(x,  0  satisfy  Eq,  (1)  where 


and 


u(x,  0)  =  0,  0  ^  X  <  a, 

«.(0,  0  =  0] 

<  ^  0. 

u  a,  0  =  U\ 


(28) 

(29) 


The  solution  of  this  problem  is 

ufc  t)~V  -uf,  •  cos 

fZo  (2t  -r  1)t  2a 


To  obtain  a  numerical  solution  we  again  replace  Eq,  (1)  by  Eq.  (6)  (which 
violates  the  stability  criterion),  and  Eqs.  (28)  and  (29)  by 


tt>.o  =  0,  0  ^  <  n, 

Mo,*  =  Ml.*] 


and 


M,.*  =  U 


for  fc  =  0,  1,  2,  3, 


(28') 

(29') 


Our  first  solution  is  obtained  by  setting  n  =  1  in  which  case  Elq.  (29')  produces 
the  solution 


Mo.*  =  Ml.*  =  (/  for  A:  =  1,  2,  3,  •  •  • 

which  is  independent  of  the  mesh  ratio  A//(Ax)*.  Our  second  solution  is 
obtained  by  setting  n  =  2.  \t  t  —  At,  the  solution  is  given  by 

Mo.i  =  Mi.i  =  2U  and  «j,i  =  U; 


at  t  =  2At,  the  solution  is  given  by 


Mo.j  =  Ml,*  =  0,  and  m*.*  =  U; 


etc.  Our  third  solution  is  obtained  by  setting  n  =  3.  At  f  =  A/,  the  solution  is 
given  by 

Mo.i  =  Mi.i  =  0,  tij,i  =  2U,  and  Mi,i  =  t/; 

^  Reference  2  contains  a  fairly  complete  discussion  on  this  point. 
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at  t  =  2At,  the  solution  is  given  by 

Ufl.j  =  Wi.i  =  4t/,  Uj.t  =  —4(7,  and  w,,j  =  U; 

at  t  =  3At,  the  solution  is  given  by 

uo.i  =  Ui.»  =  —12(7,  Uj.i  *  22(7,  and  Ut.t  =  U; 

etc.  When  n  =  1,  the  solution  is  completely  governed  by  the  boundary  con¬ 
ditions;  when  n  =  2,  the  boundary  conditions  are  still  strong  enough  that, 
even  though  the  numerical  solution  oscillates  about  the  analytic  solution,  the 
numerical  solution  is  bounded;  and  when  n  =  3,  the  boundary  conditions  have 
lost  control  of  the  numerical  solution.  The  manner  in  which  the  boundary 
conditions  are  stated  also  has  an  effect  on  the  stability.  For  the  above  example, 
where  n  =  1,  we  reflect  the  problem  about  z  =  0,  since  m,(0,  0  =»  0,  and  write 
the  boundary  condition  (29')  as 

u_i..  =  «!.*  =  (7.  (29") 

At  /  =  Af,  the  solution,  where  Uo.*  is  computed  by  Eq.  (6),  is  given  by 
u-i.i  =  Ui,i  =*  (7,  and  Uo.i  =  4(7; 
at  t  —  2A/,  the  solution  is  given  by 

u_i,j  =  Ui.i  =  (7,  and  Uo.i  =*  —8(7; 
at  t  =  3A/,  the  solution  is  given  by 

u_i,i  =  «i.*  =  (7,  and  Mo.i  =  28(7; 

etc.  Here  the  boundary  condition  cannot  control  the  solution  even  though 
n  =  1.  Next,  if  we  perform  the  last  calculation  but  replace  Eq.  (1)  by 

uy.t+i  ~  ^  ~ 

At  “  (Ai)* 


or 

-  1  +  2L/(±^  [(^* 

then,  on  substituting  w_i.t  =  Ui,*  =  (7  and  A//(Ar)*  =  2  in  this  equation,  we 
obtain 

Mo,*+i  =  (i)(7  +  (i)tiit.k 

which  is  a  reasonable  representation  for  the  solution  of  the  differential  e(|uation. 
Finally,  if  the  initial  condition  were 

Uy.o  =  (7, 

all  differencing  schemes  discussed  for  this  example  would  give  the  steady  state 
solution. 
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Thus,  it  is  not  surprising  that  the  boundary  conditions”,  or  interplay  between 
boundary  conditions  and  initial  conditions,  and  the  form  of  the  difference 
equations  will  in  many  cases  alter  the  stability  of  the  solution  of  a  differencing 
scheme. 

Definition.  Before  defining  stability  and  instability  we  feel  it  necessary  to 
state  several  rather  simple  observations  about  the  solution  of  a  partial  dif¬ 
ferential  equation  as  compared  with  the  solution  of  a  related  difference  equation. 
In  the  case  of  the  one  space  dimensional  heat  conduction  equation  [Eq.  (1)], 
the  solution  of  the  differential  equation  depends  upon  the  two  independent 
variables  x  and  t  whereas  the  solution  of  the  difference  equation  depends  on 
these  and  the  mesh  ratio,  R  =  A</(Ax)”.  For  difference  equations  representing 
other  i>artial  differential  equations,  R  may,  of  course,  be  some  other  function  of 
A/  and  Ax.  For  a  linear  partial  differential  equation  involving  q  independent 
variables  the  solution  of  a  related  difference  equation  may  be  expected  to 
depend  on  these  q  independent  variables  and  (9  —  1)  mesh  ratios  Ri,  i  — 
1,  2,  •  •  •  ,  q  —  1.  Next,  in  the  case  of  the  heat  conduction  equation,  we  have 
already  noted  that  boundary  and  initial  conditions  may  play  an  important  role 
in  the  solution  of  the  difference  equation.  Since  in  the  heat  conduction  equation 
the  temperature  distribution  at  any  time  may  be  interpreted  as  the  initial 
condition  for  the  solution  at  all  later  times,  we  cannot  neglect  the  effect  of  this 
condition  on  the  solution  but  must  state  this  condition  as  generally  as  possible. 
However,  we  can  assume,  by  choosing  Ax  sufficiently  small,  that  the  influence 
of  the  boundary  conditions  has  been  removed  from  a  region  in  which  we  are 
studying  the  intrinsic  behavior  of  the  difference  equation.  Also,  if  Wj,k  and 
are  solutions  of  Eq.  (4),  then  Vy.»  =  toy,»  —  uy.*  is  also  a  solution.  Thus,  if  we 
say  that  iry.o  represents  the  initial  temperature  distribution  uy.o  with  an  initial 
error  distribution  t>y,e ,  and  we  wish  to  study  the  stability  of  the  solution  vy,*  , 
we  are  simply  stud}dng  the  stability  of  another  heat  conduction  problem  with 
possibly  different  boundary  and  initial  conditions.  That  the  effect  of  errors  in 
temperature  reading  devices,  initial  rounding  errors,  or  even  blunders  in  tran¬ 
scriptions  or  calculations  may  be  partially  studied  by  a  stability  analysis  is  of 
interest;  but  when  a  stability  analysis  depends  on  analyzing  a  particular  effect, 

*  Some  references  in  which  the  effects  of  boundary'  conditions  are  exhibited  are :  a)  F. 
B.  Hildebrand,  Melhodt  of  Applied  Mathematica,  Prentice-Hall,  Inc.  (1952),  pp.  334-345. 
(The  very  nice  mathematical  treatment  of  this  reference  analyzes  stability  of  the  solu¬ 
tion  of  linear  difference  equations  of  second  order  for  “proper”  boundary  conditions.  The 
restriction  that  /9  <  —  1  of  the  reference  is  in  agreement  with  the  condition  of  this  paper 
that  <  —1,  and  the  restriction  that  /S  >  1  does  not  appear  to  contribute  to  an 

instability  analysis.)  b)  L.  H.  Thomas.  “Solutions  of  Parabolic  Differential  Equations,” 
Proceedings  of  a  Seminar  on  Scientific  Computers,  I.B.M.  (Nov.  1949)  c)  W.  Leutert,  “On 
the  Convergence  of  Approximate  Solutions  of  the  Heat  Equation  to  the  Exact  Solution,” 
Ptoc.  Amer.  Math.  Soc.,  2,  fHi,  (June  1951).  (This  paper  considers  the  solution  of  Ui  Um 
where  u(0,  ()  ■■  0  —  u(l,  0  and  u(z,  0)  »  /(x).  However,  in  solving  the  problem  numeri¬ 
cally  by  the  Richardson  differencing  scheme,  ui{x,  0)  must  also  be  prescribed  consistent 
with  the  solution.  Thus,  the  problem  is  solved  for  an  over  prescription  of  boundary  condi¬ 
tions.) 
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in  a  particular  way  which  might  just  as  well  have  been  applied  to  uy.t  as  to  Vj,k , 
it  is  not  a  very  convincing  analysis.  Finally,  we  note  that  in  solving  the  Unear 
heat  conduction  difference  equation  numericaUy,  the  solution  is  usually  desired 
for  times  t  ^  T  and  for  a  set  of  X/  which  will  determine  a  maximum  value  of  Ax. 
Furthermore,  the  A/’s  allowable  are  fixed  by  several  factors.  Certainly  if  the 
machine,  on  which  the  solution  is  to  run,  may  be  expected  to  run  for  only  a 
finite  time  without  a  large  probabiUty  of  breakdown  or  if  the  answers  are  desired 
in  a  finite  time,  then  the  time  of  machine  calculation  may  be  used  to  determine 
the  minimum  value  of  At  (since  advancing  the  solution  by  an  amount  At  will 
usually  take  an  amount  of  machine  time  independent  of  the  magnitude  of  A/). 

We  will  now  focus  our  attention  on  the  heat  conduction  equation  [Eq.  (1)]. 
It  is  often  of  interest  when  the  solution  of  the  difference  equation,  where  the 
space  mesh  Ax  is  fixed,  at  some  time  t  ^  T  depends  upon  the  mesh  ratio  R  in 
such  a  manner  that  it  cannot  represent  the  solution  of  the  related  differential 
equation  to  some  prescribed  accuracy.  Such  a  relation  is  certainly  connected 
with  the  concept  of  convergence  of  the  solution  of  the  difference  equation  to 
the  solution  of  the  differential  equation.  However,  in  the  definition  of  stability 
which  follows  we  will  omit  such  a  comparison. 

If  the  eoltUion  uj,k  —  u(jAx,  kAt)  at  the  time  t  =  T  =  kAt  of  a  difference  equation, 
with  fixed  Ax,  representing  the  linear  heat  conduction  equation,  Ui  —  u„,  changes 
by  an  amount  5,  0  <  i  ^  i,  where  i  is  a  prescribed  accuracy,  when  At  is  changed 
to  either  of  the  next  in  the  sequence  of  possible  At's,  At  =  r/(k  +  1)  or  A/  *■  T/ 
(k  —  \)  the  difference  equation  is  said  to  be  stable;  and  if  8  >  6,  the  difference 
equation  is  said  to  be  unstable. 

The  method  of  stability  analysis  we  will  now  apply  is  essentially  that  attributed 
to  von  Neumann*.  Rather  than  work  mth  specific  problems  where  one  is  inter¬ 
ested  in  the  solution  at  a  specific  time  under  the  influence  of  boundary  conditions, 
we  will  consider  only  a  finite  subregion  of  the  x,  t  plane,  a  ^  x  ^  b,b  >  a,  and 
t  >  0,  and  say  that  our  solution,  obtained  only  from  a  general  prescription  of  the 
initial  condition  on  /  =  0,  is  unstable  if  for  fixed  At  and  Ax,  the  difference  of 
two  solutions  at  t  —  T,  of  the  difference  equation  obtained  by  using  At  =  Tfn 
and  At'  —  T/in  -1-  1)  may  be  made  as  large  as  one  pleases  by  increasing  T.  By 
increasing  T,  n  also  increases  for  a  fixed  At  and  since  we  define  nAt  =  T, 
Lim„^«,  At'  =  At,  i.e.. 

At  —  At'  =  T/n  —  T/{n  -f  1)  =*  T/n{n  +  1)  =  At/{n  +  1) 

and 

Lim.^a,  At/{n  4-  1)  =  0. 

Similarly,  Lim.«»  At'  =  At  for  At'  —  T/{n  —  1). 

Mechanically,  the  method  is  to  look  at  the  solution  of  the  difference  equation 
at  the  times  t  =  kAt  and  /  =  (k  -f  1)A/.  The  solution  at  these  times  may  be 
represented  by  the  sets  of  points  P)  =  (xy ,  uy,*)  and  Py'*’*  (xy ,  My.*+i)  in  the 
u,  X  plane.  For  a  ^  x  ^  b  the  points  Py  are  joined  by  a  continuous  bounded 
function,  say 


•  See  reference  la. 
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Uk  =  u*(x), 

where  consecutive  points  are  joined  by  straight  line  segments.  Similarly,  a 
curve 

N*+i  =  tit4.i(x), 

is  formed.  E^ch  of  these  curves  is  represented  over  the  interval  a  <  x  <  6  by 
a  Fourier  Series: 

«o  (30) 

and 

«*+l  =  (31) 

By  substituting  these  expressions  into  a  difference  equation  representing  the 
linear  differential  equation  of  heat  conduction,  [Eq.  (1)],  an  expression  for 
may  be  obtained.  This  ratio,  in  general,  will  be  a  function  of  /3,  Ax 
and  M.  If  there  is  a  subset  wth  respect  to  /9  of  these  ratios  which  satisfy  the 
relation 

<  “1|  (32) 

then  the  terms  of  this  subset  will  eventually  control  the  solution  and  cause  it  to 
grow  in  magnitude  and  to  oscillate  in  sign  with  successive  time  steps.  That  this 
condition  will  eventually  produce  instability  is  obvious  since  as  both  n  and  T 
are  increased  the  oscillation  and  growth  of  the  solution  become  more  and  more 
pronounced.  The  terms  satisfying  (32)  will  go  through  n  sign  changes  for  the 
solution  obtained  with  A/  and  through  either  n  +  1  or  n  —  1  sign  changes  for 
the  solution  obtained  with  A/',  even  though  |  A/  —  A/'  |  may  be  made  as  small 
as  one  pleases  (by  choosing  n  sufficiently  large).  Thus,  for  large  T,  the  solution 
depending  on  Af'  will  be  of  opposite  sign  to  the  solution  depending  on  Af. 

Application  of  the  von  Neumann  Method.  It  has  already  been  shown'*  that 
the  difference  equation 

Wy.t+i  =  Uj,k  +  [Af/(Ax)*][0(M>+i.i+i  —  2Wy.t+i  +  M,_i.*+i) 

(33) 

+  (1  —  fl)(My+i.*  —  2«y,*  +  Wy-I.*)] 

is  stable  for  any  mesh  ratio  Af/(Ax)*  if  ^  i.  A  method  for  numerically  calcu¬ 
lating  a  solution  to  this  problem  is  to  invert  directly  its  associated  matrix. 
Although  inverting  the  matrix  is  not  an  involved  process  where  there  is  only  one 
space  dimension,  if  one  were  to  extend  the  difference  equation  [Eq.  (33)]  to  two 
space  dimensions  then  even  with  a  reasonable  number  of  space  mesh  points  in 
each  dimension  the  matrix  becomes  unwieldy  and  the  accumulation  of  numerical 
errors  in  carrying  the  solution  only  one  time  step  may  more  than  exceed  the 
desired  accuracy  of  the  solution.  Instead  of  directly  inverting  the  matrix  we  can 
attempt  to  solve  Eq.  (33)  by  an  iteration  scheme.  We  will  discuss  several  possible 
iteration  schemes  here. 
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Let  p  represent  the  present  iteration,  then  we  may  write  Eq.  (33)  as 

(34) 

+  (1  —  fl)(Uy+i.t  —  2uj,k  +  W/_i,*)] 

where  0  ^  ^  1.  If  we  set 

=  ulk+i  —  nj’t+i ,  (35) 

then  it  is  of  interest  when  the  difference  equation  for  is  stable,  for  if  it  is 
unstable  we  can  have  little  hope  of  convergence  of  the  iterations.  Taking  the 
difference  of  Ek}.  (34)  evaluated  at  p  iterations  and  at  (p  —  1)  iterations  and 
substituting  £q.  (35)  in  the  result  one  obtains 

U^'  =  -  2U1  +  UU).  (36) 

Now,  substituting 

VI  ~  ZX-W./'*’  (37) 

in  Eq.  (36)  and  equating  the  corresponding  coefficients  of  we  obtain 
¥>9.,+tl<P0.,  =  [2flA</(Ax)*](co8  /3Ax  -  1). 

To  satisfy  the  inequality  of  Eq.  (32)  we  must  have 

-(2»Af/(Ax)*](l  -  coe/3Ax)  <  -1. 

The  left  side  of  the  above  inequality  is  minimised  by  setting  cos  /3Ax  =  —  1, 
and  the  inequality  becomes 

flAf/(Ax)*  >  i. 

Thus  the  maximum  allowable  Af  for  the  iteration  scheme  [Eq.  (34)]  is  obtained 
for  0  =  I  and  is 

At  =  (Aar)V2.  (38) 

Remembering  that  Eq.  (38)  is  just  the  limiting  value  of  the  stability  criterion 
for  Eq.  (4),  we  see  that  (34)  requires  as  much  or  more  computing  than 
Eq.  (4)  per  time  step  without  increasing  the  size  of  the  maximum  time  step 
allowable. 

Other  iteration  schemes  may  be  obtained  by  letting  0*1,  then  Eq.  (33) 
may  be  written  as 

0  =  —  (2  +  (Ax)*/  At)ujjt+i  +  uy+i,*+i  +  Ui,k(Ax)*/ At.  (39) 

If  Eq.  (39)  is  evaluated  at  the  p-th  iteration,  multiplied  by  a,  is  added  to 
the  left  side  and  uy  a+i  is  added  to  the  right  side,  we  obtain  the  following  relaxa¬ 
tion  method 

Wyl*+i  =  ny,*+i  +  a[u*-\,k+i  —  (2  +  (Ax)* /  At)Ufj,.^.i 

+  ^i+t,k+i  +  Uj,k(Ax)*/  At]. 


(40) 
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This  is  known  as  the  Richardson  Method“.  If,  however,  the  method  of  Eq. 
(40)  is  changed  to 

=  w'*+i  +  a[uyJi*t+i  —  (2  +  (Ax)*/  Al)uf,k+i  +  uf+^k+i  +  ttyjk(Ax)*/  A/],  (41) 

then  the  method  is  referred  to  as  the  Liebmann  Method***.  Taking  the  difference 
of  Eq.  (40)  evaluated  at  p  iterations  and  at  (p  —  1)  iterations  and  substituting 
Eq.  (35)  in  the  result  one  obtains 

t/r‘  =  C/;  +  a[uf-,  -  (2  +  +  Uhl].  (42) 

Substituting  Elq.  (37)  in  the  above  expression  and  equating  corresponding 
coefficients  of  we  obtain 

<P».,+i/vii.p  =  1  +  a[2  cos  jSAx  —  (2  +  (Ax)*/ A/)]. 

When  the  above  expression  is  substituted  in  the  inequality  [Eq.  (32)],  we  obtain 
2a  cos  /3Ax  —  a(2  +  (Ax)*/ A/)  <  —  2 
or  2a  +  a[(Ax)*/A<]  —  2a  cos  /3Ax  >  2. 

The  left  side  of  the  above  inequality  is  maximized  for  cos  /3Ax  =  —  1 ;  and  for 
o  >  0,  we  have 

(Ax)*/A<  >  (2  —  4a)/o. 

If  a  >  i  one  may  expect  the  iteration  scheme  to  be  unstable.  However,  for 
0  <  a  ^  i  then  the  iteration  scheme  becomes  stable  by  choosing  M  sufficiently 
large,  that  is,  so  that 

(Ax)*/ A/  ^  (2  —  4o)/o. 

We  propose  the  following  iteration  scheme  for  Eq.  (33) 
uf,t+l  =  Uj,k  +  [A//(Ax)*][fl(wy+i,*+i  —  2uf,t+i  +  uhi.k+i) 

(42) 

+  (1  —  (?)(My+i,*  —  2Uf,k  +  My_i.*)] 

or 


(43) 

+  1(1  ~  ®)A//(Ax)*](My4.i.*  -|-  My_i.k)  +  [1  —  2(1  —  d)Al/(Ax)*]Uy,*>. 

The  difference  equation  for  the  difference  between  successive  iterations  of 
Eq.  (43)  is 


**  a)  D.  W.  Peacman  and  H.  H.  Rachford  Jr.  “The  Numerical  Solution  of  Parabolic 
and  Elliptic  Differential  Equations,”  Report  of  the  Humble  Oil  and  Refining  Company, 
Houston,  Texas  (1954)  b)  S.  P.  Frankel,  “Convergence  Rates  of  Iterative  Treatments  of 
Partial  Differential  Equations,”  Mathematical  Table*  and  Other  Aid*  To  Computation,  4, 
«65,  (1960).  ' 
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Substituting  £(|.  (37)  in  Eq.  (44)  and  equating  the  corresponding  coefficients  of 
we  obtain 

•Ps.r+ihf.p  =  cos  /3Ax/(l  +  {^x)'/2eM).  (45) 

The  right  side  of  Ekj.  (45)  cannot  satisfy  the  inequality  of  Eq.  (32)  for  any  value 
of  /9Ax  and  the  iteration  scheme  does  not  appear  to  be  unstable. 

An  extrapolated  iteration  scheme  for  Eq.  (43)  may  be  written  as 

=  Wy,*  +  [A//(Ax)*]  { —  2{m'*+1 

—  2(1  —  €)Mf,t+i  +  +  (1  —  fl)(tty+i,* 

—  2u/.t  +  u>_i,*)} 


or 


“  ■l+2f«L/(Ax)i  [(^* 


(430 


The  difference  equation  for  the  difference  between  successive  iterations  of  E<i. 
(430  is 

-  1  +  2g^(L)- 

Substituting  Eq.  (37)  in  Eq.  (440  snd  equating  the  corresponding  coefficients 
of  we  obtain 


~  {  +  ({  -  1  +  CM  m).  (45') 

For  {  ^  1,  the  right  side  of  Eq.  (450  cannot  satisfy  the  inequality  of  Eq.  (32) 
for  any  value  of  /9Aa;  and  the  iteration  scheme  does  not  appear  to  be  unstable. 
Both  Eqs.  (43)  and  (430  niay  be  made  into  Gauss-Seidel  iteration  schemes  by 
changing  p  to  p  +  1  in  the  term  .  Furthermore,  we  wish  to  point  out 

that  both  Eq.  (33),  the  itemtion  schemes  of  Eqs.  (43)  and  (430,  snd  the  Gauss- 
Seidel  iteration  scheme  may  be  extended  to  two-space  dimensions.  The  stability 
analysis  is  carried  out  by  replacing  the  Fourier  series  of  Eqs.  (30)  and  (37)  by 

«*(X,  y)  =  ES—  z:— (300 

and 


U^\X,  p,  /  »  (A  +  DM]  -  5:;^-  L"— (370 


Again,  if  i  ^  0  ^  1  and  (  ^  1  these  iteration  schemes  for  two  space  dimeasions 
cannot  be  shown  to  be  unstable. 

If  we  inspect  the  rate  of  convergence  of  Ekj.  (43)  and  (430  for  the  solution  of 
m(x,  0  where  u  satisfies  Eq.  (1)  for  the  initial  and  boundary  conditions 
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u(x,  0)  =  0,  0  <  X  ^  a, 

m(0,  t)  =  H,  u  a,  constant, 
and  u,(a,  t)  =  0. 

Let  Ax  a/n  and  j  =  0,  1,  2,  •  •  •  ,  n,  then  these  initial  and  boundary  con¬ 
ditions  become 

Ui,9  =  0  for/  =  1,  2,  •  •  •  ,  n 
=  u 

and  u,.*  =  u»_i.* 

where  Uy.*  satisfies  either  Eq.  (43)  or  Eq.  (43').  The  convergence  of  the  iteration 
scheme  of  Eq.  (43)  may  be  obtained  by  substituting 

«,« =  z;-.i  t/r‘i  (46) 

in  Eq.  (45)  where  US  =  0  and  Ul  =  Ul-i .  Carrying  out  the  substitution  of 
Eq.  (46)  in  Eq.  (43)  one  obtains 

ip+i  <  Sp/[l  +  {Ax)'/2eAt\  (47) 

and  convergence  is  obtained.  Similarly,  for  Eq.  (43)  one  obtains 

<  «,/Il  +  {Ax)*m6At\,  (48) 

and,  again,  convergence  is  obtained.  However,  by  comparing  the  inequalities  of 
Eqs.  (47)  and  (48),  we  see  that  we  expect  a  more  rapid  rate  of  convergence 
from  Eq.  (43)  than  from  Eq.  (43')  if  |  >  1.  Calculations'*  using  the  methods  of 
Eqs.  (43)  and  (43'),  their  Gauss-Seidel  extensions,  and  several  other  allied 
iteration  schemes  have  been  carried  out  for  the  above  problem.  These  calcula¬ 
tions  show  the  slo\ving  down  of  the  iteration  scheme  of  (43').  They  also  indicate 
an  advantage  of  the  Gauss-Seidel  method  over  the  method  of  Eq.  (43). 

As  an  example  of  how  this  method  of  instability  anal}rsis  may  be  extended, 
we  will  now  apply  it  to  the  wave  equation. 

Mil  =  u„ .  (49) 

The  simplest  differencing  scheme  for  this  equation  is 

—  2«y,*  -f-  _  My,n.i  —  2Uy,*  -|-  Wy,*_i 

(Ax)*  “  (A/)* 

or 

Wy.*+1  *=  2uy.*  —  Uy./k_i  -h  [(Af)V(Ax)*](My+i.*  —  2tty.*  +  My_i.*).  (50) 

O.  W.  Evans,  R.  Brousaeau,  R.  Keirstead,  “Instability  Considerations  for  Various 
Difference  Equations  Derived  from  the  Diffusion  Equation,”  Univ.  of  Calif.  Rad.  Lab. 
at  Livermore  Report  prepared  for  the  Amer.  Math.  8oc.  Meeting,  Nov.  27,  1964,  at  Los 
Angeles. 
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Expanding  the  wyjk  in  Eq.  (50)  in  a  Fourier  series  [Eq.  (30)],  and  equating 
corresponding  coefficients  of  we  obtain 

—  lvp,k/^fijc-i]\2  —  [2(A/)V(Ax)*](l  —  cosjSAx)}  —  1.  (51) 

To  test  Eq.  (51)  for  instability  we  must  extend  the  condition  of  Eq.  (32)  to 

Vfi.kf<Pf.k-i  <  -- 1  (32a) 

and  Vff.k+i/vf.h-i  >  1.  (32b) 


Substituting  «=  —  1  and  cos  fiAx  =  —  1  into  Eq.  (51),  the  inequality 

of  Eq.  (32b)  becomes 

-(2  -  4(A/)V(Ax)*]  -  1  >  1, 

which  can  be  satisfied  whenever 

(Af)V(Ax)*  >  1.  (52) 

Thus,  we  may  expect  Eq.  (51)  to  be  unstable  whenever  the  inequality  of  Eq. 
(52)  is  satisfied. 

If  the  differential  equation,  Eq.  (49),  is  put  in  the  difference  form 


—  2uy,*  +  0(uy4.i>4.i  —  2Uy.i^l  4*  Wy-l.*+») 


m' 


+ 


(Ax)* 

(1  —  0)(Uyfi.ft-i  —  2Uy.t-i  4*  Uy-l.t-l) 

(Ax)* 


(53) 


one  cannot  show  instability  for  this  difference  equation  for  0  ^  0  ^  1 .  Further¬ 
more,  if  Eq.  (53)  is  solved  by  the  iteration  scheme 


1 


rg(Af)* 


114.1  A  I  f  p  I  P  \ 

.  (1  -  0)(A0* 


(Ax)* 


(uy+i.*-i  4-  Uy-i.*-i) 


-  (1  4-  2(1  -  0)(AOV(Ax)*)uy.*_,  4-  2uy 
this  method  of  solution  cannot  be  shown  to  be  unstable  by  our  analysis. 


4 


Round'Off  Errors  and  Other  Remarks.  If  we  assume  that  at  each  time  step 
of  the  calculation  of  Uy,*  where  «>,*  satisfies  Eq.  (4),  that  an  error  distribution 

e.(*)  “  IX- 

is  introduced,  then  the  at'cumulated  effect  of  such  errors  at  f  =  n^f  is 

Em  m— *  H  I  M— I  ,  , 

i~o<p0.kcifi  =  +  at  ip0,\  4-  •  *  •  4- 
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where  >  0  is  the  growth  of  from  one  time  step  to  the  next.  For  rounding 
errors  we  may  write  0  ^  |  v’tf.i.  |  for  all  /9  and  n.  Thus, 

I  ^k-«<P»,kOCf  *  I  ^  E^k-OOtff  *, 

and  since 

Lim.  ^*_o  a?  *  ^  2 

if  ^  I,  and 

Limn^a,  =  * 

for  Off  >  J,  the  criterion  of  Eq.  (32)  may  be  replaced  by 

—  \/y/2  ^  <pfi.k+i/<p$.k  ^  i  (54) 

(the  term  l/-s/2”  is  used  since  ior  ^0,k+i/vfi,k  <  0  one  obtains  an  alternating 
series)  if  we  are  to  restrict  the  growth  of  rounding  errors  by  a  strong  condition. 

Substituting  Eqs.  (30)  and  (31)  in  Eq.  (4)  and  equating  corresponding  coef¬ 
ficients  of  we  obtain 

<Pf.k+iUfi.k  =  1  -  2A/(1  -  cos  /3Ax)/(Ax)*.  (55) 

Substituting  Eq.  (55)  into  the  inequality,  Eq.  (54),  gives 

-1/V2  ^  1  -  2Af(l  -  cos /3Az)/(Ax)*  ^  J. 

The  left  inequality  requires  that 

A//(Ax)*  ^  (1  -f  V2)/4V2 

but  the  right  inequality  cannot  be  satisfied  writh  cos  jSAx  =  1.  Thus,  from  this 
type  of  analysis  one  may  always  expect  rounding  errors  to  grow  as  k  increases 
for  the  solution  of  Eq.  (4),  and  estimates  of  rounding  errors  at  a  specified  time 
must  be  carried  out  by  a  more  detailed  analysis. 

Since  our  stability  analysis  is  essentially  carried  out  for  solutions  of  the  heat 
conduction  equation  for  an  infinite  space  dimension,  the  representation  of  the 
solution  Uk(x)  at  the  time  t  «=  kM  given  by 

Mx)  =  o  g  X  ^  6, 

could  have  been  represented  by  the  Fourier  integral 

u*(x)  =  (l/2ir)  f  if>(P,  k)e*^  d0,  -  «  ^  x  ^  «, 

where 

k)  f  Hiy,  kAt)e~*^  dy 

and  t2(x,  kM)  represents  a  bounded  continuous  curve  joining  the  points  Pk  = 
(Uf,k  ,  Xj)  of  the  solution  uy.t  at  the  time  t  >=  kM.  Analyzing  stability  with  the 
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Fourier  integral  would  immediately  rule  out  the  example  where  the  initial 
condition  was  given  by  u(x,  0)  «  U,  a  constant  ^  0,  since  k)  does  not 
exist.  When  (/  »  0  then  so  does  k)  and  A;  +  1)  and  the  inequality, 
Eq.  (32),  cannot  be  satisfied. 

The  iteration  scheme  of  Eq.  (42)  suggests  the  following  method 


M 


(Ax)* 


”  r+WM' [^* +  “'■*] 

which,  indeed,  cannot  be  shown  unstable.  However,  if  Eq.  (56)  is  written  as 

ttjjn-i  ~  **>  *  _  ~  -j-  Uf-i,k  _  2  ~ 

M  (Ax)*  (Ax)* 

we  see  that  the  difference  equation  docs  not  converge  to  the  differential  equation 
unless 

Af/(Ax)*  ^  i. 

It  is  hoped  this  paper  has  shown  that  the  various  numerical  errors  arising 
from  the  calculation  of  a  solution  to  even  a  simple  linear  difference  equation 
may  interact  with  each  other  in  a  complicated  manner  and  that  a  stability 
analysis  can  be  considered,  at  most,  a  preliminary  step  in  the  investigations  of  * 
errors  committed  in  such  calculations.  A  valuable  procedure  to  follow  in  investi-  » 
gating  errors  arising  in  the  calculation  of  numerical  solutions  for  a  difference 
equation  assumed  to  represent  a  partial  differential  equation  is  as  follows: 

(1)  The  convergence  of  the  differencing  schemes  in  question  to  the  dif¬ 
ferential  equation  must  be  shown  as  the  mesh  spacing  tends  to  zero. 

(2)  Having  shown  (1),  a  stability  analysis  is  then  performed  in  order  to 
eliminate  from  further  consideration  those  difference  equations  which  are 
inherently  incapable,  at  least  for  certain  ranges  of  the  mesh  ratio(s),  of  pro¬ 
ducing  a  solution  bearing  any  relation  to  the  solution  of  the  differential  equation. 

(3)  A  difference  equation  satisfying  the  first  two  tests  is  then  examined  to 
determine  what  conditions  if  any  are  necessary  to  insure  the  convergence  of  the 
solution  of  the  difference  equation  to  the  soluticm  of  the  differential  equation 
(the  examination  of  truncation  error  without  rounding  errors). 

(4)  Finally,  an  attempt  should  be  made  to  discover  under  what  conditions, 
if  any,  it  is  possible  to  place  finite  bounds  on  the  errors  arising  from  the  ac¬ 
cumulation  of  truncation  and  rounding  errors  and  the  propagation  of  initial 
inaccuracies  during  the  course  of  computation. 
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ON  FINITE  SUM  EQUATIONS  FOR  BOUNDARY  VALUE  PROBLEMS 
OF  PARTIAL  DIFFERENCE  EQUATIONS* 

By  Herbert  Glantz  and  Eric  Reissner 

1.  Introduction.  It  is  well  known  that  the  practical  solution  of  many  boundary 
value  problems  for  partial  differential  equations  is  best  approached  by  reducing 
them  to  appropriate  singular  integral  equations.  As  a  field  of  applications  with 
which  we  are  familiar  and  for  which  this  is  particularly  true,  we  mention  the 
field  of  linearized  aerodynamics.  The  resulting  integral  equations  can  occasionally 
be  solved  in  closed  form.  In  most  cases,  however,  the  integral  equations  must  be 
solved  approximately.  Among  the  well-known  methods  of  obtaining  approximate 
solutions  are  those  of  collocation,  least  squares,  and  series  expansion.  Each  of 
these  methods  serves  to  reduce  the  problem  to  one  of  obtaining  solutions  of 
systems  of  linear  algebraic  equations. 

One  of  the  difficulties  associated  with  obtaining  these  approximate  solutions 
is  the  fact  that  the  exact  solution  of  the  singular  integral  equation  generally  pos¬ 
sesses  singularities.  It  is  not  always  easy  to  decide  in  which  way  one  must  take 
care  of  these  singularities  in  the  approximate  solution. 

Under  these  circumstances  it  seems  to  be  of  some  interest  to  see  what  will 
happen  if  one  bypasses  one  of  the  steps  in  obtaining  approximate  solutions  to 
problems  of  the  above  type.  Instead  of  reducing  the  boundary  value  problem  of 
the  partial  differential  equation  exactly  to  an  integral  equation  and  then  solving 
this  equation  approximately,  we  propose  to  first  approximate  the  partial  dif¬ 
ferential  equation  and  its  associated  boundary  conditions  by  a  finite  difference 
equation  problem.  We  then  reduce  the  difference  equation  boundary  value  prob¬ 
lem  to  a  “sum  equation”,  that  is  to  a  system  of  linear  algebraic  equations  which 
we  may  solve  exactly. 

We  take  as  a  first  example  of  the  proptosed  procedure  a  problem  for  which  the 
exact  solution  is  known.  This  is  the  problem  of  two-dimensional  thin- wing  theory 
for  incompressible  fluid  flow.  This  problem  is  known  to  correspond  to  a  certain 
mixed  boundary  value  problem  of  the  two-dimensional  Laplace  Equation. 

As  a  second  example  consider  the  corresponding  three-dimensional  prob¬ 
lem,  where  the  wing  surface  is  of  rectangular  form.  No  exact  solution  is  known 
for  this  second  problem. 

2.  A  Two'dimensional  Boundary  Value  Problem.  We  consider  the  following 
boundary  value  problem  for  the  two-dimensional  Laplace  equation 

*  The  work  of  the  first-named  author  has  been  supported  by  the  Office  of  Naval  Research 
under  Contract  N6ori60  with  Massachusetts  Institute  of  Technology.  A  somewhat  more 
detailed  account  of  the  contents  of  this  paper  is  given  in  an  M.8.  Thesis  of  the  first-named 
author  (M.I.T.,  January  1954)  and  in  Technical  Report  No.  3  of  the  Project  for  Machine 
Methods  of  Computation  and  Numerical  Analysis,  Massachusetts  Institute  of  Technology, 
(October  1964).  Both  authors  are  indebted  to  Professor  F.  B.  Hildebrand  for  helpful  sug¬ 
gestions. 
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dV  d*^ 
di*  dy* 


0. 


Determine  <p  in  the  half  plane  2/^0  subject  to  the  conditions 


y  =  CO, 

y  =  0, 


^  =  0, 

^  =  G(x),  -1  ^  X  g  +  1 
1-0,  l<|x| 


(1) 

(2a) 

(2b) 


It  is  known  that  the  solution  of  this  problem  is  not  unique.  In  general,  d^/dx 
assumes  infinite  values  at  the  points  (d:l,  0)  which  are  the  points  at  which  the 
character  of  the  mixed  boundary  condition  (2b)  changes.  However,  a  unique  solu¬ 
tion  may  be  obtained  by  prescribing  as  additional  conditions  the  int^rability  of 
dpix,  0)/dx  in  the  interval  |  x  |  <  1  and  the  “trailing  edge”  condition: 

finite.  (2o) 

For  the  aerodynamics  problem  which  gives  rise  to  this  problem,  it  is  not  neces¬ 
sary  to  determine  the  function  ^  in  the  entire  half  plane.  It  is  sufiScient  to  de¬ 
termine  the  values  of  the  tangential  derivative  d^/dx  along  that  portion  of  the 
x-axis  where  the  normal  derivative  d<p/dy  is  a  given  function  G.  We  set 

|x|Sl,  (3) 


as  an  abbreviation  for  the  values  which  are  to  be  determined.  The  problem  is 
then  to  determine  the  function  u(x)  in  terms  of  the  function  G(x)  in  (2b). 


S.  Integral  Equation  Formulation.  We  start  by  obtaining  the  solution  of  the 
following  problem  for  the  half  plane  y  ^  0. 


d'ip,  ,  dV.  _  ^ 
ax»  dy*  ■ 


(4) 


y  =  00,  <fi,  =  0, 


(5a) 


y  =  o,  =  Six  -  6,  (Sb) 

where  3(x—  {)  =  0  when  x  \  and  /  6(x  —  {)d{  =  1. 

The  problem  given  by  (4)  and  (5)  is  simpler  than  the  mixed  boundary  value 
problem  (1)  and  (2)  since  here  no  change  in  the  type  of  boundary  condition 
occurs. 
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Using  the  method  of  the  Fourier  integral,  we  find  that  away  from  the  point 

{x  -  0),  . 


^  _  1 _ V  ^  =  1  ~  {) 

dx  ir  1/*  +  (x  —  U*  ’  dy  t  y*  +  (x  —  $)* '  < 

We  now  replace  the  boundary  condition  (5b)  by  the  condition 

[0  |x|  >  1. 

By  superposition  of  solutions  of  the  form  (6)  we  obtain  for  this  problem 


(1) 

(7) 


^  =  _i  /■'  -  f)  rft 

dy  T  i-i  y*  4-  (x  —  {)* 


(8) 


Equation  (8)  is  now  applied  to  the  solution  of  the  boundary  value  problem 
(1)  and  (2).  We  let  y  tend  to  zero  in  (8)  and  introduce  the  first  half  of  the  bound¬ 
ary  condition  (2b).  This  leads  to  the  integral  equation 

If  the  Cauchy  principal  value  definition  of  the  integral  is  used,  we  may  inter¬ 
change  the  limiting  processes  of  integration  and  of  letting  y  tend  to  zero.  In  this 
manner  we  obtain  the  well-known  integral  equation 

G(x)  =  -  -  f  -^d^,  Ixlgl,  (9*) 

T  J-lX  —  ^ 

for  the  determination  of  the  function  u. 


4.  Solution  of  the  Integral  Equation.  While  a  general  explicit  solution  of  the 
int^ptd  equation  (9*)  is  known,  it  is  sufficient  for  our  purposes  to  list  these 
solutions  for  certain  particular  forms  of  the  function  G(x). 

(i)  When  Gix)  =  0  we  obtain  the  homogeneous  solution 

“•w  = 

Because  of  the  linearity  of  the  problem  Ub  may  be  superposed  on  any  particular 
solution  of  the  non-homogeneous  equation  (9*).  In  this  sense  the  solutions  of 
(9*)  are  not  unique. 

(ii)  When  G{x)  =  1  we  obtain  the  particular  solution 

(iii)  When  G{x)  =  x  we  have  a  particular  solution 

Ui(x)  =  Vl  —  X*. 


(12) 
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(iv)  When  G(x)  =  1  and  the  trailing  edge  condition  that  ^(+1)  be  finite  is 
assumed  to  hold,  we  get  by  superposition  of  (10)  and  (11)  the  following  solution 

We  should  add  that  in  obtaining  these  solutions  the  assumption  has  been 
made  that  no  higher  singularities  than  those  occurring  in  (10)  to  (13)  are  ad¬ 
mitted  near  the  points  x  =  ±1.  This  assumption  must  be  justified  by  physical 
considerations. 

6.  Finite  Difference  Formulation  of  the  Two-dimensional  Boundary  Value 
Problem.  Let  a  two-dimensional  grid  be  superimposed  on  the  half-plane  y  ^  0. 
Let  h  be  the  spacing  of  the  grid  lines  in  the  x  direction  and  t  the  spacing  in  the 
y  direction.  We  define  a  mesh  ratio  r  as  r  =  t/h.  Let  M  be  the  number  of  sub¬ 
divisions  in  the  x-direction  in  the  interval  0  ^  x  ^  1.  Thus 

m  =  1.  (14) 

A  finite  difference  analogue  to  the  Laplace  differentiatial  equation  (1)  is  of 
the  form 


2^m,n  "f*  “f"  <Pm,n—\  _  f\ 

h' 


(15) 


where  in  the  interest  of  brevity  we  have  written 

Vm.H  =  nt).  (16) 

In  (15)  we  have  used  the  conventional  second  central  difference  approximation 
for  the  Laplace  operator.  It  remains  to  select  an  appropriate  difference  approxi¬ 
mation  for  the  first  derivative  of  the  function  We  have  found  that  results 
which  are  particularly  convenient  may  be  obtained  by  using  first  central  differ¬ 
ences  to  approximate  the  first  derivatives,  as  follows; 


Um.n 


h 


"m.n  “  - ; - 


(17) 


In  analogy  to  equations  (2)  we  will  have  the  following  boundary  conditions 
for  the  function 


n  =  00, 


Vm. 


0, 


(18a) 


^  Gm,  \m  \  ^  M, 
lu«.,  =  0,  M  <  \  m\. 


(18b) 


As  in  the  differential  equation  problem  one  expects  that  it  will  be  necessary 
to  specify  a  trailing  edge  condition  to  ensure  the  uniqueness  of  the  solution  of 
the  difference  equation  problem. 
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6.  Reduction  of  the  Boundary  Value  Problem  to  a  Sum*Equation  Problem. 
We  start  by  obtaining  a  function  ^1,.  which  will  be  a  solution  of  equation  (15) 
and  which  satisfies  the  boundary  conditions 

n  »  00,  ^1,,  =»  0,  ,  (19a) 

n  “  0,  tC.n  -  .  (19b) 

In  (19b)  the  quantity  6^^  is  the  Kronecker  delta. 

By  means  of  separation  of  variables  a  suitable  solution  of  (15)  which  also 
satisfies  (19a)  is  obtained  in  the  form 

=  £c(«,M)c‘^^’‘da„  (20a) 

where 

X  =  co8h“‘(l  +  2r*  sin*  |w);  r  =  t/h.  (20b) 

If  we  apply  equations  (17)  to  (20a),  we  have 

t4..n  =  /[  X  C-C".  m)  sin  do,,  (21a) 

tC.,  -  ^  C(u,  m)  sinh  iX  du.  (21b) 


If  our  solution  is  to  satisfy  equation  (19b),  we  must  have 


^  C(w,  li)  sin  e*""  du  »  , 


which  will  be  satisfied  if 


C(w,  m) 


'  4T*8inJ«’  '  ' 

In  what  follows  we  shall  need  in  particular  values  of  the  quantity  vC..o  •  We 
have  from  (21b)  and  (23) 


4rtr  J-w  sin  iw 


The  convenience  of  our  choice  of  central  differences  as  approximations  to  first 
derivatives  becomes  apparent  in  the  evaluation  of  (24).  We  may  write,  in  view 
of  (20b), 

sinh  ^X  _  V ^(coeh  X  —  1)  |  sin  | 


sin  f  (0 


Accordingly, 


-  ~  f  do> 

2in  JL,  sin  fw 

=  --  f  sin  u(m  —  m)  dw  = 

T  Jo  fs-(m  —  n) 
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We  now  consider  a  superposition  of  particular  solutions  Vm.n  as  follows 

Vm.n  —  Vm.n  • 

Equations  (27a)  and  (17)  imply  the  following  relations 
But  from  (27b)  and  (19b)  there  follows  that 

Wx.O  “  Uft  Vm,t  ~  ^iiv«  ™  Urn  t 

and  from  (27b)  and  (26)  that 

.;..o  -  Z  u.tc,  . 


(27a) 

(27b) 

(28) 


(29) 


T  „  (m  —  n) 

In  order  that  (27)  represent  the  solution  of  the  boundary  value  problem  (18) 
we  must  have,  in  view  of  (28)  and  (29),  that 

C/»  =  0,  M  <\m\.  (30) 

The  summations  in  (27)  to  (29)  will  then  go  from  —  Af  to  +Af.  We  shall  now  use 
the  first  of  equations  (18b)  to  determine  the  values  of  for  |  m  |  ^  M.  Intro¬ 
duction  of  (29)  into  these  equations  gives  the  “sum  equation” 


2  ^  A  -  ,  I  m  1  ^  Af. 

-  (m  —  m) 


(31) 


T 

7.  Interpretation  of  the  Sum  Equation.  The  system  of  equations  (31)  cannot  be 
used  as  it  stands  since  the  Kernel  function 

[sin*.iT(m  -  n)]/iirim  -  ft) 

vanishes  whenever  (m  —  m)  is  &n  even  integer.  Let  us  write  out  in  detail  the 
equations  which  result  for  the  cases  Af  =  3  and  ilf  =  4.  For  brevity  we  set 


m  “  0, 
m  =  2, 
m  =  -2, 


Ui 

-1 


E=} 

1 


Ux 


2  -  1 
Ux 


+ 


-2  -  1 
n  =  1, 


+ 


M  = 

3 

+ 

-^  + 
-3  ^ 

U-t 

3 

=  9o 

U- 

L  4.  _ 

Ut 

+ 

+ 

1  ^  2 

-  3 

^2  +  3 

U-X 

_i.  _ 

+ 

- 

2  +  1 

T  — 

2  -  3  ^ 

9i 

U. 


Q-i 


(32a) 


U,  U. 


U^ 

1  1  -  2  '  1  -h  2 


9\ 


m  -  1  4. 

m  =  — 1,  — -  -f- 


U, 


U-t 


m  =  3, 
m  =  —3, 


-1  -1  -  2  -1  -H  2 

9i 


9-1 


U,  U-t 


3^3-2 '3+2 


Uo 


Ut 


u. 


-3  '  -3  -  2  •  -3  +  2 


9-1 


(32b) 
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M  -  4 


m 

=  0, 

1^-3^ 

U-, 

3 

= 

Oo 

=  2 

Ui 

. 

u» 

4. 

u^ 

2  -  1 

^  2  -1-  1  ^  2 

-  3 

2  -h3 

=*  —2 

Ui 

.  .  C/-X 

j _ 

U 

! _ j_ 

1ft 

-2  - 

1  ^  -2+  1 

T  — 

2  - 

-3^ 

•VM 

Ui 

U.4 

u. 

4_ 

U^ 

7ft 

4  -  1 

^44-1^4 

-  3 

4-1-3 

Ml 

s  _ 4. 

Ui 

u.^ 

_ 

u 

i_  4. 

Tft 

-4  - 

1  ^  -4  +  1 

1  — 

.4 . 

-3^ 

_  _  ,  Uo  ,  U,  ,  ,  U4  ,  ^ 

1  ■*‘l-2‘*’l-}-2‘^l-4'*'l+4“^‘ 

«  =  Up  .  Ut  ,  U-^  .  U*  .  U-4 

-l'^  -1  -  2"*‘ -1+2*^  -1  -  4*^ -1 +4 

(33b) 

^  3^3  —  2'3  +  2^3  —  4^3  +  4 

=  Up  ,  Up  i  U-p  U4  U -4 

Let  us  consider  first  the  case  Af  =  3.  We  see  that  (32b)  represents  a  system 
of  four  equations  for  three  unknowns.  Since  the  determinant  of  the  system  does 
not  vanish,  this  means  that  (32b)  is  usable  only  for  certain  combinations  of 
9i  >  0-1 1  9*  nnd  g-t .  On  the  other  hand,  the  system  (32a)  consists  of  three  equa¬ 
tions  for  four  unknowns  and,  since  the  determinant  of  the  system  does  not  vanish, 
is  always  solvable.  Moreover,  because  of  the  excess  of  the  number  of  unknowns 
over  the  number  of  equations,  the  system  (32a)  will  provide  just  that  multiplicity 
of  solutions  which  corresponds  to  what  is  encountered  in  the  solution  of  the 
corresponding  integral-equation  problem. 

We  turn  now  to  the  case  Af  >>  4.  The  system  (33b)  consists  of  four  equations 
for  five  unknowns  and  is  usable  in  the  same  sense  as  (32a).  On  the  other  hand, 
(33a)  consists  of  five  equations  for  four  unknowns  and  is  not  generally  usable. 
Accordingly,  (33a)  presents  the  same  difficulties  as  does  (32b)  for  the  case  Af  3. 

In  view  of  the  above  reasons  we  tentatively  ignore  equations  (33a)  and  (32b) 
and  say  that  (33b)  and  (32a)  represent  the  appropriate  analogue  of  the  integral- 
equation  formulation  of  the  boundary  value  problem. 

It  is  convenient,  but  not  necessary,  to  go  one  step  further  and  disregard  the 
case  Af  *  3  (and  there  with  the  cases  of  all  odd  Af )  entirely.  Further,  we  rewrite 
equations  (33b)  so  that  they  assume  a  certain  type  of  “row  skew-symmetry” 
as  follows: 
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'U-: 

■  1/3  ■ 

f/-. 

9-1 

+ 

1 

9i 

-1 

J9*  - 

.-1/3. 

C/o .  (33b*) 


■  1  -I  -1/5 
1/3  1  -1/3  -1/5 

1/5  1/3  -1  -1/3 

Ll/7  1/5  1 

Our  aim  is  to  interpret  the  system  (31)  in  light  of  the  solution  of  the  integral 
equation  formulation  of  the  continuous  problem.  Since  we  know  that  particular 
solutions  of  the  continuous  problem  exhibits  a  symmetry  (or  antisymmetry) 
about  a  central  point,  and  since  we  do  need  one  arbitrary  constant  to  satisfy  the 
trailing  edge  condition,  equations  (33b*)  would  seem  to  be  a  desirable  modifica¬ 
tion  of  the  system  (31).  Accordingly,  we  specify  that  ilf  be  an  even  integer. 
Further,  we  use  the  values  of  the  given  function  Gm  at  the  odd  net  points  in 
order  to  determine  the  values  of  the  unknown  function  Um  at  the  even  net  points. 
Thus,  instead  of  (31)  we  shall  tentatively  use  the  following  system  of  equations 
to  determine  Um 


M/t 

z 


u. 


jn/»  m  —  2m 


iGm 


M  =•  even  integer 
m  *  ±1,  ±3,  •  •  •  ±(il/  —  1). 


(34) 


8.  Examples  of  Solutions  of  the  Sum  Equation  (34).  We  consider  first  the 
special  case  (33b*).  The  following  observations  may  be  made. 

(1)  Solution  of  the  Homogeneoua  System.  When  Gm  —  0,  we  may  solve  (33b*) 
for  the  quantities  U-t ,  Ut ,  U-t ,  Ui  in  terms  of  f/o .  Furthermore,  as  is  evident 

'  from  (33b*),  this  solution  will  be  even  in  m,  that  is  =  U-m  .  This  result 
*  corresponds  to  the  solution  (10)  of  the  integral  equation  (9*)  with  G{x)  »  0. 

(2)  Solution  of  N on-homogeneous  System.  In  view  of  the  linearity  of  (33b*) 
we  may  consider  these  equations  now  with  Ut  set  identically  zero.  The  solution 
of  the  resulting  four  simultaneous  equations  may  be  reduced  to  the  solution 
of  two  sets  of  two  equations  each  by  means  of  a  S3rmmetry  consideration.  Let 

Gm  =  (35) 

where 

Gi*’  =  Gi'i;  Gr  =  -Gi!".  (36) 

It  is  readily  seen  by  inspection  of  (33b*)  that  when  g^m  =  0  that  is  when 
gm  =  +g-m ,  then  Um  =  —U-m .  Similarly,  when  =  0  and  p*  =  , 

then  Um  =  U-m  •  Accordingly,  we  are  left  with  the  following  two  systems 


(37a) 


(- 

-1 

+  Wi 

+  (i- 

- 

„(0)  > 
=  9\ 

(1 

•f  (+  - 

-  l)Ui 

U-t  - 

=  Uf, 

u^ 

-y.  J 

-1 

- 

\)U2  + 

(-i- 

■  \)U* 

—  «<•> 

=  9i 

(1 

- 

i)f/*  + 

(-1  - 

■  m* 

=  9t 

U-t  = 

-U,; 

U-, 

=  -1/4 

(37b) 
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Equations  corresponding  to  (37)  for  the  general  case  (34)  are 

-r^,  C'v  -  ?  Oi".  m-1,3,  •••.(W-1)  (38a) 

p-i  rrr  —  4^*  Z 

£*  ,  \  m-1.3,  •••.(M-l)  (38b) 

^1  nr  —  4m  2 

In  addition  to  these  we  have  for  the  solution  of  the  homogeneous  system 

Z  m  -  1,3,  •••  (3f  -  1)  (38c) 

^1  nr  —  4m  ni 


9.  A  Three-dimensional  Problem.  In  order  to  illustrate  the  procedure  for  a 
problem  for  which  no  explicit  solution  is  known,  we  consider  the  following  mixed 
boundary  value  problem  of  three-dimensional  potential  theory.  Determine  the 
solution  of 


a V  aV  ^ 

ax*  ai/*  a** 


(39) 


in  the  half  space  z  ^  0  subject  to  the  boundary  conditions: 


2  *  00, 


z  =  0, 


-  0, 

^  »  G{x,  y)  in  R 
^  “  0  outside  R. 


(40a) 

(40b) 


In  (40b)  the  region  R  is  the  rectangle  |  x  |  ^  1 ;  |  y  |  ^  The  solution  to  this 
problem  is  not  unique.  It  may  be  made  unique  by  restricting  the  order  of  the 
singularities  and  in  particular  by  prescribing  a  trailing  edge  condition  of  the 
form 


(I) 

and  a  “tip  condition"  of  the  form 


finite, 


(40c) 


-  0.  (40d) 

It  is  known*  that  the  problem  as  stated  by  (39)  and  (40)  can  be  reduced  to  an 
integral  equation  for  the  values  of  d<p/dx  7  in  /?  of  the  following  form 


0{x,y)  =  - 

w  J.i  X  -  ( 

-If  ft!^ 

2t  jLi  J-,  dri 


y  -V 


(41) 


+  K}didv, 


*  See  for  instance,  Reissner,  E.,  Bulletin  of  the  American  Mathematical  Society,  Vol.  55, 
Sept.  1949,  pp.  826-850;  in  particular,  equations  (39)  and  (40). 
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where 


K  =  VCg  -  ^)*  +  (y  -  n)*  -  I  y  -  n  I 

(l/  -  u)(x  -  {) 


(42) 


For  our  purposes  it  is  further  noted  that  the  integral  equation  assumes  a  par¬ 
ticularly  simple  form  if  one  takes  as  the  function  to  be  determined  the  function 


dy  \dxdy/t^ 


(43) 


The  integral  equation  for  ^  follows  from  (41)  and  (42)  and  in  view  of  (40d)  in 
the  form 


(44) 


G(jz,  y)  ”  ^  ^(?> 

The  kernel  K*  has  the  form 

K*  _ _ L/__L_4.  V^(^  "*  0*  ^  (y  ~~ ’t)*!  /4K) 

2»\|/  -  1)  (y  -  ij)(x  —  i)  J 

and  this  result  is  obtained  from  (41)  and  (42)  by  making  use  of  the  relation 

dv  y  —  V 

The  relative  simplicity  of  K*  gives  the  clue  to  what  is  believed  to  be  a  par¬ 
ticularly  convenient  formulation  of  the  corresponding  finite  difference  equation 
,  problem. 

* 

10.  Finite  Difference  Formulation  of  the  Three*Dimensional  Problem.  The 
partial  difference  equation,  corresponding  to  (39)  is  taken  in  the  form 


+ 


hi 


~  ~  +  •Prn.n-l.l 

hi  ^ 

where 

We  set  further 


0, 


I  Ithy  ,  li}. 


'^,11, i  , 

ht 


Wm.n.l 


<pm,n+i,t  1,1 


(46) 


(47) 


(48) 


and 


=  r-r-  ~  ~  (49) 

fJ-X  filf 
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Equation  (46)  is  to  be  solved  subject  to  the  boundary  conditions 

I  =  Vm.n.l  “  0,  (50a) 

I  “  Gm.n  in  R 

/  =  0,  (50b) 

“  0  outside  R,  < 

where  the  region  R  is  given  by  [  m  |  ^  M,  |  n  |  ^  N.  M  and  N  are  defined  to 
be  positive  integers  such  that 

Mh,  =  1;  Nhy  =  s.  (50c) 

Our  object  now  is  to  convert  the  boundary  value  problem  (46)  and  (50)  into 
a  finite-sum  equation  for  the  values  of  the  function  inside  the  region  R. 


IL  Reduction  of  the  Three-Dimensional  Finite  Difference  Equation  to  a 
Finite  Sum  Equation.  Following  the  method  of  solution  derived  for  the  two- 
dimensional  case  and  taking  cognizance  of  the  simplification  which  (43)  produces 
in  the  continuous  problem,  we  first  obtain  a  particular  solution  of  (46) 

which  satisfies  the  following  boundary  conditions 

f  =  0,  (51a) 

I  =  0,  -  injny  •  (51b) 


We  define  the  mesh  ratios  r  =  t/K ,  s  =  t/h^ .  Then  a  suitable  solution  of 
(46),  satisfying  (51a),  is  found  as 


where 


/'  C(«,  ft  A,  d0, 


(52a)  ' 


X  =  cosh  ‘{1  -|-  r*  -H  «*  —  (7  COSO  8 cos /9) I*  (52b) 


We  now  compute  ^,l,t  from  (49)  and  (52a),  obtaining 

^■.2.1  “  ^  {Cict,  Pi  M,  7)  sin  io  sin  hP  do  dp.  (53a) 

Accordingly  will  satisfy  (51b)  if  we  set 

(53b) 


c(o.  Pi  n,  7)  =  j* 


In  order  to  satisfy  (50b),  it  is  necessary  to  compute  particular  values  of  the 
quantity  uC’.I.o  •  From  (48)  and  (52a)  we  find 


<2.1  sinh  ^  C(o,  Pi  M,  do  dp 


(54) 


The  results  become  formally  somewhat  simpler  if  we  set  A,  =  Ay  =  that 
is,  r  =  «  1,  and  this  we  shall  do  from  here  on.  We  then  have 

X  =  cosh”'  {1  +  (1  —  coso)  -H  (1  —  cos/S)}  (55a) 

and  _ 

sinh  iX  *  \/ (sin*  ^  -f  sin*  i/3)  (55b) 
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If  we  insert  (53b)  and  (55b)  into  (54)  and  let  I 

m.y  „  JL  r  r  ^  +  sin*  ^0 

Sir*  JL,  i_,  sin  ia  sin 


™  0,  we  have 

«+<(»- If 

e 


da  dp 


Let  ns  write  for  brevity 

m  —  ft  m  u;  n  —  y  ^  uC.Z.o  =  W^.x , 

and  noting  that  the  function 


yan->  +  ^_^(  ^ 

Bin  sin 

is  an  odd  function  of  a  and  /3  over  the  interval  (— t,  t),  we  obtain 

u7  ^  r  r  y/ (®*^*  i/3)  •  •  JO 

Ir  * ,x  =  —iT-i  I  I  . — T — ■ — ,  sin  oMt  sin  da  d0. 

Sir*  JL,  JL,  Bin  \a  Bin  §/3  'k 

We  now  consider  a  superposition  of  solutions  of  the  form 

iPm.n.f  =  • 


(55c) 


(55d) 

(56a) 


Equations  (56a),  (4S)  and  (49)  imply  the  following  relations 


[mI 

1  V 

A 

1  ^ 

l».T 

w 

(56b) 


As  in  the  two  dimensional  case  we  have  still  to  determine  a  suitable  range  of 
summation  for  the  indices  ft,  y.  It  is  necessary  that  the  scheme  decided  upon 
should  reduce  to  the  two  dimensional  system  (34)  if  n  »  0.  P\irther,  it  is  a  neces¬ 
sary  requirement  that  on  each  grid  line — in  the  n-direction — for  which  we  obtain 
solutions  we  must  also  obtain  one  arbitrary  constant  in  order  to  satisfy  the 
trailing  edge  conditions  (40c). 

By  assuming  suitable  symmetry  properties  of  the  solution,  a  simplified  form 
of  (56a),  which  satisfies  the  above  requirements,  may  be  obtained  as 


•fim.H.t  ■=  —  2ft,  n  —  2y,  1), 

Mh  =  1  M  “  even  integer  j 

Nh  =  8  N  =  even  integer  > 


(67a) 

(57b) 


m  =  l,3,---,(M-l),  n  =  0,2,.--,ArJ 


From  (57a,  b)  we  see  that  the  basic  system  of  sum  equations  (50b)  becomes 


Uu.iyW^.x  = 


(68) 


where  W^.x  is  given  by  (55d)  and  where  u  ^  m  —  2ft,  \  —  n  —  2v,  w  odd  posi¬ 
tive  and  X  even  positive. 

Mabsachusbtta  Institutb  or  Tbcbnoloot 
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SIMPLE  FORMULAS  FOR  THE  EVALUATION  OF  SOME  HIGHER 
TRANSCENDENTAL  FUNCTIONS* 

Bt  Yudell  L.  Luke  , 


A  certain  class  of  definite  int^rals  can  be  simply  computed  with  high  accuracy 
by  using  the  trapezoidal  rule,  or  what  we  shall  call  the  modified  trapezoidal  rule. 
In  numerous  applied  problems,  this  procedure  permits  further  simplification  of 
results  obtained  in  closed  form.  Evaluation  of  multiparameter  functions  arising 
from  indefinite  integrals  involving  these  transcendents  is  simplified.  Computation 
is  made  easier  as  the  technique  requires  evaluation  of  elementary  functions 
usually  available  as  a  subroutine  on  an  automatic  computer.  Computer  coding 
is  simplified,  and  the  need  for  punched  card  tables  or  table  look  up  is  eliminated. 
This  is  especially  advantageous  for  limited  memory  computers. 

A  rather  complete  account  of  the  trapezoidal  rule  was  developed  by  Poisson 
[1]*,  who  gave  as  an  example  the  evaluation  of  the  complete  elliptic  integral  of 
the  second  kind.  Turing  [2]  has  considered  application  of  the  trapezoidal  rule  to 
evaluate  the  Riemann  Zeta  function,  and  Goodwin  [3]  has  used  it  to  compute 

integrals  of  the  form  /  e~“*f(x)  dx.  In  a  recent  note,  Fettis  [4]  has  given  other 
J-«0 

examples.*  In  this  paper,  the  situation  is  further  explored,  and  it  is  shown  that 
the  modified  trapezoidal  rule  affords  more  simplicity  than  the  trapezoidal  rule 
with  virtually  no  loss  in  accuracy;  it  can  be  more  accurate.  Several  examples  are 
presented.  For  clarity  and  completeness,  we  repeat  in  abbreviated  form  develop¬ 
ment  of  the  trapezoidal  rule.  Proof  of  the  modified  rule  is  very  similar.  For  com¬ 
plete  details,  see  Poisson’s  article  or  a  modem  treatment  available  in  a  volume 
by  Hardy  [5]. 

Suppose  /(x)  is  indefinitely  differentiable  for  x  >  0  and  0  <  a  <  «> .  Then 
by  the  ordinary  theory  of  Fourier  series 

/(x)  =  -  f  fit)  dt  +  [  fit)  cos  —  it  -  z)  dt.  (1) 

a  Jo  a  r-i  Jo  a 

If  0  <  xi  <  a,  the  righthdnd  expression  gives /(xi).  If  x  »  0  or  a,  then  the  right 
hand  expression  gives  i[/(0)  +  /(a)]-  Let  mh  =  a.  Let  x  take  on  the  values 
kh,k  =  0,  1,  •  •  •  m  —  1.  Substitute  in  (1)  and  add.  Then 


I  ~hT^  +  G. 

(2) 

I  -  r  fit)  dt; 

Jo 

T^^Efm-him+fia)]. 

k-O 

(3) 

-2  E  Gr; 

r>l 

Gr  =  f^mCOS^dt. 

(4) 

Presented  to  the  American  Mathematical  Society,  December  27,  1954. 

Numbers  in  brackets  refer  to  references  in  bibliography. 

The  author  wishes  to  thank  Mr.  Fettis  for  introducing  him  to  the  present  subject.  See 

also  footnote  4. 
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Integrating  by  parts,  we  can  write 

G  -  -  E  -  /“^"(O))  +  R. ,  (5) 

where  Bi  =  i,  Bj  =  etc.,  are  the  Bernoulli  numbers  (see  [5],  p.  320),  and 

Note  that 

To  obtain  the  modified  formula,  let  x  take  on  the  values  {k  +  h)K  ^  0, 1,  *  ■  * 

m  —  1.  Adding  the  m  equations,  we  get 

I  +  H  (8) 

L.-  Z/([fc  +  il^)  (9) 

k-Q 

« =  -2 1:  (-)u  (10) 

r-l 

H-t,  (-r‘  B,(.l  -  !r‘)l/'^"(a)  -  /"^"(O))  +  Q.  (11) 

r-l  (2r) ! 

«•  -  (s)'  §  ^ 

The  correction  terms  can  also  be  expressed  as  differences,  but  these  are  not 
needed  for  our  present  work.  The  above  formulae  are  known  by  various  names 
[6].  For  convenience,  we  shall  refer  to  equations  (2)-(7)  as  the  trapezoidal  rule, 
and  to  (8)-(12)  as  the  modified  trapezoidal  rule.  Comparison  of  the  two  formu¬ 
lations  shows  that  the  difference  in  accuracy  is  quite  small.  The  modified  rule 
carries  the  advantage,  since  for  virtually  the  same  or  sometimes  better  accuracy 
the  number  of  terms  is  one  less,  and  the  terms  in  (9)  are  all  of  unit  weight. 

Extension  of  the  summation  formulas  to  infinite  integrals  is  direct.  If  a  — »  <» , 
m  -+  00  and  we  require  that  /,  T*  and  L«  converge,  and  that  lim«-«/'’  (a)  =■  0 
for  all  r. 

If  /(x)  is  not  a  polynomial,  the  summation  formulas  are  as  a  rule  asymptotic 
in  character.  That  is,  if  we  use  a  terms  in  the  correction  formulas  (5)  or  (11), 
and  permit  h  to  approach  zero,  then  R,  and  Q,  approach  zero,  and  we  are  able  to 
calculate  I  with  every  increasing  accuracy.  However,  if  A  is  fixed  and  a  ap¬ 
proaches  infinity,  the  series  in  (5)  and  (11)  are  usually  divergent.  There  is  a 
class  of  functions  for  which  the  series  are  convergent  (actually  null),  and  here 
utilization  of  either  form  of  the  trapezoidal  rule  gives  excellent  accuracy. 

Let  a  be  finite.  If  f(x)  is  periodic  and  has  period  a,  then  the  values  of  the 
derivatives  at  x  =  0  and  x  =  a  are  equal.  If  f(x)  is  an  even  periodic  function  of 
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period  2a,  then  all  odd  derivatives  vanish  at  x  =  0  and  x*  a.  If  a  is  infinite, 
then  all  derivatives  of  /(a)  vanish.  If  further  /(x)  is  an  even  integral  function,  all 
odd  derivatives  vanish  at  the  origin.  In  general,  suppose  that 

/‘*^*>(a)  -  /‘*^‘>(0)  =  0,  all  r.  (13) 

From  (5),  G  =  R, .  Integrating  R,  twice  by  parts,  one  finds  R,  »  R$  +  i  and 
so  the  remainder  is  independent  of  s.  If  (h/2r)  <  1,  the  upper  limit  of  R,  does 
depend  on  «  and  decreases  rapidly  with  A  as  s  increases.  Similar  remarks  pertain 
to  (12).  When  (13)  is  true,  study  of  the  error  is  usually  facilitated  by  examining 
the  Fourier  coefficient  Gr . 

Turing  [2]  studies  the  error  when  the  trapezoidal  rule  is  applied  to  integrals 

of  the  form  /  f(x)dx.  Integration  of  /(x)/[l  —  exp  (—2inx/h)]  around  a 

rectangular  contour  with  vertices  at  d:  °o  ±  ix/h  leads  to  an  expression  for  the 
error  as  an  infinite  integral  plus  other  terms  if  /(x)  has  singularities.  The  infinite 
integral  may  be  difficult  to  handle,  depending,  of  course,  on  the  nature  of  /(x). 

Goodwin  [3]  employs  Turing’s  technique  to  analyse  the  error  for  /  e~’*f{x)  dx. 

In  his  examples,  simple  error  estimates  are  obtained  using  suitable  approxi¬ 
mations  for  the  pertinent  infinite  integral  defining  the  error.  The  results  are  in 
essential  agreement  with  (5)  if  r  =  1  and  all  other  terms  are  neglected  This 
indicates  a  close  connection  between  Turing’s  approach  and  (5).  In  most  cases 
we  study  the  error  by  examining  .  The  function  of  interest  is  Go  so  that 
known  properties  of  the  latter  are  often  of  immediate  use  to  evaluate  Gr .  If  a  is 
infinite,  Gr  is  a  Fourier  cosine  transform  for  which  excellent  tables  are  available. 
Since  2icr/h  can  be  taken  sufficiently  large,  use  of  asymptotic  expansions  very 
often  affords  an  easy  appraisal  of  the  error. 

Higher  point  integration  formulas  can  be  obtained  by  a  proper  linear  combina¬ 
tion  of  (2)  and  (8).  To  get  Simpson’s  rule,  multiply  the  latter  by  2,  the  former 
by  4  and  add.  Suppose  the  number  of  terms  used  to  approximate  I  with  Simp¬ 
son’s  rule  and  the  trapezoidal  rule  are  identical.  For  a  given  r  (see  (4)),  the  index 
of  the  Fourier  coefficient  in  the  remainder  for  either  form  of  the  trapezoidal 
rule  is  twice  as  large  as  for  (he  corresponding  term  in  the  remainder  for  Simpson’s 
rule.  Though  some  theorems  are  known  concerning  the  order  of  Fourier  coeffi¬ 
cients,  these  are  not  sufficient  to  afford  a  comparison  of  the  above  integration 
formulas  without  more  definite  information  concerning  /(f).  If  (13)  holds,  it  is 
very  often  the  case  that  the  trapezoidal  rule  is  superior  to  Simpson’s  rule  when 
the  same  number  of  points  are  used.  Similar  remarks  pertain  for  other  Newton- 
Cotes  or  Lagrangian  type  integration  formulas. 

We  now  consider  some  important  examples. 

Example  /.  Bessel  Functions  of  the  First  Kind  of  Integral  Order  n 

Consider  the  representations^ 

*  The  trapeioidal  rule  representations  for  equations  (14),  (32)  and  (37)  have  been  given 
by  Fettis  [4]. 
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/ 


»/* 


•  It 


COS  (z  cos  t)  coant  dt,  n  even. 

>■ 

sin  (z  sin  t)  sin  ntdt,n  odd. 


(14) 


The  integrands  of  (14)  satisfy  (13).  A  straightforward  analjrgis  gives  for  any  n, 
Gr  =  i((-)V4»,-.(z)  +  (15) 


If  z  is  fixed,  Jniz)  decreases  rapidly  as  n  increases,  and  G  and  H  are  rapidly 
convergent.  Evaluation  of  the  first  term  of  these  series  is  often  sufficient.  We 
can  estimate  the  error  either  using  well-known  tables  or  employing  the  inequality 
[7,  p.  49], 

I  •/»(*)  I  ^  ’  z  =  x  +  iy,  y^O.  (16) 


If  2/  is  large,  evaluate  e~*Jn(z),  which  is  common  practice. 

Suppose  we  require  the  value  of  Jt(z)  for  |  z  |  ^  2  correct  to  about  Sd.  If 
y  =»  12,  since  y  ^  2,  using  (16)  gives  0.15*10“^  as  a  bound  for  |  /u(z)  |.  Thus 
\  H  \  ^  0.3*10“^.  If  z  =  2,  the  value  of  H  from  tables  is  about  0.4*10“*.  If 
z  =  2t,  then  H  =»  0.23  *  10“’^.  Hence  with  m  «■  3,  the  modified  rule  gives  Joiz) 
correct  to  at  least  7d  for  all  |  z  |  ^  2.  If  z  =  26*,  d  =  t/6,  and  m  =  3,  the  modi¬ 
fied  rule  gives  (1.34639  08  —  1.08096  81i)  which  is  exact  to  the  number  of  deci¬ 
mal  places  stated.  If  |  z  |  ^  |  10,  seven  terms  of  the  modified  rule  assures  at  least 
9d  accuracy  for  the  computation  of  e~^Jt{z). 

For  applications,  it  is  useful  to  have  approximations  for  another  form  of 
y,(z).  Consider  the  representation 


Again  (13)  is  satisfied.  Since 


sin*"  0 


we  find  that 


(2n)!  1  I  2  (~)*  cos  2zg 

2*-  L(nO*  h(n  -  «)!(n  +  s)!j  ’ 


(18) 


-  (l)  [•'*•'<*>  +  S  (n  -  +  ,)l  +  •'•"—Wl]  .  (19) 


and  suitable  estimates  of  the  error  can  be  determined  using  (16). 

There  is  yet  a  third  useful  representation  for  J,(z).  Consider  [8,  p.  82], 

Jn(w)  =*  -  f  c'”**  cos  (x  sin  d  —  nS)  dc] 

ir\x  +  y/  Jo  ^  (20) 

w  =  y/x*  -  Re{x  y)  >  0.  J 
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Then 


and 


Gr 


1 

2 


\Gr 


I  <  ri(x-y)^-u>-"|  .  |(x+yrv|  ]] 

\2  /  L2*’^"(2mr  —  n) !  '  2*"^"(2mr  +  n)  ij  I 

w  =  u  w,  i;^0.  J 


(21) 


(22) 


These  approximations  are  quite  remarkable.  Their  application  to  applied 
problems  pernuts  further  simplification  of  results  obtained  in  closed  form.  Com¬ 
putation  of  indefinite  integrals  involving  these  functions  may  be  facilitated.  In 
previous  papers  [9,  10],  the  author  studied  the  function 


f  e*"tt’"y«(Xu)  du. 


(23) 


If  m  and  n  are  integers,  z  real  and  k  and  X  complex,  we  have  a  function  of  seven 
parameters.  For  particular  values,  the  function  can  be  readily  evaluated  using 
the  above  approximations.  On  an  automatic  computer,  (23)  could  perhaps  be 
evaluated  more  quickly  by  power  series.  The  saving  in  computation  time  is  prob¬ 
ably  more  than  offset,  since  the  present  technique  would  simplify  the  coding. 
Example  II.  Complete  Elliptic  Integrals 
Consider  first  the  complete  elliptic  integral  of  the  second  kind 

E(k)  -  /  A(f,  k)  dt,  Ml,  A:)  =  (1  -  A*  sin*  <)*'*.  (24) 

Jo 

If  A:  9^  1,  (13)  holds.  To  study  the  error,  write 

pwli 

En(k)  =  /  A(i,k)co»2TUdt,  (25) 

Jo 


so  that  Gr  =  Eimr .  If  A;  <  1,  we  can  derive 


^n(A:) 


(*"')"  V  ^(9  +  ^  +  i)r(9  +  w  —  j) .  j, 
4  9!(g-|-2n)l 


(26) 


The  latter  is  given  in  a  different  form  by  Byrd  and  Friedman  [1 1]  (p.  292,  Formula 
806.03),  but  their  result  is  incorrect  even  when  a  correction  noted  on  an  errata 
page  is  inserted.  In  addition  to  the  correction  given,  the  exponent  of  4  should 
read  2j  —  1  in  their  notation. 

For  k  sufficiently  small,  an  adequate  error  estimate  obtains  using  the  first  few 
or  a  single  term  of  (26).  The  approximation  becomes  weaker  as  k  nears  unity. 
If  A:  is  unity,  the  error  can  be  determined  precisely  since  E(l)  =  1.  Error  esti¬ 
mates  for  intermediate  values  of  k  can  be  inferred  by  interpolation.  If  A;*  =  ^  and 
m  »=  3,  the  modified  rule  gives  1.350645,  which  is  a  unit  too  large  in  the  last 
decimal  place.  If  r  =  1,  and  only  the  first  term  of  (26)  is  employed,  then  an  error 
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estimate  is  about  0.6’  10~*.  If  A:  =  1,  the  error  is  <0.012  and  so  the  representation 
is  no  worse  than  about  1  per  cent. 

Poisson  used  the  trapezoidal  rule  (m  =  4)  and  computed  E  for  k  =  0.6.  He 
calculated  a  bound  for  the  fourth  derivative  of  A(t,  k),  and  used  (7)  to  obtain 
0.5 -10“*  as  an  error  estimate  for  {2/ir)E.  Comparison  with  the  Legendre  tables 
shows  the  result  correct  to  a  half  unit  in  the  tenth  decimal  place.  Employing 
the  first  term  of  (26),  the  corresponding  error  estimate  is  about  1.2- 10~‘®.  (There 
is  a  misprint  in  Poisson’s  paper.  Second  decimal  should  read  9,  not  0.) 

The  complete  elliptic  integrals  of  the  first  and  third  kinds  can  be  considered 
together.  We  write 


n(r,  *)  “  jf  f(t)  dt;  fit)  =  (1  +  y  sin*  0  A),] 

n(0,  k)  =  K(k).  ) 

To  study  the  error,  consider 

/■»/* 

n,(i',A:)  =  /  fit)  cos  2nt  dt. 

Jo 

If  A;  <  1,  it  is  readily  shown  that 

« = (!) + (!)  §  [^  (’ + 0  J 

'f'  (— )*  \Fiy,n  +  s)  +  Fjv,  |  n  —  s  |)} 
•  'h  (9-«)l(9  +  s)l 

/»/* 

(1  +  sin*  cos  2nt  dt 


(27) 


(28) 


(29) 


KW  +  (31) 

Z  q-0 


To  deduce  (30),  see  [12]. 

Use  of  (29)  to  appraise  the  error  is  of  limited  value,  unless  k  is  small.  The  error 
may  be  judged  by  comparing  calculated  values  with  tabular  values.  Another 
possibility  is  the  use  of  Richardson’s  extrapolation  technique  [13].  It  calls  for 
remark  that  calculation  of  a  generalized  complete  elliptic  integral  can  always 
be  based  on  an  integral  similar  to  the  one  of  interest  where  the  modulus  is  small 
(a  Landen  type  transformation  [14]). 

For  an  illustration,  suppose  A;*  =  ^  and  i'  =  i.  The  modified  rule  with  m  =  3 
gives  1.70519  whereas  the  value  deduced  from  tables  is  1.70521. 
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Example  III.  The  Modified  Bessel  Function  of  the  Second  Kind 
To  illustrate  the  technique  for  an  infinite  integral,  consider 

K,(z)  =  f  ooshvedB,  Re(z)  >  0.  (32) 

Jo 

Setting  g  =  2rr/h,  the  error  introduced  using  either  form  of  the  trapezoidal 
rule  follows  from 

G,  =  f  e"*"****  cosh  vd  con  qd  do  =  +  K_^„(2).  (33) 

Jo 

To  achieve  good  accuracy,  g  must  be  chosen  large  with  respect  to  both  |  y  |  and 
I  2  |.  An  estimate  of  G,  is  obtained  using  asymptotic  expansions  for  Bessel  func¬ 
tions  of  large  order  [7,  8, 15].  In  particular  if  |  z/g  |  and  |  y/g  |  are  small,  an  ade¬ 
quate  appraisal  of  the  error  is  found  using 

KM  ~  ^  5)  ’  P 

I  arg  2  I  <  t/2,  —  t/2  <  arg  1/  ^  t/2. 

Suppose  y  =  z  =  I  and  h  =  ^.  The  modified  rule  3rields  eK\{X)  =  1.1917780 
which  is  exact  to  the  number  of  decimals  quoted.  The  error  deduced  from  (34) 
is  about  0.6- 10"^.  Note  that  except  for  an  easily  computed  factor,  K\[z)  is  Airy’s 
integral. 

For  another  example,  take  =  0, 2  =  e“‘^,  f  =  t/6.  If  A  =  §,  the  modified  » 
rule  yields  Ko{z)  =  0.3623  902  +  0.3212  708t.  But  » 

//‘‘’(tz) - (2t7T)e“*"‘K,(2)  =  J,(iz)  -}-  tT,(i2).  (35) 


Since  J,{iz)  for  y  an  integer  or  zero  can  be  determined  by  the  method  already 
described,  we  can  now  deduce  values  of  F,(2)  for  Re(z)  >  0.  Thus  for  the  above 
example,  Fo(i2)  =  —0.0006  727  -f  0.9122  228t.  The  value  from  tables  is 
—0.0006  723  -|-  0.9122  236t.  There  does  not  seem  to  be  a  suitable  integral  repre¬ 
sentation  for  F«(x),  X  real,  such  that  (13)  holds. 

Example  IV.  The  Elrror  Function  and  Related  Functions 
Consider  (16,  p.  15], 


e~*“  cos  yxdx 
X*  -H  /S* 


^  [e-‘^  Erfda^fi  -  ^a"*!/)  -f  e'^  Erjc{a'$  +  W^v)) ,  ( 
Re  (o)  >  0,  Re  (/3)  >  0. 


(36) 


If  y  =  0,  we  deduce  that 


52.-  f 

W  Jo 


’0  X*  +  IP 


dx. 


(37) 
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If  y  is  large  with  respect  to  2|  ai9  |,  a  useful  error  estimate  obtains  from  the 
asymptotic  expansion  for  Erfc.  Thus 


2/3  /3y 


(38) 


The  second  term  is  unimportant,  and  for  the  evaluation  of  Erf(a^fi),  the  magni¬ 
tude  of  the  error  is  The  present  technique  is  useful  in  evaluating  the 

error  function  for  complex  argument,  Re(z)  >  0.  Take  a  =  2,  /3  =  e"'*  and 
h  =  \.  The  modified  rule  gives  Erf(l  -f-  t)  =  1.3161  5130  0.1904  5350t  while 

the  true  value  to  8d  is  1.3161  5128  -f  0.1904  5347i.  The  value  of  |  e~^  \  is  about 
0.2- 10"’. 

Two  related  integrals  occur  in  rocket  studies  [17].  They  are 


1  ^  =  0, 1,  Re(a)  >  0, 

Re(0)  >  0. 

(39) 

For  an  appraisal  of  the  error,  if  y  is  large  with  respect  to  2 

1  0/3  1,  one  finds 

n  -tf*-./*/*  •  1  2xa 

— r  e  "V  */*  am  «  — — :r— = - 

2/3*  2y^ 

if  m  =  0, 

(40) 

/-»  V  -AfWi/i  1  ■V^2xae"*’^^ 

2y^ 

if  m  =■  1, 

(41) 

where 

<P  “  /8yV^/2  -f  x/4  —  0/3* . 

(42) 

The  preceding  results  may  be  used  to  evaluate  Fresnel’s  integrals  [9,  p.  149]. 
Example  V.  Struve’s  Function 

In  the  examples  considered  thus  far,  the  integrands  of  the  transcendents 
obeyed  the  property  (13).  We  now  study  a  case  where  this  condition  is  not  satis¬ 
fied.  Even  so,  use  of  either  form  of  the  trapezoid  rule  provides  sufficient  accuracy 
for  most  practical  purposes.  Take  the  representation  [7,  p.  337] 

“  r(y^+\)r(^)  I  ®08  j  1  -  008  (*  cos fl) }  sin*’"*^ dfl ,  Re(y)  >  J.  (43) 


We  examine  the  situation  for  i'  =  1  only.  This  is  sufficient  to  evaluate 
since  =  2/t  —  Hi(z).  Employing  the  modified  rule  with  mh  *=  t/2,  we 

have 


Hi(z)  -  (l/m)L»  +  H, 


+ +«“)*•+  •••]] 


(44) 
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If  the  trapezoidal  rule  is  used,  the  remainder  O  isH  with  opposite  sign,  provided 
(l)>  (tt)»  etc.  are  replaced  by  unity. 

For  a  given  z  and  h,  the  series  in  H  may  be  used  to  approximate  the  error  and 
improve  the  accuracy.  However,  the  series  is  divergent.  In  the  following  discus¬ 
sion  we  take  m  =  5  and  consider  the  modified  rule  without  correction  terms. 
If  z  ^  6,  then  the  error  for  Hi  is  no  worse  than  a  unit  in  the  third  decimal  place. 
As  z  increases,  the  accuracy  deteriorates.  At  z  =  11,  the  error  for  Hi  is  only  6 
units  in  the  third  decimal  place.  Integrating  the  modified  rule  approximation 
for  Hi  we  can  get  H^ .  Here  if  z  ^  6,  the  error  is  no  worse  than  2  units  in  the 
third  decimal.  Thereafter  the  accuracy  lessens,  but  at  z  9,  the  error  is 
about  7  units  in  the  third  decimal.  In  the  applications,  one  often  needs 

n^iz)  =  /  Ho(u)  du.  If  z  ^  6,  the  error  for  Ho  is  better  than  3  units  in  the 
Jo 

third  decimal.  For  z  =  10,  the  error  is  about  2  units  in  the  second  decimal  so 
that  for  the  range  (0,  10)  five  terms  of  the  modified  rule  gives  better  than  1  per 
cent  accuracy. 

In  applied  problems,  the  modified  Struve  function  L,{z)  also  arises.  Now 
H,(iz)  =  t''*’‘L,(z).  Since  L,(z)  grows  rapidly  with  z,  it  is  easier  to  consider 
e~‘L,(z).  Five  terms  of  the  modified  rule  give  excellent  accuracy  for  the  functions 

c”*Za(z),  e“*Lo(z)  and  c“*Zo(z)  where  Zo(z)  “  /  Lo{u)  du.  If  z  ^  10,  the  approxi- 

Jo 

mations  for  all  three  functions  are  accurate  to  within  one  unit  of  the  fifth  decimal. 
The  accuracy  for  Hi(z),  z  real  can  be  improved  if  H  in  (44)  is  replaced  by 

H  IO*  =  23.724(z/10)*  -f  6.473(z/10)*  +  11.334(z/10)‘  (45) 

when  m  »  5.  This  is  a  curve  fit  of  the  difference  between  tabular  and  our  ap¬ 
proximate  computed  values  of  Hi(z).  In  the  range  (0,  10),  the  modified  rule 
(m  —  6)  coupled  with  (44)  yields  the  functions  Hi{z),  Hoiz)  and  Ho{z)  accurately 
to  within  2  units  of  the  fifth  decimal. 

BIBLIOGRAPHY 

1.  PofssoN,  S.  D.,  “M6moire  our  le  Csloul  Num^rique  des  Integralee  Defines”,  Mem. 

Acad.  Sc.  Inat.  France  6  (1823),  p.  671-602. 

2.  TvaiNQ,  A.  M.,  “A  Methc^  for  the  Calculation  of  the  Zeta-Function”,  Proc.  London 

Math.  Soc.  Sec.  2,  48  (1946),  p.  180-197. 

3.  Goodwin,  E.  T.,  "The  Evaluation  of  Integrals  of  the  Form  /  «"**  /(*)  dx",  Proc. 

Camb.  Phil.  Soc.  46  (1949),  p.  241-246. 

4.  Fbttib,  H.  E.,  "Numerical  Calculation  of  Certain  Definite  Integrals  by  Poisson’s 

Summation  Formula",  MTAC  9,  July,  1966. 

6.  Hardt,  G.  H.,  "Divergent  Series",  Oxford,  1949,  p.  330. 

6.  SrarnNSEN,  J.  F.,  "Interpolation”,  Chelsea,  New  York,  1960. 

7.  Watson,  G.  N.,  "A  Treatise  on  the  Theory  of  Bessel  Functions",  Cambridge,  1946. 

8.  EaoiLTi,  A.,  bt  al,  "Higher  Transcendental  Functions",  McGraw-Hill,  New  York,  v. 

2,  p.  86-87. 

9.  Luks,  Y.  L.,  "Some  Notes  on  Integrals  Involving  Bessel  Functions”,  Jn.  Math.  Phys. 

29  (1960),  p.  27-30 


EVALUATION  OF  TRANSCENDENTAL  FUNCTIONS 


307 


10.  Luu,  Y.  L.,  “An  Associated  Bessel  Function”,  Jn.  Math.  Phys.  31  (1962),  p.  131-138. 

11.  Btbo,  P.  F.  and  Fbuboman,  M.  D.,  “Handbook  of  Elliptic  Integrals  for  Engineers  and 

Physicists”,  Springer,  Berlin,  1954. 

12.  Gbobnbb,  W.  and  HorBSiTBR,  N.,  “Integraltafel,  Bestimxnte  Int^rale,  Springer,  Wien, 

1960,  p.  112,  Formula  (27). 

13.  Hartub,  D.  R.,  “Numerical  Analysis”,  Oxford,  1962,  p.  139. 

14.  Babtkt,  W.,  “Numerical  Calculation  of  a  Generalised  Complete  Elliptic  Integral”, 

Rev.  Mod.  Phys.  10  (1938),  p.  264-269. 

15.  Lanobr,  R.  E.,  "On  the  Asymptotic  Solutions  of  Differential  Equations,  with  an  Ap¬ 

plication  to  the  Bessel  Functions  of  Large  Complex  Order”,  Trans.  Amer.  Math. 
Soc.  34  (1932),  p.  447-480. 

16.  ErdAlti,  a.  rt  al,  “Tables  of  Integral  Transforms”,  McGraw-Hill,  New  York,  v.  1. 

17.  Rankin,  R.  A.,  “The  Mathematical  Theory  of  the  Motion  of  Rotated  and  Unrotated 

Rockets”,  Roy.  Soc.  London,  Philos.  Trans.  Ser.  A,  241  (1949),  p.  467-686. 

Midwbbt  Rbbkabch  Institutb 
Kansas  Citt,  Missouri 


(Received  December  31,  1964;  Revised  ^ptember  16,  1966) 


ON  THE  ROOTS  OF  THE  EQUATION: 

Yi{mx)[xJx{x)  -  Ry,(x)]  -  y,(wu:)[xFi(x)  -  Rr,(x)]  =  0. 

By  M.  Lipow  and  S.  A.  Zwick 

Introduction.  The  equation 

F,(7nx)[xyi(x)  -  BUx)]  -  Jy{mx)[xY,{x)  -  BF,(x)]  =  0,  (1) 

where  J^,  Ji,  Fe,  Fi  are  Bessel  functions  of  the  first  and  second  kinds  of 
zero’th  and  first  orders,  as  defined  and  tabulated  in  the  Tables  of  the  British 
Association,  Vol.  VI,  occurs  in  several  physical  applications.  One  important 
example  is  in  the  problem  of  determining  the  temperature  in  the  cross-section 
of  a  concentric  annular  cylinder,  for  which  the  inner  surface  is  insulated  and 
there  is  a  heat  flux  proportional  to  the  temperature  difference  at  the  outer 
surface.  In  this  case  the  parameter  m  in  (1)  is  the  inner-to-outer  diameter  ratio 
of  the  annulus,  and  B  ia  &  dimensionless  number  depending  upon  thermal 
parameters  of  the  cylinder  material  and  the  outside  medium. 

Table  of  Roots.  It  is  known  that  the  roots  of  Eq.  (1)  are  real  and  simple,'  and 
are  S3rmmetrically  placed  about  the  origin  when  m  and  B  are  real  and  m  is 
^0.  The  table  gives  all  positive  roots  x  which  are  less  than  25  for  m  =>  0.2, 
0.4,  0.6,  and  0.8;  and  B  =  0.01,  0.05,  0.10,  0.20,  0.50,  1.0,  2.0,  5.0,  10,  50,  and 
100.*  The  entries  are  believed  to  be  correct  to  within  two  units  in  the  sixth  decimal  ^ 
place.  All  roots  listed  in  the  table  were  determined  by  tabulating  the  left  side  ^ 
of  (1)  to  eight  decimal  places  for  arguments  near  the  root,  then  calculating  the 
root  by  inverse  interpolation. 

Detennination  of  Higher  Order  Roots.  In  the  discussion  which  follows,  the 
parameter  B  may  take  on  any  value  from  —  «>  to  -f  «> .  The  parameter  m  is 
assumed  non-negative.  When  m  =*  1,  the  equation  (1)  has  no  roots,  the  left 
side  of  (1)  reducing  to  the  Wronskian  of  </o(x),  Fo(x).  The  method  discussed 
here  for  obtaining  the  roots  of  Eq.  (1)  when  the  variable  x  is  large  is  due  es¬ 
sentially  to  Stokes.*  The 'idea  behind  the  method  may  be  briefly  sketched  as 
follows: 

The  oscillatory  functions*  appearing  in  characteristic  equations  such  as  (1) 
quite  generally  have  the  property  that  as  x  — »  <» ,  the  zeros  tend  to  be  uniformly 

*  Csralsw  and  Jaeger,  Proc.  London  Math.  Soo.  (2)  46,  361  (1943). 

*  See  A.  M.  Weinberg,  Bull.  Math.  Biophys.  S,  39  (1941),  in  which  the  same  characteris¬ 
tic  equation  (1)  is  discuased.  Some  of  the  lower  order  roots  are  given  for  m  >  1 
and  B  <  0. 

*  Stokes,  Trans.  Camb.  Phil.  Soc.  IX  (1886),  pp.  182-184. 

*  An  oscillatory  function  may  be  defined  as  a  continuous  function  of  x,  bounded  for 
0  <  X  <  » ,  say,  with  an  infinite  number  of  simple  zeros  having  no  finite  point  of  accumu¬ 
lation. 
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TABLE  OF  ROOTS  OF  THE  EQUATION: 
y,(m*){x/.(*)  -  BJ,{x)\  -  /,(mx)l*y,(*)  -  By.(*)J 


.235624  .526173  .742862  1.047147  1.639490  2.281512  3.127053  4.533740  5.670056  7.493095  7.835368 

15.740718  15.753370  15.760150  15.800651  15.894423  16.048295  16.346599  17.162313  18.267297  21.637076  22.577360 
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spaced.*  If  the  limiting  period  of  an  oscillatory  function  f(x)  is  T,  then  there  is 
a  smallest  value  xo  of  x,  such  that  for  x  >  xo  one  can  express  /(x)  in  the  form 

fix)  =  P(x)  cos  (2tx/7’)  +  Q(x)  sin  i2irx/T),  (2) 

say,  where  P(x)  and  Q(x)  have  no  zeros  or  singularities.  By  a  shift  of  origin,  (2) 
can  be  further  reduced  to  the  form 


fix)  =  P(x)  cos  [2t(x  -  Xo  0)/T]  +  Qix)  sin  [2t(x  -  Xq  +  (t>)/T\  (3) 

for  X  >  Xo ,  where  the  constant  ^  is  chosen  so  that  now  P/Q  — >  0  (or  alternatively, 
Q/P  0)  as  X  — ►  00 . 

By  using  the  representation  (3)  and  the  addition  formulas  for  the  sine  and 
cosine,  one  can  reduce  a  characteristic  equation 

^(«>  /3,  •  •  •  ,  ;  x)  =  0  (4) 

involving  oscillatory  functions  to  the  form 


P(o,  iS,  •  •  •  ;  x)  sin  Qia,  j9,  •  •  •  ;  x)  =»  0,  (5) 


where  P  does  not  vanish  and  Q  increases  monotonically.  By  judicious  manipula¬ 
tion  it  is  possible,  in  fact,  to  make 


Q  qx  as  X  —*  <*>,  (6) 

vdiere  q  =  qia,  /3,  ••■)  \b  independent  of  x.  The  roots  x,  of  (4)  are  then  given 
by 

Q(«»  •  •  •  ;*.)•»»•,  (7) 

where  «  is  an  integer;  they  are  conveniently  found  by  using  (6)  in  (7),  and 
iterating  the  asymptotic  relation  (6). 

The  representations  corresponding  to  (3)  for  the  Bessel  Functions  «/»(x),  Y^ix) 
are 


y,(x)  =  P,(x)  cos  (x  —  nr/2  —  t/4)  —  Q,(x)  sin  (x  —  nr/2  —  t/4), 
Ynix)  “  Q,(x)  cos  (x  —  nr/2  -  r/A)  +  P,(x)  sin  (x  -  nr/2  —  ir/4) 
PJjx)  and  Qnix)  have  the  asymptotic  expansions' 

^  i-\yin,2T) 


Pnix) 


f: 

\rx/  r-o 


(2x)* 


+  1) 


\rxj  ^  (2x)*H-» 

00 ,  where  (n,  0)  —  1  and 

(4n*  -  l*)(4n*  -  3*)(*-*)(4n‘  -  (2fc  -  1)*) 


in,k) 


2**1 


(8) 


(9) 


(*  >  0).  (10) 


*  SolutioDB  of  Sturm -liouville  syBtems  have  this  property,  for  example.  See  Ince,  Or¬ 
dinary  Differential  Eqaatione  (Dover  Publieationa,  New  York),  pp.  270-273. 

•  E.  T,  Copeon,  Theory  of  Funetione  of  a  Complex  Variable  (Oxford  Univ.  Press,  1946), 
Chapt.  XII. 


Yi{mxAxJ\{x)  —  BJo(®)l  —  J\(,mx)[xY\{x)  —  5Fo(aj)]  “  0 
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For  convenience,  we  shall  put 

P,(x)  =  M,(x)  co8t/,(x),  Q,(x)  =  ti»(x)  sin  t;,(x),  (11) 

so  that  from  (8), 

Jn{x)  =  Unix)  cos  (x  -  mr/2  -  t/^.  +  t>,(x)),| 

}  (12) 

F,(x)  =  Unix)  sin  (x  -  nir/2  -  t/4  +  t>,(x)).| 

Then  for  sufficiently  large  x,  Eq.  (1)  becomes 

cos  (rnx  —  3t/4  +  »i(mx)){xui(x)  sin  (x  —  3ir/4  +  t>i(x)) 

—  Bur/x)  sin  (x  —  t/4  +  »o(a5))} 

=*  sin  imx  —  3t/4  +  i;i(nix)){xui(x)  cos  (x  —  3t/4  +  Vi(x))  (13) 
—  Buoix)  sin  (x  —  t/4  +  vo(x))}, 
which  can  be  transformed  into 

{xui(x)  cost>i(x)  -{-  Bucix)  8int;o(x)}  sin  ((1  —  m)x  —  Viimx)) 

(14) 

+  {xiii(x)  sini;i(x)  —  Buoix)  cosvo(x))  cos  ((1  —  m)x  —  viimx))  =  0. 
Finally,  writing 

XMi(x)  cos  Viix)  +  Buoix)  sin  t^(x)  *  a(x)  cos  /9(x),  ^  a(x)  sin  ^(x), 

xui(x)  sin  Viix)  —  Bucix)  cos  t>o(x)  *  —  a(x)  sin  j8(x),  a  —aix)  cos  yix), 

we  can  throw  (14)  into  the  alternative  forms 

sin  [(1  —  m)x  —  Vtimx)  —  /9(x)]  »  0,  (16a) 

or 

cos  [(1  —  m)x  —  Viimx)  +  7(x)]  =  0;  (16b) 

whence 

(1  —  m)x  —  Viimx)  —  /9(x)  =  («  —  1)t,  (17a) 

or 

(1  -  m)x  -  t>i(mx)  +  yix)  =  («  —  §)t,  (17b) 

where  s  is  an  integer.  In  the  above  derivation,  non- vanishing  factors  Uiimx), 
aix)  have  been  dropped. 

The  reason  for  giving  both  forms  (17a),  (17b)  is  the  following:  For  large  x, 
the  leading  terms  in  /5(x)  and  7(x)  are  given  by 

tam,W~  (18) 

according  to  (15),  (11),  and  (9).  The  parameter  B  in  equation  (1)  may  take  on 
any  value  from  —  «  to  «,  and,  in  particular,  may  be  larger  in  absolute  value 
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than  the  root  x  we  are  seeking.  For  |  £  |  it  is  apparent  from  (18)  that 
is  small  and  y  large;  but  when  |  B  |  x,  7  becomes  small  and  j8  large.  Equation 
(17)  is  most  useful  for  obtaining  the  value  of  x  when  the  first  term  on  the  left 
side  strongly  dominates  the  rest,  so  that  Eq.  (17a)  is  to  be  used  when  |  B  |  x, 
(17b)  when  |  B  (  )?>  x.  For  these  cases,  if  one  solves  (17)  by  iteration,  the  con¬ 
vergence  goes  as  1/x*.  Inasmuch  as  /8(x)  never  becomes  larger  than  t/2 
(d  =  w/2  —  7),  it  ia  still  possible  to  use  (17a)  when  |  B  |  ^  x,  but  the  conver¬ 
gence  then  goes  only  as  1/x. 

For  iteration  purposes,  (17a),  (17b)  may  be  written 


(»  —  l)ir 

(19a) 

(1 

—  m) 

—  (l/x)t;i(mx)  —  (l/x)/3(x)’ 

(«  —  |)t 

(19b) 

(T 

—  m) 

-  (l/x)t)i(mx)  -f  (l/x)7(x)  ■ 

Thus,  for  example,  the  first  approximation  to  x,  from  (19a)  is 


The  asymptotic  formulas  for  i;i(7rex)  and  /3(x)  or  7(x)  can  be  obtained  from 
Eqs.  (9)-(15).  We  shall  present  the  results  for  the  cases  x  ^  1  and  |  B  |  <3C  x 
(when  (19a)  applies)  or  |  B  |  )$>  x  (when  (19b)  applies).  They  are: 


+ 


l{>- 


(SB*  -  12B  +  9^  4-  (IQg*  -  40B*  -f  50B*  -  45B  -f  316) 


24x* 


SOx* 


3(8fnx)* 


HiStnx)* 


(21a) 


(|B|«x); 


,  V  ^  !fo  ,  \  (252 -f- 100m*)  ,  (60,768  -}-  34,336m‘) 

Pi(mx) -7(x)'^g;^U3  +  m) - ,  + 


where  f  =  x*/B. 


(8r*  -  12f  -  3)  ^  (128r*  -  320f*  -|-  80f*  -  40f  -  125) 


(21b) 


24x* 


640x« 


+  •••)  (|f|«x), 


Determination  of  Small  Order  Roots.  In  order  to  find  the  small  order  roots  of 
Eq.  (1),  it  is  convenient  to  use  an  infinite  product  expansion  associated  with 


Yi{mx)[xJi{x)  —  BJ^ix)]  —  Ji{mx){xYiix)  —  BFo(x)l  =  0 


313 


the  function  on  the  left  side  of  (1)/  To  see  this,  let  G{z)  be  an  entire  function 
(i.e.  with  no  singularities  in  the  finite  part  of  the  complex  z-plane),  which  does 
not  vanish  at  the  origin,  and  which  has  simple,  real  zeros  at  z  ±z, .  Then 
under  certain  conditions,'  G(z)  may  be  put  into  the  form  of  an  infinite  product 
expansion  which  exhibits  the  zeros  of  G(z)  explicitly: 

OW  -C(0)n(l  (22) 

The  right-hand  side  of  (22)  may  be  expanded  in  ascending  powers  of  z',  with 
the  coefficients  depending  upon  the  zeros  z«  in  a  simple  manner.  Defining  H{z) 
as  the  logarithm  of  the  infinite  product  in  (22),  one  has 

H(t)  *  log  n  ^1  -  =•  log  ^1  -  ,  (23) 

with  that  branch  of  the  logarithm  chosen  so  that  ^(0)  =  0.  Since 


valid  for  I  z  I  <  z« ,  Eq.  (23)  may  also  be  written 

(26) 

fCZg 

^  We  may  invert  the  order  of  summation  if  |  z  |  <  Zi  to  obtain 

(26) 

k-ml  K 

where 

(t=  1,2,3,  ••■).  (27) 

Hence, 

o(.)  -  o(o)«xp(-i;£.i) 

(  1 
-  0(0)|l  -B,2'+  (E!  -  bo  L  -  (B*  -  3£.  E,  +  2£.)|j  +  •  •  •  L 

^  This  method  is  originally  due  to  Euler.  See  G.  N.  Watson,  Treatise  on  the  Theory  of 
Beeeel  Functions,  (Camb.  Univ.  Press,  Cambridge,  1952),  pp.  600-501.  A.  O.  Walters,  Phil. 
Mag.  88,  70  (1047),  gives  an  entirely  different  method  of  obtaining  the  lower  order  roots 
of  E)q.  (1).  His  final  result  is  essentially  equivalent  to  that  presented  here,  except  that  the 
logarithmic  derivative  of  0(x)  (see  Eq.  (22),  below)  is  used.  It  appears  that  on  p.  78,  in  the 
appendix  to  his  paper,  the  factor  “tX"  should  be  inserted  inside  the  logarithm  in  the  equa¬ 
tion  defining  "0(h)". 

•  Sec  Ref.  («),  pp.  144-149. 


t 
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If  G(z)  is  already  known  in  terms  of  a  power  series  expansion  about  the  origin, 
the  numbers  Ek  can  be  obtained  by  equating  coefficients  or  correspond¬ 
ing  powers  of  z  in  that  series  and  in  the  right  side  of  (28).  Knowing  the  Ek , 
one  may,  in  principle,  solve  the  set  of  equations  (27)  for  the  zeros  z.  of  0(z). 

For  the  equation  at  hand,  the  fimction  G(x)  may  be  defined  by 

^  -  ri(mx)lzJi(x)  -  BJo(x)]  -  Ji(mx)lxyi(x)  -  BVo(x)l  (29) 

X 


Here 


Jn(x)  -  ^ 


(-l)V 


a2**+-jfcl(ik  +  n)! 

for  n  a  positive  integer;  and 

(T/2)r,(*)  »  y,(x)|log^+  -  ffn(x), 

where 

/  N  _  V'  (-l)‘x“+-  .  l^l\ 

ffn{xj  »  ^  2“+-k!(lb  -I-  n)  1  \2  ^  r  2  rj 


+  Z 


(n  —  A:  —  l)!x* 


tS  ifc!2*^-+» 


(30) 


(31) 


(32) 


The  terms  in  the  second  summation  are  omitted  when  n  =■  0.  The  symbol  C 
in  (31)  denotes  Euler’s  constant. 

By  using  (31),  one  can  transform  Elq.  (29)  to 


„  lJj(mx)  logm  -  fft(fnx)]lxJi(x)  -  BJo(x)] 

L  X 

+  Ji(mx){xgi(x)  -  Bgoix)]. 


(33) 


It  is  seen  that  the  logarithmic  terms  appearing  in  the  expression  (31)  for  Yn(x) 
have  cancelled  out  in  (33),  but  G(x)/x  still  has  a  simple  pole  at  the  origin  with 
residue  2B/im,  due  to  the  term  Bgi(mx)Jo(x).  Hence,  G(x)  is  an  entire  func¬ 
tion  which  does  not  vanish  at  the  origin  and  has  simple  zeros  at  x  =  ±x, .  It 
can  be  shown  that  G(x)  otherwise  satisfies  the  conditions  referred  to  in  Cop- 
son,*  so  that  G(x)  has  the  infinite  product  expansion 


G(x) 


(34) 


The  power  series  expansion  for  G(x)  can  be  obtained  from  (33),  (30),  and  (32). 
The  numbers  Ek  can  then  be  calculated  by  using  the  method  outlined  above. 
The  first  three  Ek  are 


Y  i(jfnx)[xJ  i{x)  —  BJttix)]  —  Ji{mx)[xY\{x)  —  BYo{x)]  =  0 
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Ex 

Et 


Ex 


m  ,  , 

=  Y  log  m  + 


(1  -  m’)(2  +  B) 

4B 


- -j- log  m  -  ^  (SB  +  4)  log  m  + -3^ 

•IB*(1  -  7m*)  +  4B(1  -  3m*)  +  8(1  -  m*)], 
=  ^  log*  m  -  (3B  +  4)  log*  m 

-I-  (B*(17m*  -  12)  +  12B(3m*  -  2)  +  24(m*  -  1)] 

o4iK 

+  lB*(67m*  -  41m*  +  4)  +  12B*(17m*  -  13m*  +  2) 

7o8i>* 

+  72B(3m*  -  4m*  +  D  +  96(1  -  m*)*]. 


(35) 


In  order  to  calculate  the  first  three  roots,  one  may,  for  example,  approximate 
El  f  Ex ,  Ex  by 


Xi  X)  X|  Xj  Xj 


(36) 


from  (27),  assuming  that  the  remaining  terms  in  the  sums  can  be  neglected. 
Using  the  values  of  Ei,  Ex,  Ex  obtained  from  Eq.  (35),  one  may  then  solve 
Eqs.  (36)  for  approximate  values  of  xi ,  xi ,  Xi .  Better  estimates  of  Xi ,  zj ,  Xi 
can  be  obtained  by  retaining* the  first  three  terms  of  Ei,  Ex,  Ex  and  solving 
simultaneously  for  the  roots.  Still  better  estimates  can  be  obtained  if  approxi¬ 
mate  values  of  higher  order  roots  are  available. 
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NUMERICAL  VALUES  FOR  THE  TEMPERATURE  IN  RADIAL 

HEAT  FLOW 


By  J.  C.  Jaeger 


1.  Introductory.  A  knowledge  of  the  temperature  distribution  in  the  region 
bounded  internally  by  a  circular  cylinder  is  of  importance  in  many  applications. 
The  fundamental  problem  is  that  of  calculating  the  temperature  for  the  case  in 
which  the  region  is  initially  at  zero  temperature  and  the  cylindrical  surface  is 
held  at  unit  temperature  for  times  f  >  0:  when  this  result  is  known,  values  for 
the  case  in  which  the  surface  temperature  is  any  prescribed  function  of  the  time 
can  be  obtained  by  Duhamel’s  theorem*. 

This  problem  has  been  considered  by  many  authors.  If  the  radius  of  the 
cylinder  is  a  and  the  material  has  thermal  conductivity  k,  density  p,  specific 
heat  c  and  diffusivity  a  k/ pc,  all  supposed  to  be  constants,  the  temperature  v 
at  radius  r  and  time  t  is  given  by  * 


T  .'0 


Coju,  Ru)  du 
u[7?(w)  + 


(1) 


where  r  and  R  are  the  dimensionless  parameters 

T  =  od/a',  (2) 

R  =  r/a,  (3) 

and  C#(tt,  Ru)  =  Jo(u)Yn{Ru)  —  Yoiu)Jn(Ru),  (4) 


Jq  and  Fo  being  the  Bessel  functions  of  the  first  order  and  the  first  and  second 
kinds. 

Despite  the  importance  of  the  problem  few  numerical  values  have  been 
given,  largely  because  of  the  rather  complicated  form  of  the  solution.  Some 
values  calculated  by  Schmidt’s  approximate  method  have  been  given  by  Perry 
and  Berggren*  but  the  interval  is  not  sufficiently  close  to  allow  further  numerical 
work  and  the  accuracy  is  a  little  uncertain  because  of  the  method  used.  Recently 
a  mimeographed  report*  Ipving  results  to  5D  in  the  region  R  ^  I,  (1),  10  and 
T  B  0.1,  (0.1),  1,  (1),  10  has  become  available.  The  integral  which  gives  the 
surface  flux,  namely 


du 


«UJ(u)  +  rj(w)l 


(5) 


has  been  tabulated  briefly  by  Jaeger  and  Clarke*. 


‘  Carslsw  and  Jaeger,  Conduction  of  Heat  in  Solidc  (Oxford,  1947)  |10. 

*  For  references  and  a  derivation  of  (1)  see  {127. 

*  University  of  California  Publications  in  Engineering,  6  (1944),  69. 

*  Computation  Laboratory  of  Harvard  University,  Problem  report  No.  76,  (1954). 

*  Proc.  Roy.  Soe.  Edin.  A  61  (1942),  229.  Owing  to  wartime  conditions  the  authors  did 
not  see  a  proof  of  this  paper  and  there  is  a  number  of  obvious  misprints  in  the  statement 
of  the  intervals  of  the  Table  but  the  body  of  the  Table  is  correct. 

316 


TEMPERATURE  IN  RADIAL  HEAT  FLOW 


317 


In  practice  a  very  large  range  in  values  of  r  may  occur  and  high  accuracy  is 
not  needed.  Accordingly,  the  present  Table  is  given  to  only  three  decimal  places 
but  for  values  of  r  running  from  0.001  to  1000  at  reasonably  close  intervals.  In 
all  cases  calculations  have  been  made  to  five  places,  so  it  is  hoped  that  all  figures 
are  correct. 

It  may  be  noted  that  the  solution  of  this  problem  also  provides  that  of  the 
interesting  case  of  the  semi-infinite  solid  x  >  0  with  linearly  increasing  thermal 
conductivity  A:  =  A^(l  -t-  /Sx)  where  ko ,  jS  and  the  density  p  and  specific  heat  c 
are  constants.  If  the  solid  is  initially  at  zero  temperature  and  the  surface  x  =  0 
is  maintained  at  unit  temperature  for  t  >  0,  the  temperature  at  x  at  time  t  is 
given  by  (1)  with 

/?=(!+  /3x)*,  T  =  ^tkc/4pc.  (6) 

2.  Approzinuitions.  Very  wide  ranges  of  the  parameters  R  and  r  occur  in 
various  practical  applications:  for  most  of  these  the  integral  (1)  must  be  evalu¬ 
ated  numerically,  but  there  are  two  important  limiting  regions  for  which  simpler 
formulae  are  available. 

For  small  values  of  t,  cf.”’  §127(7), 

(7) 

/7.1  9\t^.R-1, 

V32  16ft  32ft»/  ft*  *  +  •  •  •  . 

where  the  repeated  integrals  of  the  error  function 

t"  erfc  ®  J  f  t*  erfc  x  =  erfc  x  =  ^  j  «“**  df  (8) 

are  tabulated  by  Hartree*. 

For  large  values  of  r,  the  cylinder  functions  in  (1)  may  be  expanded  in  the 
ascending  series 

ftu)  =  in  ft  +  E--!  (9) 

where  the  coefficients  c»(ft)  have  explicit  but  complicated  forms,  for  example, 
c,(ft)  =  -(ft*  4-  1)  In  ft  -H  ft*  -  1,  (10) 

c(ft)  =  HR*  +  4ft*  -I- 1)  In  ft  -  t(/e*  -  1),  (11) 

and,  in  general,  the  dominating  term  in  c»(ft)  is  of  order  ft*”  In  ft. 

Substituting  (9)  in  (1)  gives 

,  At  D  r  du 

1  "T*lnfti,  ulJ?(u) -I-  Kj(w)l 

-  A  Z  2--c.(fl) 

IT  amI 

*  A/em.  and  Proc.  Manchealer  Lit.  and  Phil.  Soc.,  80  (1935),  85. 


r“  du 

i,  Jj(tt)  +  yj(u)- 
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The  first  integral  in  (12)  is  the  tabulated  (5),  so  that  (12)  expresses  the 
temperature  as  the  sum  of  a  term  corresponding  to  steady  radial  flow  with  the 
instantaneous  value  (5)  of  the  surface  flux  tc^ther  with  a  series  of  correcting 
terms.  The  integrals  in  the  series  are,  of  course,  the  successive  derivatives  of 
(5)  with  respect  to  t.  For  large  values  of  t,  (5)  has  the  asymptotic  expansion 
[Jaeger*  (16)] 

7  * 

On  (4t)  -  27]*  ■ '  ■ 

where  7  is  Euler’s  constant,  so  that  a  simple  asymptotic  formula  for  (1)  for 
large  r  is  available. 


-11 _ I _ 

2  \ln  (4t)  -  27 


3.  Calculations.  The  formula  (7)  is  useful  for  the  region  r  <  0.3.  For  the  range 
0.3  <  T  <  10  it  is  convenient  to  evaluate  (1)  by  splitting  the  range  (0,  «>) 
into  two  parts,  such  as  (0,  0.2)  and  (0.2,  <» ) ;  in  the  second  of  these  the  Integral 
can  be  evaluated  directly,  while  in  the  first  a  convenient  series  expansion  based 
on  (9)  can  be  found.  For  t  >  10  and  R  not  too  large  (12)  may  be  used,  evaluating 
the  integrals  directly  for  moderate  r  and  using  their  asymptotic  expansions  for 
larger  r.  Finally,  when  R  is  large,  it  is  convenient  to  write  (1)  in  the  form 


V 


2  r’  Co(m,  u/R)  du 

*  u[Jl(u/R)-\-  Yl(u/R)] 


(14) 


before  using  the  methods  described  above. 

All  these  techniques  can  be  used  in  overlapping  regions  and  have  been  checked 
in  this  way.  The  results  are  given  in  Table  I. 


4.  The  case  of  heating  for  a  finite  time.  It  frequently  happens  that  the  surface 
r  =  a  is  maintained  at  unit  temperature  only  for  a  finite  time  to,  after  which  the 
supply  of  heat  ceases.  What  is  usually  required  is  an  estimate  of  the  time  which 
the  heat  stored  in  the  solid  during  the  time  to  takes  to  disperse.  To  determine 
this,  the  temperature  given  by  (1)  for  <  »  ^  must  be  taken  as  a  new  initial 
temperature  and  the  problem  of  conduction  of  heat  in  the  region  r  >  a  has  to 
be  solved  with  a  new  boundary  condition  at  r  =  a.  Problems  of  this  type  will 
be  discussed  elsewhere;  here  we  shall  obtain  a  rough  estimate  by  considering 
the  problem  of  the  solid  r  >  0  with  initial  temperature  given  by 


1,  0  ^  r  ^  a 

/(r/o),  r  ^  o. 


(Ifi) 


where  /(r/a)  is  the  value  of  (1)  when  t  ^  to  ;  this  is  equivalent  to  supposing  the 
hole  r  <  a  to  be  filled  by  conducting  material  at  unit  temperature.  In  this  case 
the  temperature  F  at  r  «■  0  at  time  nto  is  found  §103  (6)]  to  be  given  by 


V  -  (1  -  e-'*”-)  +  d(,  (16) 


Proe.  Roy.  Soe.  Edivhurgh,  A,  81  (1942),  223. 
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TABLE  I 


R 


1.0 

1.1 

1.2 

ij 

1.4 

u 

1.6 

1.7 

1.8 

1.9 

2J) 

0.001 

1.000 

0.024 

0.000 

0.002 

1.000 

0.109 

0.001 

0.000 

0.003 

1.000 

0.188 

0.009 

0.000 

0.004 

1.000 

0.251 

0.023 

0.001 

0.000 

0.005 

1.000 

0.303 

0.042 

0.002 

0.000 

0.006 

1.000 

0.345 

0.062 

0.005 

0.000 

0.007 

1.000 

0.380 

0.083 

0.010 

0.001 

0.000 

0.008 

1.000 

0.410 

0.104 

0.016 

0.001 

0.000 

0.009 

1.000 

0.435 

0.124 

0.022 

0.002 

0.000 

0.01 

1.000 

0.458 

0.144 

0.030 

0.004 

0.000 

0.000 

0.02 

1.000 

0.589 

0.290 

0.117 

0.039 

0.010 

0.002 

0.000 

0.000 

0.03 

1.000 

0.652 

0.379 

0.194 

0.087 

0.034 

0.011 

0.003 

0.001 

0.000 

0.04 

1.000 

0.691 

0.439 

0.254 

0.133 

0.063 

0.027 

0.010 

0.004 

0.001 

0.000 

0.05 

1.000 

0.718 

0.483 

0.302 

0.175 

0.093 

0.046 

0.021 

0.009 

0.003 

0.001 

0.06 

1.000 

0.739 

0.517 

0.341 

0.211 

0.122 

0.066 

0.033 

0.016 

0.007 

0.003 

0.07 

1.000 

0.754 

0.544 

0.373 

0.242 

0.149 

0.087 

0.047 

0.024 

0.012 

0.005 

0.08 

1.000 

0.767 

0.566 

0.400 

0.270 

0.174 

0.106 

0.062 

0.034 

0.018 

0.009 

0.09 

1.000 

0.778 

0.585 

0.423 

0.294 

0.196 

0.125 

0.077 

0.045 

0.025 

0.013 

0.1 

1.000 

0.787 

0.601 

0.443 

0.316 

0.217 

0.143 

0.091 

0.055 

0.032 

0.018 

0.2 

1.000 

0.837 

0.691 

0.562 

0.450 

0.355 

0.275 

0.209 

0.156 

0.114 

0.082 

0.3 

1.000 

0.860 

0.733 

0.620 

0.519 

0.430 

0.352 

0.286 

0.229 

0.181 

0.142 

0.4 

1.000 

0.873 

0.758 

0.655 

0.562 

0.479 

0.405 

0.339 

0.282 

0.233 

0.191 

0.5 

1.000 

0.883 

0.776 

0.680 

0.592 

0.514 

0.443 

0.380 

0.323 

0.274 

0.230 

0.6 

1.000 

0.890 

0.789 

0.698 

0.615 

0.540 

0.472 

0.411 

0.356 

0.307 

0.263 

0.7 

1.000 

0.895 

0.800 

0.713 

0.634 

0.562 

0.496 

0.436 

0.382 

0.334 

0.290 

0.8 

1.000 

0.899 

0.808 

0.725 

0.649 

0.579 

0.515 

0.457 

0.405 

0.357 

0.313 

0.9 

1.000 

0.003 

0.815 

0.735 

0.661 

0.594 

0.532 

0.475 

0.424 

0.377 

0.334 

1 

1.000 

0.906 

0.821 

0.743 

0.672 

0.606 

0.546 

0.491 

0.440 

0.394 

0.351 

2 

1.000 

0.924 

0.854 

0.790 

0.732 

0.677 

0.627 

0.580 

0.536 

0.496 

0.458 

3 

1.000 

0.932 

0.870 

0.812 

0.760 

0.711 

0.665 

0.623 

0.583 

0.546 

0.511 

4 

1.000 

0.937 

0.879 

0.826 

0.777 

0.731 

0.680 

0.649 

0.612 

0.577 

0.544 

5 

1.000 

0.940 

0.886 

0.835 

0.780 

0.746 

0.706 

0.668 

0.633 

0.599 

0.568 

6 

1.000 

0.943 

0.800 

0.842 

0.798 

0.757 

0.718 

0.682 

0.648 

0.616 

0.586 

7 

1.000 

0.945 

0.894 

0.848 

0.805 

0.765 

0.728 

0.693 

0.661 

0.630 

0.601 

8 

1.000 

0.946 

0.898 

0.853 

0.811 

0.773 

0.737 

0.703 

0.671 

0.641 

0.613 

9 

1.000 

0.948 

0.900 

0.857 

0.816 

0.779 

0.743 

0.711 

0.680 

0.650 

0.623 

10 

1.000 

0.949 

0.903 

0.860 

0.820 

0.784 

0.749 

0.717 

0.687 

0.658 

0.631 

20 

1.000 

0.956 

0.916 

0.879 

0.845 

0.813 

0.783 

0.756 

0.729 

0.704 

0.681 

30 

1.000 

0.959 

0.922 

0.888 

0.856 

0.827 

0.800 

0.774 

0.750 

0.726 

0.705 

40 

1.000 

0.962 

0.926 

0.894 

0.864 

0.836 

0.810 

0.786 

0.762 

0.741 

0.720 

50 

1.000 

0.963 

0.929 

0.898 

0.869 

0.843 

0.818 

0.794 

0.772 

0.751 

0.731 

60 

1.000 

0.964 

0.931 

0.901 

0.874 

0.848 

0.823 

0.800 

0.779 

0.769 

0.739 

70 

1.000 

0.965 

0.933 

0.904 

0.877 

0.851 

0.828 

0.806 

0.785 

0.765 

0.746 

80 

1.000 

0.066 

0.935 

0.906 

0.879 

0.855 

0.832 

0.810 

0.789 

0.770 

0.752 

90 

1.000 

0.966 

0.936 

0.908 

0.882 

0.857 

0.835 

0.813 

0.793 

0.774 

0.756 

100 

1.000 

0.967 

0.937 

0.909 

0.884 

0.860 

0.838 

0.817 

0.797 

0.778 

0.760 

200 

1.000 

0.970 

0.943 

0.918 

0.895 

0.874 

0.854 

0.835 

0.817 

0.800 

0.784 

300 

1.000 

0.972 

0.946 

0.923 

0.901 

0.881 

0.862 

0.844 

0.827 

0.811 

0.796 

400 

1.000 

0.973 

0.048 

0.926 

0.005 

0.886 

0.867 

0.850 

0.834 

0.819 

0.804 

500 

1.000 

0.974 

0.950 

0.928 

0.908 

0.889 

0.871 

0.855 

0.839 

0.824 

0.810 

600 

1.000 

0.974 

0.951 

0.930 

0.910 

0.891 

0.874 

0.858 

0.842 

0.828 

0.814 

700 

1.000 

0.975 

0.052 

0.931 

0.912 

0.893 

0.877 

0.861 

0.846 

0.831 

0.818 

800 

1.000 

0.975 

0.953 

0.932 

0.913 

0.895 

0.879 

0.863 

0.848 

0.834 

0.821 

900 

1.000 

0.976 

0.954 

0.933 

0.014 

0.897 

0.880 

0.865 

0.850 

0.837 

0.824 

1000 

1.000 

0.976 

0.954 

0.934 

0.015 

0.898 

0.882 

0.867 

0.852 

0.839 

0.826 

TABLE  I — Continued 


R 


2 

3 

4 

s 

6 

7 

s 

9 

10 

0.1 

0.018 

0.000 

0.082 

0.001 

0.000 

0.142 

0.006 

0.000 

0.4 

0.191 

0.015 

0.000 

0.230 

0.027 

0.001 

0.000 

0.6 

0.263 

0.040 

0.003 

0.000 

0.290 

0.054 

0.006 

0.000 

0.8 

0.313 

0.068 

0.009 

0.001 

0.000 

0.9 

0.334 

0.082 

0.013 

0.001 

0.000 

1 

0.361 

0.095 

0.018 

0.002 

0.000 

0.000 

2 

0.458 

0.194 

0.071 

0.022 

0.006 

0.001 

0.000 

3 

0.511 

0.256 

0.119 

0.049 

0.018 

0.006 

0.002 

0.000 

4 

0.544 

0.300 

0.167 

0.076 

0.034 

0.014 

0.005 

0.002 

0.000 

5 

0.568 

0.332 

0.188 

0.101 

0.061 

0.024 

0.010 

0.004 

0.002 

6 

0.586 

0.357 

0.214 

0.123 

0.067 

0.035 

0.017 

0.008 

0.003 

7 

0.601 

0.378 

0.235 

0.142 

0.082 

0.046 

0.024 

0.012 

0.006 

8 

0.613 

0.395 

0.254 

0.159 

0.097 

0.056 

0.032 

0.017 

0.009 

9 

0.623 

0.409 

0.270 

0.175 

0.110 

0.067 

0.039 

0.022 

0.012 

10 

0.631 

0.422 

0.284 

0.188 

0.122 

0.077 

0.047 

0.028 

0.016 

20 

0.681 

0.497 

0.370 

0.277 

0.207 

0.153 

0.112 

0.081 

0.057 

30 

0.705 

0.534 

0.415 

0.325 

0.256 

0.201 

0.167 

0.122 

0.094 

40 

0.720 

0.568 

0.444 

0.358 

0.290 

0.235 

0.190 

0.153 

0.123 

60 

0.731 

0.674 

0.464 

0.381 

0.314 

0.260 

0.215 

0.177 

0.146 

60 

0.739 

0.588 

0.481 

0.399 

0.334 

0.281 

0.236 

0.199 

0.167 

70 

0.746 

0.598 

0.494 

0.414 

0.350 

0.297 

0.253 

0.216 

0.184 

80 

0.752 

0.607 

0.505 

0.427 

0.364 

0.312 

0.268 

0.230 

0.198 

90 

0.756 

0.614 

0.514 

0.437 

0.374 

0.323 

0.280 

0.242 

0.210 

100 

0.760 

0.621 

0.522 

0.446 

0.385 

0.334 

0.291 

0.254 

0.222 

0.784 

0.658 

0.569 

0.600 

0.444 

0.397 

0.357 

0.322 

0.291 

0.796 

0.677 

0.693 

0.528 

0.475 

0.430 

0.392 

0.358 

0.328 

0.804 

0.690 

0.609 

0.546 

0.495 

0.461 

0.414 

0.382 

0.353 

0.810 

0.699 

0.620 

0.559 

0.510 

0.468 

0.432 

0.400 

0.372 

0.814 

0.706 

0.629 

0.569 

0.520 

0.479 

0.444 

0.413 

0.385 

700  i 

0.818 

0.712 

0.636 

0.678 

0.530 

0.490 

0.455 

0.424 

0.397 

0.821 

0.716 

0.642 

0.685 

0.538 

0.498 

0.464 

0.434 

0.407 

0.824 

0.720 

0.647 

0.591 

0.644 

0.506 

0.471 

0.442 

0.416 

0.826 

0.724 

0.652 

0.596 

0.560 

0.511 

0.478 

0.449 

0.422 

100 


10 

0.016 

0.000 

20 

0.057 

0.001 

0.000 

30 

0.094 

0.004 

0.000 

40 

0.123 

0.009 

0.000 

60 

0.146 

0.016 

0.001 

0.000 

60 

0.167 

0.023 

0.002 

0.000 

70 

0.184 

0.031 

0.003 

0.000 

80 

0.198 

0.038 

0.005 

0.000 

90 

0.210 

0.046 

0.007 

0.001 

0.000 

100 

0.222 

0.053 

0.010 

0.001 

0.000 

200 

0.291 

0.110 

0.038 

0.011 

0.001 

300  I 

0.328 

0.146 

0.064 

0.026 

0.009 

400  1 

0.363 

0.173 

0.086 

0.040 

0.018 

500  : 

0.372 

0.194 

0.104 

0.054 

0.026 

600  j 

0.385 

0.210 

0.119 

0.066 

0.035 

700  I 

0.397 

0.223 

0.132 

0.077 

0.044 

800  ' 

0.407 

0.235 

0.143 

0.087 

0.052 

900  i 

0.415 

0.245 

0.153 

0.096 

0.059 

1000  j 

0.422 

0.254 

0.162 

0.104 

0.066 

0.000 

0.001 

0.000 

0.003 

0.001 

0.000 

0.007 

0.003 

0.001 

0.000 

0.012 

0.006 

0.002 

0.001 

0.000 

0.018 

0.008 

0.004 

0.002 

0.001 

0.024 

0.012 

0.006 

0.003 

0.001 

0.030 

0.016 

0.009 

0.004 

0.002 

0.035 

0.020 

0.011 

0.006 

0.003 

0.041 

0.024 

0.014 

0.008 

0.004 
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where  to  =  a^o/o*-  Values  of  V  for  various  values  of  to  and  n  are  given  in  Ta¬ 
ble  II. 


TABLE  II 


fl 

0.1 

1 

10 

too 

1 

0.988 

0.643 

0.095 

0.010 

10 

0.722 

0.252 

0.038 

0.004 

100 

0.477 

0.143 

0.020 

0.002 

1000 

0.324 

0.098 

0.014 

0.001 

It  may  be  remarked  that  the  first  term  of  (16)  corresponds  to  the  effect  of 
the  heat  in  the  region  0  ^  r  ^  a  and  that  its  value  is  less  than  0.01,  if  rt#  >  25. 
That  is,  the  values  in  the  Table  for  larger  rto  give  a  reasonable  estimate  oi  the 
time  required  for  the  heat  stored  in  the  region  outside  r  =  a  to  dissipate.  Thus 
it  appears  that  a  time  of  the  order  of  ten  to  a  hundred  times  the  time  of  heating 
is  needed  for  the  temperature  to  fall  to  1  per  cent  of  its  initial  value.  This  may 
be  compared  with  the  value  of  4000  for  the  semi-infinite  solid  §25  (11)]. 

6.  Acknondedgements.  1  am  indebted  to  Mrs.  A.  Davidson  for  much  of  the 
numerical  work. 
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BASIC  ROTORS  IN  SPHERICAL  POLYGONS 
Michael  Goldberg 

1.  Introduction.  In  an  earlier  paper  by  the  author  [1],  a  method  was  shown 
for  generating  non-circular  cones  which  may  be  rotated  continuously  in  a  regular 
pyramid  with  a  common  vertex  so  that  the  cone  makes  linear  contact  with  all 
the  sides  of  the  pyramid.  The  spherical  representation  of  this  relationship  is 
a  spherical  oval  rotatable  in  a  spherical  polygon.  Here,  as  in  my  earlier  paper, 
I  call  such  an  oval  a  rotor  in  a  spherical  polygon.  Only  a  special  class  of  such  rotors 
was  previously  described,  namely,  those  rotors  generated  by  restraining  certain 
points  of  the  rotor  surface  to  move  along  fixed  arcs  of  great  circles. 

Meissner  [2]  in  a  definitive  work  obtained  all  the  rotors  in  regular  plane  poly¬ 
gons.  The  present  work  considers  the  corresponding  problem  for  regular  spheri¬ 
cal  polygons.  It  is  shown  that  on  the  sphere  there  is  a  greater  wealth  of  possi¬ 
bilities  arising  from  two  significant  conditions.  One  condition  is  the  fact  that, 
for  a  given  n,  there  b  a  continuous  infinity  oi  n-gon  shapes  depending  upon  the 
size  of  the  n-gon;  on  the  plane,  all  these  n-gons  have  the  same  shape.  The  second 
condition  is  the  distinction,  on  the  sphere,  of  ovals  of  constant  width  (rotors  in 
a  lime)  from  rotors  in  other  even  n-gons;  in  the  plane,  rotors  in  even  n-gons  are 
also  ovals  of  constant  width. 

A  kinematic  method  of  generation  of  the  rotors  in  all  spherical  polygons  will 
be  shown.  This  method  is  also  applicable  to  the  plane  polygons  as  a  limiting 
case  of  the  spherical  polygons.  Meissner’s  method  of  obtaining  the  plane  rotors, 
described  in  the  following  paragraph,  was  analytic. 

Let  p  be  the  perpendicular  distance  from  the  origin  to  a  tangent  to  the  rotor 
curve.  Let  9  be  the  angle  that  this  perpendicular  makes  with  an  arbitrary  direc¬ 
tion.  Then,  all  possible  rotors  in  a  plane  n-gon  were  given  by  Meissner  by  the 
polar  tangential  equation 

(1)  p  -=  Oo  +  (®*  cos  ke  -h  hk  sin  kd) 

where  the  and  hk  are  constants,  where  Oo  is  sufficiently  large  to  ensure  con¬ 
vexity,  and  where  O/t  »  0  for  all  k  (mod  n).  Each  term  in  this  series 

may  represent  a  rotor.  These  I  consider  to  be  basic  rotors  from  which  all  rotors 
may  be  derived.  The  basic  rotors  are  represented  by  the  equations 

p  =  Oo  +  a*  cos  k9  and  p  »=  a*  -|-  6*  sin  kB. 

But  the  two  classes  of  rotors  have  the  same  shape;  one  class  is  derived  from  the 
other  by  a  right  angle  rotation.  Therefore,  the  most  general  rotors  may  be  ob¬ 
tained  by  the  geometric  addition  of  members  of  one  class  with  suitable  orienta¬ 
tions  of  these  members  and  may  be  expressed  by  equation  (2). 

(2)  p  =  oc  +  cos  (]ke  Ok). 

2.  The  (n  +  l)>lobed  rotor  in  the  spherical  n«gon.  Consider  a  fixed  circle, 
oi  circumference  c,  lying  on  a  sphere.  Let  another  circle,  of  circumference  cn/ 
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(n  +  1),  where  n  is  any  integer,  constrained  to  move  on  the  sphere,  roll  within 
the  first  circle  without  slipping.  Then  each  point  of  the  rolling  circle  describes 
a  spherical  hypocycloid  of  n  +  1  cusps.  Let  an  arc  of  a  great  circle  be  carried 
by  the  rolling  circle.  (See  Figure  1).  The  envelope  of  the  positions  of  this  arc 
will  be  a  parallel  curve  of  the  hypocycloid.  This  is  an  involute  of  the  hypocycloid. 
If  the  carried  great  circle  is  sufficiently  distant  from  the  center  of  the  rolling 
circle,  the  envelope  will  be  convex.  This  convex  curve  of  n  +  1  maximal  points 
or  lobes  is  a  rotor  in  a  spherical  n-gon  as  shown  by  the  following  argument. 

When  the  rolling  circle  first  returns  to  its  initial  position,  the  arm  carrying 
the  great  circle  will  have  undergone  a  rotation  of  2ir/n.  As  the  rolling  is  re¬ 
peated  successively,  there  >^ill  be  n  symmetric  positions  of  the  canying  arm. 
Therefore,  the  n  positions  of  the  carried  great  circle  will  form  a  regular  spherical 
polygon. 

The  rolling  circle  can  then  be  considered  to  carry  the  regular  spherical  polygon. 
As  it  rolls,  the  n  envelopes  of  the  n  sides  of  the  polygon  are  the  same.  Therefore, 
each  side  of  the  n-gon  keeps  in  contact  with  the  envelope  as  the  n-gon  is  rotated. 
Inversely,  the  (n  -f  l)-lobed  involute  rotor  can  rotate  continuously  within  the 
spherical  n-gon  while  keeping  contact  with  all  the  sides  of  the  n-gon. 

3.  The  (n  —  l)-lobed  rotor  in  the  spherical  n>gon.  Now  let  a  circle  of  circum¬ 
ference  nc/(n  —  1)  be  rolled  about  a  fixed  circle  of  circumference  c  (see  Figure  2). 
If  the  rolling  circle  carries  an  arc  of  a  sufficiently  distant  great  circle,  the  posi¬ 
tions  of  this  arc  will  have  as  an  envelope  a  convex  curve  of  n  —  1  lobes.  When 
the  carrying  circle  first  returns  to  its  initial  p>oeition,  the  arm  carrying  the  great 
circle  will  have  undergone  a  rotation  of  2k In.  Therefore,  the  n  positions  of  the 
carried  great  circle  will  form  a  regular  spherical  n-gon.  Inversely,  the  (n  —  1)- 
lobed  involute  can  rotate  continuously  within  the  spherical  n-gon  while  keeping 
contact  with  all  the  sides  of  the  n-gon. 
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4.  The  ^uations  of  the  rotors.  Let  the  center  of  the  fixed  circle  be  the  origin  0. 
Let  the  angle  about  this  origin  be  measured  from  the  initial  direction  which 
is  along  the  great  circle  joining  the  origin  with  the  point  at  which  the  circles 
make  initial  contact.  The  polar  tangential  equation  of  the  rotor  will  be  derived. 
This  expresses  the  functional  relation  between  the  shortest  distance  from  the 
origin  to  the  variable  great  circle  tangent  and  the  angle  which  the  normal 
through  the  origin  makes  with  the  initial  direction.  In  Figure  2,  let  a  be  the 
distance  from  the  center  of  the  rolling  circle  to  the  carried  great  circle.  Let  h 
be  the  distance  between  the  centers  of  the  fixed  and  rolling  circles.  Let  9  be  a 
parameter  in  terms  of  which  the  rolled  portions  of  the  circumferences  are  ex¬ 
pressed.  Then,  for  the  (n  -|-  l)-lobed  rotor  in  the  n-gon, 


sin  p  =  cos  y  =  cos  6  sin  a  -f  sin  b  cos  o  cos  (n  -f-  1)6, 

sin  ^  =  cos  o  sin  (n  -f  l)®/cos  p, 

and  =  <f>  —  n6, 

while  for  the  (n  —  l)-lobed  rotor  in  the  n-gon, 

sin  p  =  cos  y  =  cos  6  sin  o  -f  sin  b  cos  a  cos  (n  —  1)0, 

sin  ^  cos  a  sin  (n  —  l)0/co8  p. 


(3) 


(4) 


and  =  nd  — 

When  the  regular  spherical  n-gon  decreases  to  the  Umit  of  a  plane  polygon,  the 
polar  tangential  equations  become 

p  -  a  -b  6  cos  (n  -I-  l)/3, 
p  —  a  +  b  cos  (n  —  l)/3,  and  H  =  8. 

Note  that  these  equations  are  special  cases  of  equation  (2). 
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6.  The  basic  rotors  in  a  spherical  n>gon.  In  Section  4,  the  distance  6  can  be 
taken  arbitrarily  (up  to  a  limit)  and  then  the  distance  a  must  be  taken  as  the 
spherical  radius  of  the  inscribed  circle  of  the  given  spherical  n-gon  so  that  the 
resultant  rotor  is  the  proper  size.  Therefore,  the  kinematic  method  generates 
a  one-parametered  family  of  rotors  of  the  same  number  of  lobes.  As  the  ratio 
b/a  approaches  zero,  the  rotor  approaches  the  circle  as  a  limit. 

Since  a  rotor  in  a  regular  spherical  kn-gqn  touches  all  the  sides  of  the  kn-gon, 
it  is  also  a  rotor  in  a  regular  spherical  n-gon  (for  n  >  2)  obtained  by  taking  every 
fcth  side  as  the  side  of  an  n-gon.  Therefore,  for  every  regular  spherical  n-gon, 
there  are  rotors  of  kn  +  1  and  kn  —  1  lobes,  as  described  in  Sections  2  and  3, 
for  all  integral  values  of  k.  These  are  called  the  basic  rotors  in  the  spherical 
n-gon  since  they  correspond  to  the  terms  of  equations  (1)  and  (2).  It  should  be 
noted,  however,  that  the  rotors  of  n  -f-  1  lobes  in  the  spherical  n-gons  are  not 
identical  with  the  rotors  of  the  same  number  of  lobes  in  the  spherical  (n  +  2)- 
gons.  In  the  plane,  as  seen  from  equations  (5),  they  become  the  same.  Therefore, 
there  are  two  classes  of  basic  rotors  of  the  same  number  of  lobes  in  a  spherical 
polygon;  one  is  derived  by  the  method  of  Section  2  and  the  other  is  derived  by 
the  method  of  Section  3. 

6.  General  rotors  in  spherical  polygons.  More  general  rotors  in  spherical 
polygons  can  be  obtained  by  composition  of  the  basic  rotors  described  in  Sec¬ 
tions  2  and  3.  As  in  the  case  of  the  basic  rotors,  the  general  rotors  are  derivable 
by  a  kinematic  construction.  The  method  is  shown  in  Fig.  3  where  an  open 
^  chain  of  hinged  arms  is  arranged  so  that  one  end  rotates  about  the  fixed  origin 

*  *  0,  while  the  other  end  rotate  about  the  movable  point  Q.  The  arm  a«  rotating 

about  Q  carries  the  arc  of  a  great  circle  (or  other  curves  for  more  general  stators 
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instead  of  a  spherical  polygon).  If  the  stator  is  a  spherical  n-gon,  and  the  carry¬ 
ing  arm  is  rotated  through  the  angle  0  from  alignment  with  the  next  arm  Oi , 
then  each  of  the  other  arms  is  to  be  constrained  to  rotate,  clockwise  or  counter¬ 
clockwise,  throu^  an  angle  which  is  an  integral  multiple  of  n6  with  respect  to 
the  succeeding  arm.  Therefore,  if  9  is  increased  by  2x/n,  all  the  arms  from  0  to 
Q  will  be  rotated  so  that  they  return  to  the  original  position.  The  carrying  arm 
Oo ,  however,  will  have  rotated  through  the  an^e  2ir/n.  Upon  sufficient  repeti¬ 
tion  of  this  process,  the  arm  oo  will  also  return  to  its  initial  position.  The  en¬ 
velope  of  the  carried  arc  of  a  great  circle  is  the  desired  rotor  in  a  spherical  7i-gon 
of  which  the  spherical  radius  of  the  inscribed  circle  is  Oo . 

To  show  this,  it  suffices  to  note  that  if  we  add  other  carrying  arms  and  carried 
arcs,  displaced  by  2r/n  from  each  other,  each  of  the  new  carried  arcs  has  the 
same  envelope  as  the  original  arc.  These  carried  arcs  constitute  a  regular  spheri¬ 
cal  n-gon  which  rotates  continuously  about  the  fixed  spherical  rotor.  Inversely, 
the  n-gon  can  be  fixed  while  the  rotor  is  turned  within  it. 

This  method  reduces  to  the  methods  for  the  basic  rotors,  described  in  Sec¬ 
tions  2  and  3,  when  the  hinged  chain  is  reduced  to  only  two  arms.  However, 
Fig.  3  for  the  general  rotor  has  been  shorn  of  auxiliary  mechanisms  so  as  to 
show  only  the  essential  features  of  the  motions. 

The  implicit  equations  for  the  general  spherical  rotor  may  be  derived  by 
solving  for  p,  the  normal  distance  from  the  origin  0  to  the  carried  arc,  in  terms 
of  the  parameters  of  the  arms,  their  motions  and  the  inclination  j3.  The  simplest 
cases  are  diown  as  equations  (3)  and  (4).  A  reduction  of  the  equations  for  the 
general  rotor  to  explicit  form  would  be  quite  complicated. 

Special  rotors  may  be  obtained  by  simpler  methods.  The  class  described  in  a 
previous  paper  [1]  by  the  author  is  an  example.  Furthermore,  the  rolling  circles 
of  Sections  2  and  3  may  be  replaced  by  other  closed  curves  to  give  particular 
cases.  A  special  class  of  rotors  in  an  octant  are  the  elliptical  rotors.  These  may 
be  derived  from  a  well-known  theorem,  due  to  Monge,  which  states  that  the 
vertex  of  a  variable  rectangular  trihedron  that  remains  tangent  to  a  fixed  ellip¬ 
soid  is  at  a  constant  distance  from  the  center  of  the  ellipsoid  [3].  However,  each 
oi  these  special  cases  may  be  obtainable  by  the  general  method  by  taking  a  suffi¬ 
cient  number  of  arms  (pqssibly  infinite)  as  in  a  Fourier’s  series  expansion. 

7.  Parallel  rotors  and  rotors  external  to  polygons.  If  the  rolling  curve  carries 
an  arc  of  a  small  circle  (instead  o(  a  great  circle),  a  curve  is  developed  which  is  a 
rotor  in  a  regular  spherical  polygon  composed  of  arcs  of  small  circles.  The  radii 

these  small  circles  would  then  be  equal.  The  same  rotor  could  have  been 
obtained  by  taking  a  parallel  curve  to  the  rotors  in  polygons  oi  great  circles. 
Similarly,  the  parallel  to  a  polygon  of  great  circles  is  a  polygon  of  small  circles. 
However,  for  the  internal  parallel  curve  at  a  distance  of  90**,  the  spherical  poly¬ 
gon  for  which  it  is  a  rotor  is  again  made  oi  arcs  of  great  circles  sinceitisthe  polar 
polygon  oi  the  given  polygon.  In  this  case,  the  rotor  will  be  external  to  the 
polygon. 

Another  way  of  making  a  rotor  outside  of  the  polygon  is  to  hold  an  internal 
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rotor  fixed  while  the  polygon  is  rotated  around  it.  The  vertices  of  the  polygon 
will  all  trace  the  same  shape  which  can  serve  as  a  rotor  around  the  fixed  polygon. 
The  90°  parallel  to  this  shape,  when  it  is  a  simple  convex  curve,  will  be  an  in¬ 
ternal  rotor  of  the  polar  polygon. 

8.  Rotors  on  other  surfaces.  The  foregoing  development  can  be  extended  to 
other  surfaces.  If  a  rotor  is  to  be  applicable  to  a  surface  in  all  orientations,  then 
the  surface  must  have  constant  total  curvature.  The  plane  with  zero  curvature 
and  the  sphere  wiUi  constant  positive  curvature  have  already  been  considered. 
Only  the  pseudosphere  with  constant  negative  curvature  remains.  In  this  case, 
however,  the  rotor  surface  has  to  be  deformed  as  it  is  rotated,  althou^  without 
stretching  or  contraction. 

The  generation  of  rotors  on  the  pseudoephere  is  simiiar  to  the  generation  on 
the  sphere.  Geodesics  on  the  pseudosphere  correspond  to  great  circles  (which 
are  also  geodesics)  on  the  sphere  and  straight  lines  in  the  plane. 
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A  THIN  WEDGE  IN  A  SUGHTLY  NON-UNIFORM  SUPERSONIC 

FLOW* 


By  Mobton  Finston 

Introduction.  Considerable  interest  has  been  shown  in  methods  for  calculating 
the  downwash  pattern  behind  wings  in  uniform  supersonic  flows.  A  principal 
aim  is  to  enable  the  determination  of  forces  and  moments  on  tail  surfaces  in 
the  perturbed  field.  Several  interesting  attempts  have  been  made  in  this  direc¬ 
tion  [e.g.  1,  2].t  Here  we  consider  a  thin  wedge  in  a  hypothetical  downwash  field 
and  compute  surface  pressure  coefficients,  using  the  results  to  discuss  the  be¬ 
havior  of  an  inclinometer. 

The  instrument  is  simply  a  thin  wedge  with  pressure  taps  on  both  surfaces, 
Figure  1.  Thus  in  a  given  time,  many  more  differential  pressures  may  be  meas¬ 
ured  than  with  a  single,  movable  conical  probe.  The  problem  is,  then,  to  relate 
the  measured  pressures  to  the  incident  downwash.  For  many  applications,  the 
flow  field  is  wanted  at  least  several  chord  lengths  aft  of  the  wings  producing  the 
downwash.  There,  approximately,  the  axial  velocity  is  constant  and  much  larger 
than  the  lateral  and  vertical  velocity  components  so  that  the  Mach  number  is 
close  to  that  given  by  the  principal  component  and  nearly  constant.  In  the  fol¬ 
lowing,  this  assumption  is  added  to  those  familiar  in  linearized,  inviscid  super¬ 
sonic  flow  past  planar  systems.  It  will  be  seen  that  the  result  is  mathematically 
equivalent  to  a  uniform  flow  past  a  suitably  distorted  wedge-like  profile.  This 
correspondence  is  useful  in  interpreting  the  results  obtained. 

The  method  of  analysis  is  based  on  superposing  solutions  to  flows  with  lateral 
periodicity  and,  though  quite  simple,  does  not  seem  to  have  received  much 
attention.  It  may  be  applied  to  many  other  planar  problems;  in  particular,  those 
with  periodic  side\\ise  properties.  As  explained  below,  the  general  features  of 
the  method  are  not  given,  having  been  derived  elsewhere,  but  may  be  obtained 
along  the  lines  employed  here. 

The  Idealized  Downwash  Field.  It  is  expected  that  flow  in  the  wake,  a  few 
chord  lengths  behind  a  wing,  is  accelerated  almost  to  the  free-stream  velocity 
in  the  “axial  direction.”  T^ius,  if  the  free-stream  velocity,  V,  is  constant,  it  is 
of  interest  to  consider  a  downwash  given  by 

♦(z,  y,  z)  *  Yx  +  f(y,  z)  (1) 


We  suppose  the  lateral  and  transverse  velocity  components  much  smaller  than 
the  axial,  i.e.  M  V/a. 

To  simulate  the  principal  features  of  a  downwash  field,  /(y,  z)  should  exhibit 
a  discontinuity  in  the  lateral  velocity  component  and  provide  vanishing  dis¬ 
turbances  as  z  — ♦  ±  00 .  Also, 


dy*  dz* 


0 


(2) 


*  This  work  was  carried  out  at  the  Naval  Supersonic  Laboratory  in  1948  at  the  sugges¬ 
tion  of  Professor  H.  S.  Tsien. 

t  Numbers  in  square  brackets  refer  to  the  bibliography. 


328 


NON-UNIFORlf  SUPERSONIC  FLOW 


329 


FiO.  1 


We  take,  therefore, 

f(y,  2)  =  f  ±  U(«)  sin  «!/  +  B(u)  cos  o>j/]e*"‘  du,  2^0  (3) 

Jo 

It  is  sufficient,  hereafter,  to  deal  with  a  single  component,  say  ±i4(w)  sin  aye^"** 
Now  if  we  consider  flow  past  a  wedge  of  half  angle  whose  leading  edge  is  at 
X  s  0,  it  introduces  a  disturbance  potential  ip  which  may  be  split  into  symmetric 
and  antisymmetric  parts  ip\ ,  ^  such  that 

-  X  /  \ 

1^)  --(^)  .^v 

\  dz  /f-*+o  \  dz  /»-,-o 

Thus  we  have  the  linearized  problems  of  a  uniform  flow  past  a  wedge  (^)  and 
the  uniform  flow  past  a  wavy  surface  (^).  The  former  is  well  known.  The  latter 
may  be  solved  in  several  ways,  the  use  of  doublet  distributions  being  one,  but 
another  plan  is  followed  below  which  is  simpler  and  also  possesses  some  intrinsic 
interest. 


Reduction  of  the  Equation.  Dropping  the  subscript,  the  problem  is  to  solve 
1  d*<l>  1 

where 


3ifi 

p-=«i4  8inwi/  on  z  =  0,  *>0 

dz 


(6) 


*  After  completing  this  work,  the  author  found  that  W.  D.  Hayes  [3]  has  already  dis¬ 
cussed  what  he  terms  the  method  of  separation  of  the  lateral  variable  in  his  extensive 
treatise.  As  a  result,  the  general  theory  of  which  the  above  is  a  special  case  is  omitted  here. 
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and  and  its  derivatives  vanish  upstream  of 

X  —  02  =  0,  2>0  and  x  +  02  =  0,  2  <  0  (7) 

It  is  convenient  to  introduce  x'  =  l/ax  so  that  Eqs.  (5)  to  (7)  are  unchanged, 
except  that  o  is  suppressed.  (Henceforth,  however,  write  x  for  x').  The  form  of 
Eq.  (6)  suggests  that  solutions  to  Eq.  (5)  be  found  in  the  form 

^(x,  y,  2)  -  sin  2)  (8) 


Therefore 


Let 


=  —mV 

b^fbz  —  uA,  2  =  0,  X  >  0. 


(9) 

(10) 


{  =  x  —  2,  i;  =  x  +  2, 
i.e.,  introduce  characteristic  coordinates.  Then 

^(0,  v)  =  0,  0)  =  0 


(ID 

(12) 


Since  —  d^/d^ , 


dri 


Mil  on  (  =1; 


(13) 


Solution  of  the  Equation.  By  an  appropriate  choice  of  the  contour  integra¬ 
tion,*  Riemann’s  method  [4]  may  be  applied  to  this  case  wherein  part  of  the 
boundary  conditions  are  given  by  a  linear  combination  of  first  derivatives, 
Eq.  (14). 

The  Riemann  function  for  Eq.  (11)  is  well  known  [4]  to  be 
Jo{2ky/(i^  —  {o)(n  —  ’?•)) 

where  Jo  is  the  Bessel  function  of  zero  order.  Thenf  around  a  closed  path  in  the 
region  where  Eq.  (11)  holds^  with 

f^({f  V,  i»Vo)  =  J9{ky/(^  —  {o)(i;  —  ijo)), 

n  is  the  outward  normal  to  the  path  traversed  with  the  enclosed  area  to  the  left, 
and  ds  is  the  element  of  arc  length  (Fig.  2).  In  the  new  coordinates,  the  wing  is 
at  {  =  ij,  for  ij  >  0  and  above  this  line  2  >  0,  below  2  >  0  as  shown. 

*  Uayes  employs  a  different  contour  than  ours  and  introduces  the  conormal  into  his 
formulation. 

t  Since  the  only  change  from  applications  of  Riemann’s  method  detailed  in  the  references 
cited  is  in  the  choice  of  contour  and  the  form  of  the  boundary  conditions,  no  further  de¬ 
velopment  seems  necessary  here. 
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Fio.  2 


Consider  the  path  ABCA  in  Fig.  2.  On  separate  legs, 


AB.  ^  -  0, 
BC,  •  ••, 


_  aft  d7« 

c,  ^  — -0, 


a^ 

—  —  0,  COB  n,  f  —  —1,  COB  n,  B  ■■  0,  da  —  — dij 
dt) 


1 

0, 


^2*  ”  y/^  d(,  ■^2  dll 


1. 


-d£ 


Although  more  information  is  available,  this  will  suffice.  Using  the  above  table, 
Eq.  (22)  may  now  be  written  as 

The  first  of  these  vanishes,  while 

Regrouping  terms  in  the  second  integral,  it  may  be  written 

Now  let  ^0  =  vd,  i.e.,  BC  lies  along  line  of  wing;  then  R  is  at  (  =  0,  i;  =  0. 
On  f  =  i>, 

^  _  aR  ^ 

’  dij  d( 


0. 
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So 


or 


/  =*  Jo[H^  —  &)]m^  j[  JiiHv  —  df).  (17) 


Therefore  on  the  line  ^  =  i;  approached  from  the  side  ij  >  f, 

f  *• 

^(60,6))  =  —uA(u)  /  Jo (*({  —  &)]  df,  aay.  (18) 

Jo 

Calculation  of  C,.  Eq.  (18)  provides,  essentially,  the  velocity  potential  on 
the  upper  surface.  From  it,  the  potential  anywhere  above  the  surface  may  be 
calculated  using  Riemann’s  method  in  the  conventional  way.  Of  more  interest 
is  the  calculation  of  the  pressure  coefficient  on  the  surface.  Then  d^/dx  is  needed. 
After  a  little  manipulation, 


—  =  —uA(u)Jo(ux)  (19) 

dXo 

When  {  >  17,  a  reversal  of  sign  occurs  so 

+0  ~  -0  ”  ~2«A(«)  sin  uyJo(ux)  (20) 

and,  finally 

[Cpix,  y,  0;«)]  =  -  ^  sin  uyJo  (21) 


when  a  is  reintroduced. 


Application  to  Inclinometer.  Eq.  (21)  represents  the  main  result  of  the  analysis. 
If  a  down  wash  distribution  has  a  component  uAiui)  sin  u  y  W,  say,  a  pressure, 
top  and  bottom,  is  read  such  that  the  differential  is  not  simply  proportional  to 
W,  but  depends  on  the  distance  from  the  leading  edge.  Furthermore,  Ji{ux/a) 
changes  sign  (has  zeros),  so  the  relation  between  [C,]  and  W  does  also,  assuming 
that  the  initial  assumptions  on  which  the  calculation  is  based  are  valid.  This  last 
fact  proves  to  cause  difficulty  in  evaluating  downwash  velocity  from  measured 
pressures  as  explained  below. 

The  analysis  for  cosine  components  is  the  same  as  above  and  yields  the  same 
result.  Thus  if 


W(x,  y,  0;  w)  =  —  w(A(«)  sin  wy  +  B(u)  cos  «y],  (22) 

[^^(x,  y,  0)1  =  [Cp(x,  y,  0;u)]dw  ^  Jo  W(x,  y,  0;  w)  dw,  (23) 
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and  the  quantity  to  be  calculated  is 

(^)  -0  ”  Jo  ^ 

The  left-hand  side  of  Elq.  (23)  is  what  is  measured  by  the  inclinometer  in  a 
field  containing  some  distribution,  (M»/d2).  From  Eq.  (23),  [5] 

^  J/)l  “n  uy  dy, 

^  :  (25) 

^  (a  ^  T  / 

and 

lF(x,  i'*  ^  j[  /, 

Presumably,  given  [C,(ac,  i;)],  Eq.  (26)  allows  the  calculation  of  W.  There  are, 
however,  several  difficulties.  At  a  fixed  z/a,  there  is  some  value  of  u  for  which 
Jo{ux/a)  is  zero.  The  corresponding  component  of  down  wash  will  not  be  sensed, 
according  to  Eq.  (21),  no  matter  how  large  it  may  be.  Also,  from  Eq.  (26),  to 
evaluate  IF  at  a  given  value  of  y,  [C,]  must  be  known  completely  in  the  span- 
wise  direction.  This  also  presents  difficulties.  Suppose  the  downwash  behind  a 
wing  attached  to  a  body  is  wanted.  Beyond  the  region  of  influence  of  upstream 
disturbances  [C,]  »  0,  so  the  inclinometer  need  only  extend  into  that  region. 
Inboard,  however,  data  is  lacking  from  y  =  0  to  i/  =  radius  of  the  body,  re¬ 
quiring  some  approximatiqn  (Fig.  3). 

Considering  the  equivalent  problem  of  a  periodically  waved  surface  in  a  uni¬ 
form  stream,  it  is  easy  to  see  that  for  a  given  wavelength  there  is  a  distance,  z, 
behind  the  leading  edge  at  which  no  pressure  disturbance  is  encountered.  The 
linearized  compressions  and  expansions  caused  by  the  waviness  are  just  able 
to  cancel  each  other. 
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Conclusions.  Considerstion  of  an  idealized  downwash  flow  past  a  thin  wedge 
shows  that  the  method  of  separation  of  lateral  variable  introduced  by  Hayes 
has  definite  advantages  for  some  applications.  It  also  appears  that  the  use  of 
an  inclinometer  for  downwash  measurements  has  inherent  difficulties  so  that 
other  devices  are  often  to  be  preferred. 
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ON  INEXTENSIONAL  DEFORMATIONS  OF  SHALLOW  ELASTIC 

SHELIA* 

Bt  Millard  W.  Johnson  and  Eric  Rrissner 

L  Introduction.  In  the  following  we  consider  the  classical  problem  of  inexten- 
sional  deformations  of  thin  elastic  shells  from  the  point  of  view  of  the  linear 
theory  of  shallow  shells.  For  the  general  theory  of  inextensional  deformations 
we  may  refer  to  Chapter  XXIII  of  Love’s  Treatise  on  the  Mathematical  Theory 
of  Elasticity.  The  basic  equations  of  the  theory  of  shallow  shells  are  taken  in 
the  form  in  which  they  were  obtained  by  K.  Marguerre  [1]. 

The  main  concern  oi  the  present  paper  are  two  questions,  namely 

(i)  The  form  oi  the  boundary  conditions  along  a  free  edge  of  a  shallow  shell 
which  deforms  inextensionally. 

(ii)  The  determination  of  the  frequencies  of  free  inextensional  vibrations  of 
shallow  shells. 

2.  Differential  equations  of  the  linear  theory  of  thin  shallow  elastic  shells. 
Let  z  =  z(x,  y)  be  the  equation  of  the  middle  surface  of  the  shell,  D  =  D(x,  y) 
its  bending  stiffness  factor,  C  =  C(x,  y)  its  longitudinal  stiffness  factor  and  r 
Poisson’s  ratio  of  the  shell  material.  Let  w  =  u>(z,  y)  be  the  transverse  deflec¬ 
tion  of  points  of  the  middle  surface,  F  »  F(z,  y)  an  Airy  stress  function  for  stress 
resultants  tangential  to  the  middle  surface  and  p  =  p(z,  y)  a  transverse  load 
function. 

In  terms  of  the  foregoing  quantities,  and  assuming  an  isotropic  material  with 
linear  stress  strain  relations,  the  differential  equations  of  the  theory  may  be 
reduced  to  the  following  system  of  two  simultaneous  equations  for  F  and  w, 

V.(^V-p)+  (1  + 

*  ZggWyff  ~  ZyyWaa  (l) 

V*(DV*«>)  -H  (1  —  v)\2Day'W,y  —  D„Wyy  —  DyyW„] 

=  pix,  y)  -  2zJF,y  +  zJF„  -H  ZyJF„  (2) 

Subscripts  in  (1)  and  (2)  indicate  partial  differentiation,  and  7*  is  the  two- 
dimensional  Laplace  operator.  The  case  of  a  homogeneous  shell  of  uniform  thick¬ 
ness  is  obtained  from  (1)  and  (2)  by  considering  C  and  D  as  constants. 

The  assumption  of  inextensibility  of  the  middle  surface  of  the  shell  is  intro¬ 
duced  into  the  theory  by  assuming  an  infinitely  large  value  of  the  longitudinal 
stiffness  factor  C.  Accordingly  the  differential  equations  of  the  linear  theory  of 
inextensional  deformations  of  thin  shallow  isotropic  shells  are  equation  (2)  to- 

*  The  preparation  of  this  paper  has  been  supported  by  the  Office  of  Naval  Research  of 
the  United  States  Navy,  under  a  contract  with  Massachusetts  Institute  of  Technology. 
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gether  with  the  following  abbreviated  form  of  equation  (1) 

=  0  (3) 

We  note  that,  in  general,  the  assumption  of  inextensibility  reduces  a  system 
of  two  simultaneous  fourth  order  equations  to  two  successive  second  order  equa¬ 
tions.  Accordingly,  while  for  finite  C  there  are  four  boundary  conditions  to  be 
satisfied  along  the  edge  of  a  shell  we  expect  only  two  boundary  conditions  for 
the  exceptional  case  C  =  <» .  . 

A  separate  consideration  is  necessary  for  the  case  of  a  flat  plate  for  which 
j  =  Co  +  Cix  +  cm.  For  this  case  the  two  differential  equations  (1)  and  (2)  are 
uncoupled  and  equation  (2)  remains  a  fourth  order  equation  for  ir,  even  when 
C  =  «>.  This  means  that  while  small  transverse  bending  of  flat  plates  occurs 
without  middle  surface  extension  it  is  not  properly  a  limiting  case  of  inexten- 
sional  deformations  of  shells.  Stated  in  another  way,  an  interchange  of  the  order 
of  the  limiting  processes 

z  Cix  cm  2.  C  — ♦  « 

is  of  influence  on  the  final  result  obtained  by  means  of  the  limiting  operations. 

3.  Variational  form  of  the  tiieory  for  a  shell  witii  free  edges.  We  know  that 
for  a  shallow  shell  the  potential  energy  of  bending  is  the  same  as  for  a  flat' plate, 
namely 

V*  =  i  jj  DlC^w)*  —  2(1  -  p)iw„w„  —  u>^)]  dxdy  (4) 

We  also  know  that  for  shells  with  inexteusional  middle  surface  we  have  no  po¬ 
tential  energy  of  stretching.  Accordingly,  (4)  represents  the  entire  strain  energy 
of  the  shallow  shell  with  inextensional  middle  surface. 

Further  contributions  to  the  potential  energy  expressions  are  the  potential 
energy  of  the  surface  load  p. 


,V,  =  -  jj  pwdxdy  (5) 

and  the  potential  energy  of  the  edge  loads.  Since  we  assume  that  the  edges  are 
free,  we  have  here 

•  r.  =  0  •  •  (6) 

The  differential  equations  and  natural  boundary  conditions  of  a  shallow  shell 
with  inextensional  middle  surface  are  those  wdiich  make 

V  =  Vi  +  V,  +  V,  =  Min.  *■  ‘  ■■■  '  (7) 

subject  to  the  inextensibility  condition  (3).  , 

We  combine  (7)  and  (3)  by  means  of  the  Tiagrangian  multiplier  method,  as 
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follows 

*  ff  {§f>[(V*ti;)*  -  2(1  -  y)(wx,w„  —  iri,)]  —  pw 

(8) 

+  f[2z^  —  z„w„  —  ZnW„]]  dxdy  =  0 

In  (8)  /  =  f(x,  y)  is  the  Lagrangian  multiplier  function. 

The  usual  transformations  of  the  calculus  of  variations  change  (8)  into  the 
form 

jj  [(•  •  •)iu}  +  (•  •  •)*/]  dxdy  ^  •)tw  +  (•  •  •)««>,]  da  =  Q  (9) 

In  view  of  the  arbitrariness  of  the  variations  in  (9)  this  equation  is  equivalent 
to  two  differential  equations  and  two  boundary  conditions.  In  order  that  the 
two  Euler  differential  equations  are  equations  (2)  and  (3),  as  they  must  be, 
it  is  necessary  to  identify  the  multiplier  function  /  with  the  stress  function  F, 

f^F  (10) 

To  see  the  nature  of  the  boundary  conditions  for  w  and  F  it  is  simplest  to 
consider  a  shell  with  rectangular  boundary. 

4.  Boundary  conditions  for  a  shell  with  free  rectangular  boundary.  We  start 
with  equation  (8)  in  the  form 

f**  /’*'* 

*  /  /  \D^w{tiw„  +  —  (1  —  v){w„SiWy^  + 

—  pSiW  +  Fi2Za^iWgy  —  ZasitSyy  —  Zyylw„) 

+  (2«^u>,^  —  z„w„  —  ZyyWam)SF]  dx  dy  0  (11) 
Repeated  integration  by  parts  transforms  (11)  as  follows 

rr  {(V*(Z)V‘tr)  -  (1  -  v)[(Z)u;„)„  +  -  2(DwJJ 

Jm, 

~V  ~  \iFz^gx  ”1*  iF^x^n  ~  2(Ez*^)jn,])4tc 

(2z^Wt^  —  ZaatSyv  —  ZwU;,a)8^}  dx  dy 

+  f  {(D(u>„  +  yw„)  —  Fz^]Sw,  —  l(2)V*tr),  +  2(1  -  v){Du}^\ 

-  (1  -  r)(Du>„),  +  2{Fz^\  -  {Fzy,),]Sney,\  dy 
+  f  \[D{wyy  +  -  FzJfiWy  -  [(£)V*u)),  +  2(1  -  f)(Z)w^), 

-  (1  -  y){DM}^y  +  2{Fz„),  —  {Fz„)y]Siw\l\  dx 

+  {((1  -  y)Dw,y  +  -  0  (12) 


r 

, 

n  ^ 
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Equation  (12)  shows,  as  it  should,  that  the  Euler  equations  of  the  variational 
problem  are  the  differential  equations  (2)  and  (3).  Furthermore,  the  natural 
boundary  conditions  along  a  free  edge  x  ^  const,  are 

D  {w„  +  VWyy)  —  ZyyF  =  0  (l3a) 

(Z>  V*u;).  +  (1  -  v)[2{DW.y)y  -  {DWyy).]  +  2{ZyyF)y  -  {ZyyF)y  =  0  (13b) 

with  corresponding  formulas  for  a  free  edge  y  »  const. 

In  addition  to  these  edge  conditions,  we  have,  just  as  in  the  theory  of  flat 
plates,  a  free-comer  condition  whch  states  that  at  such  a  (ninety-degree)  corner 
we  have  the  condition 

(1  —  v)D  w,y  -f  ZtyF  =  0  (13c) 

Since  the  expressions  for  stress  couples  in  shallow  shells  are  the  same  as  those 
for  flat  plates,  the  free-edge  conditions  (13)  may  be  written  in  the  alternate 
form* 

M,  +  ZyyF  =  0  (14a) 

+  ^  +  (14b) 

dy  dx  dy 

Myy  -  ZyyF  0  (l4c) 

We  further  conclude  from  (14)  that  if  instead  of  a  free  edge  x  —  const,  we 
have  an  edge  acted  upon  by  moments  M,  and  by  forces  R,  in  the  z-direction, 
then  (14a,  b)  are  replaced  by  the  following  conditions 

M,  -h  ZyyF  =  M, ,  (15a) 

Q.  +  {M.y)y  -f  {ZyyF),  -  2{ZyyF)y  -  R.  (15b) 

In  addition  to  this,  a  concentrated  transverse  comer  force  P  means  that  at 
the  comer  acted  upon  by  this  force, 

2{M.y  -  z,yF)  =  P.  (15c) 

We  are  not,  at  this  time  considering  the  modification  of  the  boundary  condi¬ 
tions  which  is  required  to  aoaommodate  forces  tangential  to  the  shell  surface. 

6.  Polar-coordinate  form  of  the  equations  of  die  theory.  Transformation  to 
plane  polar  coordinates  r,  B  results  in  the  following  system  of  differential  equa¬ 
tions 

9®!.  ^4- 0 

atf/drVr  dfl/  dr*  \r  dr  ■*"  3^  /  V  dr  H  33*/ ^  ^ 

*  It  is  noted  that  for  shallow  shells  of  variable  thickness  we  do  not  have,  as  one  might 
think,  Q.  —  {Who),  .  Rather,  from  Q«  ■■  BMtldx  -f-  dMyyIdy  follows  that 


g. — 


-a  -r)|^' 


dIhOay  dPtOyy 

dy  dx 


with  a  corresponding  expression  for  g,  . 


INEXTENSIONAL  DEFORMATIONS  OF  SHALLOW  SHELLS 


339 


.-.,[4(lS)i(!S) 

dr*  \r  ar  ■*■  r*  V  dr  r*  dd»  /  dr*  J 

-  -d  — ^  4.  /I  4-  i 

^  dr  \r  dd)  dr  \r  dd  /  dr*  \r  dr  r*  dd*  / 

^  Vr  dr  ^  r*  dd*/ dr*  ^  ^ 
Expression  (4)  for  the  strain  energy  F*  becomes 

(18) 

On  the  basis  of  (16)  and  (18)  one  obtains  the  following  boundary  conditions 
along  an  edge  r  =  const.,  acted  upon  by  a  moment  Mr  and  a  force  Rr ,  in  z- 
direction, 


2  d  Td  / 
r  dd  Ldr  \ 

}S)' 

1 _ 1 

II 

(20a) 

) 

(20b) 

(20c) 

^  drMr  ,  dMr*  ^ 

(20d) 

For  the  practically  important  class  of  special  cases  for  which 

dD  A  n 

—  —  0  and  -t;;  =  0 

dd  dd 

throughout,  the  following  simple  system  of  formulas  is  obtained 

dz*/ldw  1  d*tc\  1  dz  d*u>  ^  _ 

dr*  \r  dr  r*  dd*  /  r  dr  dr^ 
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TT*/nTT*  \  /I  S^D/ldw  ,  ld*tr\  ,  ldZ)d*tr"l 


4.  *  4.  i  4. 


^01 


r  dr 


dr*  \r  dr 
Mr 


r*  a^/  ^  r  dr  dr* 


o  1  1  .  1  <fe  aF 

aa  r  dr  dr 


Rr 


(22) 

(23a) 

(23b) 


where  Af, ,  Af,«  and  Qr  are  given,  as  before  by  (20). 


6.  Inextensional  transverse  vibrations  of  shallow  shells.  It  has  been  shown 
elsewhere  [2]  that  transverse  vibrations  of  shallow  shells  are  of  such  nature  that 
longitudinal  inertia  may  be  neglected  in  comparison  with  transverse  inertia. 
Insofar  as  the  differential  equations  of  the  problem  of  transverse  vibrations  are 
concerned  this  means  that  the  same  equations  apply  as  those  for  the  problem  of 
statics  except  that  the  lateral  load  function  p  is  replaced  by  an  inertia  load  term 
<rf  the  form  —phd'to/d^.  Accordingly,  the  differential  equations  for  free  inex¬ 
tensional  lateral  vibrations  of  shallow  shells  are  equations  (2)  and  (3),  where 
now 

tc  =  u>(x,  y,  t),  F  =  F{x,  y,  t),  (24) 

and 

P(x,  y,  t)  =  -phtD„  .  (25) 


With  time  t  as  third  independent  variable  the  variational  condition  (7)  is 
to  be  replaced  by  the  following  condition  involving  potential,  as  well  as  kinetic 
energy, 

6(U  -  7)  -  0.  (26) 

In  (26)  we  have 

(27) 

If  we  restrict  attention  to  simple  harmonic  motion  with  circular  frequency  u, 
take  the  time  integral  over  a  complete  period  and  use  the  same  s}mibol  for  w 
and  the  amplitude  of  ir  then  we  may  replace  U  and  T  in  (26)  by  the  following 
expressions 

U  ^V,  r  -  fj  phw'  dx  dy,  (28) 

with  the  possible  choices  of  v>  restricted  by  the  differential  equation  (3)  as  side 
condition. 
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7.  Variatioiial  detennination  of  free  vibration  frequencies  of  a  shallow  spheri¬ 
cal  shell.  Since  it  has  been  customary  to  determine  inextensional  vibration 
frequencies  by  the  variational  method,  we  b^n  by  giving  an  example  of  this 
procedure  for  the  case  of  shallow  shells.  We  take  a  shell  with  middle  surface 
equation  given  by 


z  _  X*  -f  j/*  _  r* 
H  a*  o* 


(29) 


For  this  shell  the  inextensibility  condition  (3)  assumes  the  form 

V*«;  =  0,  (30) 

Suitable  solutions  of  (30)  are 

w  =  23  (il.r*  -f  Bnr~")  cos  nO  (31) 

where  for  simplicity’s  sake,  we  omit  solutions  involving  sin  n6. 

We  shall  assume  that  the  point  r  »  0  is  part  of  the  actual  shell  and,  in  order 
to  avoid  unsuitable  singularities,  set 

=  0.  (32) 

We  further  assume  that  the  shell  is  of  constant  thickness. 

Introduction  of  (31)  and  (32)  into  (28)  leads  to  the  following  formulas 

r- (33) 

and 

i;  =  (1  -  v)  Z)tI3  A\{n  -  l)nV"-*  (34) 

Introduction  of  (33)  and  (34)  in  (26)  results  in  the  system  of  equations, 

(4(1  -  F)(n*  -  l)n*D  -  w'pha*\An  =  0,  (35) 


and  from  this  we  obtain  for  the  frequency  tOn  associated  with  the  deformation 
mode  r"  cos  nfl. 


4(1  -  v)D 
pha* 


(n‘- 


l)n‘ 


(36) 


Formula  (36)  may  be  compared  with  the  corresponding  formula  for  a  free- 
edged  flat  plate  of  radius  a.  Designating  the  plate  frequencies  by  p  we  have, 
according  to  KirchhofT 


P 


i 

n 


D  4 


where  is  a  root  of 


(1  —  i')[/fc/',(M)  —  nV,(M)l  +  mV«(m) 

(1  -  .)1m/.(m)  -  nV«(M)l  -  M*/.(m) 

_  (1  —  v)n%Jn(p)  —  Jnilt)]  +  pJn(ji) 

(1  -  y)nWU)  -  /«(m)]  -  m*/:(m) 


(37a) 
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The  different  roots  of  (37b),  for  given  value  of  n,  correspond  to  a  different 
number  of  nodal  circles  of  the  vibrating  plate.  This  is  in  contrast  to  the  result 
for  the  analogous  inextensional  shell  vibrations  which  take  place  without  nodal 
circles. 

A  meaningful  comparison  is  between  the  shell  frequency  and  the  correspond¬ 
ing  plate  frequency  with  no  nodal  circles.  Table  1  contains  such  a  comparison 
under  the  assumption  that  =  |. 

TABLE  1 


Mu 

4(1  -  r)n*(n»  -  1) 


We  note  that  the  shallow  shell  frequency  is  independent  of  shell  curvature 
and  only  a  few  percent  greater  than  the  corresponding  flat  plate  frequency. 
Since  the  flat  plate  is  a  limiting  case  of  a  shallow  shell  and  since  transverse 
vibrations  of  flat  plates  take  place  without  extension  of  the  middle  surface,  we 
might  have  expected  a  continuous  transition  from  shell  frequency  to  plate  fre¬ 
quency.  This,  however,  does  not  happen.  The  explanation  for  this  paradoxical 
situation  would  seem  to  be  that  an  interchange  of  the  order  of  the  two  limiting 
processes 


has  a  finite  effect  on  the  result  of  the  two  limiting  processes. 

8.  Comparison  of  formulas  for  shallow  and  non-shallow  spherical  shell. 
According  to  Rayleigh  [3]  the  frequencies  Un  of  a  spherical  shell  of  opening  angle 
a  and  radius  of  curvature  R  are  given  by  the  formula 


2  4(1  —  i»)D 


(n*  —  l)*n*  tan*"  ^  esc*®  dd 
tan*"§®  sin  0  [2  sin*  6  -J-  (cos  B  +  n)*]  dB 


Expansion  in  powers  of  a  tran^orms  (39)  into 


2  4(1  -  p)I>n\n'  -  1)  r,  .  (n  -  l)(2n*  +  8n  -f  3)  .2  .  1 

"• - 3n(n+l)(n  +  2) 

we  have  further 

(n-  l)(2n*-h8n  +  3)/aY  . 

2  4(1  -  r)Z)n*(n*  -  1)  Sn(n  -f  l)(n  +  2)  \R) 


2  4(1  -  r)Z)n*(n*  -  1) 


Sri(n  -1-  l)(n  -H  2) 

* +i(g)  + 
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I  n  (42)  we  may  set 


»_  -mi a  o»_o/«Y_ 

B  l  +  (B/a)>  o  Vo/ 


and  therewith  we  have  finally, 
,  4(1  -  r)Dn*(n*  -  1) 

^  S3  -  . 

pha^ 


(n  -  l)(2n*  +  8n  -f  3) 
n(n  +  l)(n  +  2) 


-)(!)■ 


Equation  (44)  agrees  with  the  shallow  shell  formula  (36)  except  for  terms  of 
the  order  {H/a)'.  This  fact  is  consistent  with  the  initial  limitation  on  the  use  of 
shallow-shell  theory. 

9.  Frequencies  of  free  vibrations  of  paraboloidal  shells  of  revolution.  In  order 
to  illustrate  the  use  of  the  boundary  value  problem  approach  to  the  problem  oS. 
inextensional  shell  vibrations,  we  now  consider  shells  o&  revolution  with  middle 
surface  equation* 

i  -  ©'• 

where  H,  a  and  «  are  constant.  We  further  assume  a  constant  stiffness  factor  D. 
For  this  class  of  shells  the  differential  equations  (21)  and  (22)  assume  the  fol¬ 
lowing  form, 

(46) 

0  +  (.  -  1)  (i  ^  0)  -  ^  (0" 

The  boundary  conditions  (23)  become 

N  1  d  jd  /ldu>\\“l  ,  sH  (r\~'dF  „ 

Suitable  solutions  of  (46)  and  (47)  are 


*  We  restrict  attention  to  shells  with  closed  apex  for  which  we  must  take  s  2:  1  in  order 
to  satisfy  the  shallow  shell  requirement  |  ds/dr  |  <  1  at  r  ~  0.  An  inextensional  theory 
could  also  be  developed  for  shallow  ring  shells  allowing  s  to  take  on  all  values. 
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Introduction  of  (49)  into  (48)  leads  to  the  following  differential  equations  for 
Wn  and  fn , 

wl  +  Wn  -  IF,  -  0  (50) 

r  r* 

n  +  ^  /.  -  ').**"* ^  (;)*"  IDLLW,  -  A-’H'J-  (51) 

In  (51)  M  )-(  )'  +  r-(  )'  -  nV"’(  ). 

The  boundary  conditions  (48)  assume  the  form 


r  =  a, 


W:-h-W'n-^Wn-  =  0 

a  a'  Da' 


(W'-(i-,)i’(^)'-^./;.o 

Solutions  of  (50)  and  (51)  are  of  the  form 

r..n.(r)' 

,  _  .  /'’•Y  ,  .  O  /  l«  -  »*ll(«  -  2)*  -  n1 
^  \o/  ‘  l(o  -  »)(«  -  2)  -  («  -  Ijn*  W 

ptuJa* 


where 


D[{a  +  2)(a  -  «  +  4)  -  («  -  l)n*] 


(;n 


+  («  —  l)n* 


(52a) 

(52b) 

(53) 

(54) 

(55a) 


In  Fig.  1  are  shown  the  curves  ai»  ai(«)  and  at  »  ai(«).  With  the  aid  of  Fig.  1 
we  choose  for  each  value  of  n  and  $  the  a  curve  which  gives  finite  deflections  and 
slopes  and  which  minimizes  the  singularities  in  stress  and  moment  at  the  origin 
r  =  0.  For  n  0  this  criterion  leads  to  the  choice  a  «■  0  for  the  entire  range 
of  8  under  consideration.  For  n  »  1,  2,  3,  •  •  •  the  proper  choice  is 

a  »  ai  —  —  ^  ^  -{-  (s  —  l)n*  (55b) 


Substitution  of  (53)  and  (54)  into  the  boundary  conditions  (52)  results  in  two 
simultaneous  homogeneous  equations  for  the  constants  Ci  and  Ct .  The  vanishing 
of  the  determinant  of  this  system  leads  to  a  formula  for  the  frequencies  of  free 
vibrations,  Un  ,  as  function  of  H,  a,  s,  D,  ph,  v  and  n. 

One  finds,  after  a  number  of  transformations  that  this  formula  may  be  written 
in  the  form 

~  [^“1  -  f  ~  ~  ~  +  "*>] 
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with  a  depending  on  «  and  n,  as  in  (55)*.  An  independent,  somewhat  simpler 
derivation  of  the  same  formula  has  been  carried  out  through  the  use  of  the 
variational  equation  (26),  in  which  use  is  made  of  equations  (53)  and  (18). 

For  the  sake  of  numerical  discussion,  the  frequencies  w.  may  be  compared 
with  the  corresponding  flat-plate  frequencies  p.  as  given  by  (37).  Fig.  2  shows 
the  dependence  of  the  ratio  Wm/Pmo  on  the  parameters  s  and  n,  with  y 
where  p^o  is  for  the  vibration  with  no  nodal  circle.  It  is  seen  that  this  ratio  is 
smallest,  and  just  above  unity  for  a  somewhat  smaller  than  2.  When  «  »  2  we 
have  the  case  of  the  shallow  spherical  shell.  The  following  table  contains  the 
result  of  an  accurate  determination  of  the  minima  of  the  curves  in  Fig.  2. 


TABLE  2 


n 

"mim 

2 

1.609 

1.761 

1.019 

3 

1.470 

2.339 

1.015 

4 

1.399 

2.845 

1.013 

For  large  a  the  frequencies  Un,  approach  a  limiting  value  given  by 

As  a  approaches  unity,  that  is  as  the  shell  tends  towards  a  conical  shell,  the 
frequency  ratio  Un,/Pn9  is  seen  to  tend  towards  infinity.  This  means  that  a  shal¬ 
low  conical  shell  with  closed  apex  cannot  vibrate  inextensionally.  This  observa¬ 
tion  is  in  agreement  with  earlier  observations  by  Strutt  [4]  and  Federhofer  [5] 
on  the  problem  of  vibrations  of  conical  shells. 

The  frequencies  <•>»,  are  seen  to  be  independent  of  the  shell  height  H.  The  ad¬ 
missible  values  of  H  are,  however,  restricted  by  the  shallowness  condition 
dz/dr  1,  to  a  range  H  «  a/a,  say  to 

H  (58) 

It  will  be  of  interest  to  investigate  in  what  way  extensibility  will  modify  the 
foregoing  results,  in  particular  for  values  of  a  in  the  vicinity  of  «  —  1. 

REFERENCES 

1.  K.  Mabouskbx,  Proc.  5th  Intern.  Congr.  Appl.  Mech.  1938,  pp.  93-101 

2.  E.  Rxissnxb,  Quarterly  Appl.  Math.  18  (1966),  pp.  169-176 

3.  Lobd  Ratlbioh,  Proo.  London  Math.  Soc.  IS  (1881),  pp.  4-16 

4.  M.  J.  O.  Stbutt,  Ann.  der  Phyvik  17  (1933),  pp.  729-735 

5.  K.  Fedbbhofbb,  Ingenieur-Archiv  9  (1938),  pp.  288-308 

Massachusctts  Inbtitdtb  or  Tbchnoloqt 

(Received  May  20,  1966) 

*  Note  that  the  modes  n  0,  1  for  which  a  —  0, 1  have  vanishing  frequencies,  showing 
that  for  free  edged  shells  such  modes  are  rigid  body  translations  and  rotations. 


